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Preface 


The aim of the book — according to its title — is to formalise the tableau methods 
for the propositional logic and term logic. By tableau methods we mean both 
ways of defining tableau systems and concepts which enable us to determine the 
occurrence of logical relationships within these systems. 

In the book, we look into the problem of formal definition of concepts that 
are typical for such logical systems in which the occurrence of the logical rela- 
tionships is examined by means of constructing the so-called tableau or proof 
tree. 

Our considerations only apply to those systems that: 


e firstly, are built for logics defined by bivalent semantics — the interpretation of 
formulas assigns to each formula either the value of truth or the value of false 
e secondly, are systems of propositional logic or term logic. 


Both conditions, as we will see later, have an important influence on the na- 
ture of the defined general concepts for the tableau methods. We write about 
establishing the overlapping relations of logical consequences in the tableau sys- 
tem because, in the presented approach, the starting point of the tableau system 
structure is the semantically defined logic for which the tableau system is con- 
structed. We want to construct the tableau system in such a way that the relation 
of derivability determined by this system coincides with the relation of the seman- 
tic consequence for which the system was determined. In other words, we want 
the defined tableau system to be sound and complete to the initial semantics. 

In many cases, it is of course possible to take the opposite approach — we can 
first define a tableau system and then determine the appropriate semantics for it. 
The methods presented in the book also make it possible to achieve this goal. 

The formalisation of tableau methods described in this paper is based on the set 
theory — all concepts important for the theory of tableau methods are therefore 
defined as sets. The book analyses, among other things, the concepts of tableau 
rule, branch and tableau, offering their general and purely formal view. For ex- 
ample, the concept of a tableau rule is reduced to an ordered n-tuple of sets of 
expressions where the first element is a set of premises, and the following ele- 
ments are the supersets of the set of premises — ways of drawing conclusions 
from it. At the same time, however, branches are defined as sequences of sets in 
which subsequent elements form the result of the application of the tableau rule. 
Finally, tableaux are sets of branches that meet certain additional conditions. 
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Still, the presented general and formal concepts do not interfere with the 
tableau concepts which are intuitive, standard and used in didactics. As we will 
show at the end of the book, the latter can be regarded as the application of formal 
concepts. The advantage of the formal approach is the possible generalization of 
conditions whose fulfilment by the tableau system is sufficient for its completeness 
and adequacy to the adopted semantics. 

In Chapter One, the Reader will have the opportunity to get acquainted 
with the adopted strategy of formalisation of tableau concepts and an intuitive 
approach which is developed in the book. 

In the following three chapters, three different cases are discussed in detail 
— different in terms of both syntax of the language in which we carry out the 
tableau proof and semantics. Contained in these chapters, structure of formal 
tableau systems for Classical Propositional Logic, Term Logic and modal logic 
S5 is the starting point for the generalization of tableau methods which is done 
in the next chapter. 

In Chapter Five, we describe the general theory of the structure of tableau 
systems and tableau concepts. The result of that chapter considerations is a theo- 
rem formulating sufficient conditions for the tableau system constructed with the 
given method to be adequate in relation to the initial semantics. 

The final chapter describes the applications of the theory presented in Chapter 
Five. There, we will find the theory application to the construction of Modal Term 
Logic in the interpretation de re and the application to the theory of tableau sys- 
tems for modal logics determined by the semantics of possible worlds. Another 
issue that we discuss in that chapter is the concept of the tableau system itself and 
the concepts that should be defined during its construction, as well as the result- 
ing possibilities of examining the relations between the tableau systems. In the 
chapter, we also present a description of the transition from the abstractly un- 
derstood concepts of tableau and branches to the standard, informal concepts of 
branches and tableau. This transition can also be considered as the application of 
general tableau concepts. 

The author of the book would like to send greatest appreciation for the editorial 
reviewers of this book: prof. Andrzej Pietruszczak (Nicolaus Copernicus Univer- 
sity in Torun) and prof. Marcin Tkaczyk (The John Paul II Catholic University of 
Lublin). Moreover, the author would also like to express his gratitude to dr. Ma- 
teusz Klonowski (Nicolaus Copernicus University in Torun), for the discussions 
and valuable remarks. 


1 Introduction 


1.1 Tableau methods 


In the book, we look into the tableau methods. These methods are used to define 
logical systems in which through proofs — called tableau proofs — it is possible to 
show the occurrence of logical relations between sets of premises and conclusions. 

Tableau methods in many ways constitute an interesting alternative to other 
methods of constructing logical systems. They are also interesting because the 
tableau systems have many advantages over other types of systems. Unfortunately, 
they also have their drawbacks. The aim of the book is to define tableau meth- 
ods in such a way that for a certain class of tableau systems these drawbacks are 
minimized or, where possible, completely eliminated. 

Let us briefly expose some features of tableau systems, comparing them with 
axiomatic systems. 

One of the advantages of tableau systems is a fairly intuitive and simple mech- 
anism of theorem proving. In most cases, knowing the tableau rules and the way 
they work, we can mechanically search for answers to the question whether a 
given formula is a logical consequence of a given set of premises. Such action 
does not require any particular ingenuity. Another advantage is the fact that if 
the answer is negative, most often — also intuitively — on the basis of an unsuc- 
cessful tableau proof we can build so-called countermodel, i.e. a model in which 
the premises are true, but the conclusion is false. 

Unfortunately, the disadvantages of tableau systems are the complications that 
arise when trying to construct them precisely — there are many complex theoret- 
ical concepts. Obviously, we can use intuitive concepts of branch/track of proof, 
tableau/tree, open or closed tableau, complete tableau, etc. However, firstly, we 
are not dealing with a formal system, but with a preformal one, and thus poten- 
tially more or less burdened with serious logical errors. Secondly, it is difficult, 
if at all possible, to generalize our results by looking for metalogical dependen- 
cies between different tableau systems, as well as dependencies between classes of 
systems as for such actions we need general concepts whose specific cases occur 
within the construction of specific tableau systems. 

In turn, axiomatic systems feature precisely defined basic concepts and these 
concepts can be generalized. For example, it can be assumed that each axiomatic 
system consists of a decidable set of formulas of a certain language For and a set 
of rules of proving R. Since the system axioms can be described as zero-premiss 
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rules, the general concept of rule of proving in the axiomatic system can be, for a 
given set of formulas For, defined as follows: 


R= {(X,A) :X isa subset of For, A is a formula}. 


An axiomatic system is most often a ordered pair (For, R), where For is a 
decidable set of formulas, whereas R is non-empty set of rules of argumentation. 
When a rule is an axiomatic rule, it contains pairs (X,A), where X is an empty 
set, whereas A is a formula being introduced to the proof without premises. 

With an axiomatic system (For,R) we can now define the general concept of 
proof of formula A on the basis of set of premises X. We shall state that A is prov- 
able on the basis of premises X iff there exists finite sequence of formulas By, ..., 
By, such that: 


1. Bh=A 
2. for any 1<i< nat least one of two cases occurs: 
e Bex 
e there exist: rule R € R and such pair (Y,C) € R that 
- C=B; 
- Y is an empty set or for certain m > 0 and certain 0 < kı, ..., km <i, Y = 
{Bera Bky ys 


With a defined axiomatic system and the concept of provability, we can pro- 
ceed to the argumentation. However, unlike the tableau systems, in most cases it is 
not easy as it requires intuition, ingenuity and other skills. Moreover, it is usually 
difficult to move from an unsuccessful proof to a countermodel construction. 

The above comparison could be summarised by saying that: 


e axiomatic systems are simpler to define (which does not imply that a system 
with the required properties is easy to define, but the general definition of 
system and proof is simple) and can be defined precisely, however producing 
proofs on their ground and finding a countermodel is usually difficult 

e tableau systems are more complicated to define and are usually not defined 
with sufficient precision (which makes it impossible to generalize tableau 
concepts and create metatheories of whole classes of tableau systems), but 
producing proofs in tableau systems is most often simple and in many cases 
enables finding a countermodel. 


One of the primary goals of this study is to define the tableau concepts — con- 
cepts that seem necessary — that occur when defining various tableau systems 
precisely, and then try to generalize them within the scope determined by the use 
of tableau methods to construct propositional logic and term logic specified by 
bivalent semantics. 
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Therefore, we would like the tableau methods — similarly to axiomatic meth- 
ods — to be based on certain constants and general concepts, and the construc- 
tion of a given tableau system boiled down only to specifying those components 
that distinguish this tableau system from other tableau systems. 

Such an approach will result not only in general and precise tableau concepts 
that can be used in the construction of different systems but also in proving 
metatheorems not of individual systems, but of entire classes of tableau systems. 
These metatheorems will apply to those properties of tableau systems that are 
independent of their specific features and concern all systems in a given class, 
constructed on the basis of general, developed tableau concepts. 

By a tableau system — by analogy to the axiomatic system — we can under- 
stand a certain ordered triple of sets (For, Te, Rt) where: 


e For is a set of formulas of a given language 

e Teisa set of tableau expressions — proof expressions of a tableau system being 
defined 

e Rtisa set of tableau rules designed to produce tableau proofs.! 


As distinct from the axiomatic system, the tableau system therefore features 
an additional element — a set of tableau expressions Te. In the specific case — 
such a case will be described in the next chapter — it may be so that Te = For. 
Most often, however, these sets are different because although we look for a logical 
relationship between a set of formulas and a given formula, we carry out a tableau 
proof based on tableau expressions Te for which a set of formulas alone is often 
insufficient. 

Every axiomatic system (For,R) unambiguously determines a relation of 
derivability +p which occurs between such sets of premises and such formulas 
that on the grounds of this system the latter are derivable from the former. The 
axiomatic system can therefore be understood as pair (For,+R). 

It should be similar for any tableau system (For, Te, Rt), and thus it should un- 
ambiguously determine the tableau derivability relationship >rt which contains 
such pairs of premises and conclusions (X,A) that in the system on grounds X 
we can tableau prove A. We call relationship > a tableau consequence, and more 


1 It is an initial comprehension of a tableau system. We will not refer to it in further 
considerations. The proposed definition of a tableau rule will show that set Te is un- 
necessary for the characteristics of a tableau system since argumentation in that system 
does not go beyond the application of the tableau rules defined on the set of tableau 
expressions. In the last chapter, using the previously developed concepts, we will enun- 
ciate the concept of a tableau system, which will be more appropriate to the theory 
described in the book. 
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often branch consequence, showing that its occurrence can be identified with the 
existence of a tableau with specific properties. 

We should therefore aim at such definitions of tableau concepts so that we can 
understand a tableau system as pair (For, >rt). We have deliberately left aside 
the set of tableau expressions here Te as it will only serve as a domain for defin- 
ing tableau rules, and as a consequence of creating proofs — since the tableau 
expressions are included in tableau rules. 

Therefore, the problem of defining a tableau system should be reduced to defin- 
ing a set of formulas, defining a set of tableau rules and the relationship between 
formulas and rules. The remaining tableau concepts — as in the case of the con- 
cept of provability in the axiomatic system — should be special cases of more 
general tableau concepts. All the more so as the concept of tableau proof is not a 
simple one, but — as we will show — dependent on many simpler concepts. 

Hence, we want to define tableau concepts in such a way that tableau systems 
are simpler to define and at the same time more precise (which will enable the gen- 
eralization of tableau concepts and the work on metatheories of entire classes of 
tableau systems), while maintaining the intuitiveness and automaticity present in 
producing proofs in tableau systems and, where possible, retaining the property 
of finding a countermodel. 

The logic can also be perceived from the semantic side, related to the interpre- 
tation of expressions. Axiomatic systems are customarily treated as an expression 
of a syntactic approach to logic. Without referring to the meaning of the inscrip- 
tions used, axiomatic systems specify how to decide the occurrence of relation + 
by transforming expressions solely in terms of their structure and shape. 

In the book, we approach the problem of tableau systems in an analogous 
manner, but the starting point is usually (although not necessarily so) a logic de- 
fined in a purely semantic way. It can be understood as pair (For, =} where For is 
a set of formulas of given language, and E is the relation between sets of formulas 
and individual formulas, defined in a standard way based on the interpretation 
of set For. 

Thus, having such a semantically understood logic (For, =}, we want to define 
an tableau system (often for the same purpose we define an axiomatic system) 
(For, >)? which, by transforming the tableau rules themselves, would allow us 
— where possible — to determine the occurrence for a given pair of relationships 
=. To demonstrate that relations = and > coincide (i.e. > = =) would thus be not 


2 In the designation, we skip set of rules Rt since definition > will depend on a set of 
tableau rules. 
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only a correctness measure for the constructed tableau system, but it also is the 
purpose of defining the tableau system. 

Our approach to tableau systems is therefore syntactic. We treat them as sys- 
tems defining the code of transforming expressions without direct reference to 
the semantic concepts. This may seem controversial, especially in those cases (i.e. 
in the vast majority) where For + Te; hence, when we use expressions that are dif- 
ferent from the formulas in the proofs, by conjecture they encode some semantic 
data/privileges. This controversy can be dismissed by referring to two arguments. 

The first one is hinges upon the following fact. When defining, in some tableau 
system, the relation of branch consequence >, with semantically determined logic 
(For,), it is not at all self-evident that these approaches coincide. This requires 
additional proofs for two theorems: 


e completeness theorem FC > 
e soundness theorem D> CF. 


So despite different definitions of logic and the tableau system and mutually inde- 
pendent definitions of both relations, we are seeking a proof that these relations 
are extensionally equal. 

Finally, it is also possible to define a tableau system in which relation > does 
not coincide with the output semantic relation =. Relation > and, consequently, 
the tableau system that determines it, are therefore something different than the 
logic and relations of semantically defined consequences. We can then try to im- 
prove the defined tableau system, or look for a different semantics — both cases 
show that we are dealing with something different than the initial, semantically 
defined system. 

Let us put forward the second argument proving that the fact that tableau ex- 
pressions Te encode certain semantic properties does not necessarily lead to the 
conclusion that the tableau systems are not syntactic ones. After all, in the case of 
axiomatic systems, the axioms and rules also encode various semantic properties 
of functors in a sense, even though it is not directly visible. Of course, we can say 
that in many cases there exist various axiomatic systems (defined by disjoint sets 
of rules) corresponding to the same semantic relation =, which means that the 
semantic intuitions present in the rules and axioms do not have to be identical. 
But it is also the case — as we will show — in many cases of the tableau systems. 
There may be more than one tableau systems that are equivalent to the same se- 
mantically determined logic, which would have to imply that also in this case the 
semantic intuitions present in their construction are not identical. 

Regardless of how we evaluate tableau systems, we define here the rela- 
tions of tableau provability in a different way than is the case in the semantic 
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determination of consequence relations. For we do it in an autonomous way, 
although we undoubtedly transfer some semantic intuitions from semantically 
defined logic. 

In this study, we will proof the theorems of completeness and soudness, lean- 
ing towards the view that we are dealing with a syntactic approach. However, a 
different orientation in this matter will not change the fact that we are considering 
something different than a purely semantically defined logic, nor will it invalidate 
the formal concepts presented in the paper. 


1.2 Terminology and problems in the book 


In each chapter of the study, we consider a case of a tableau system or make gener- 
alisations. The selected systems have different properties in some aspects which 
allows us to seek sufficiently general definitions of the tableau concepts so that 
all the systems described and all tableau systems similar to them — the systems 
described represent, due to their unique features, the classes of similar systems — 
are special cases of these definitions. 


1.2.1 Study schedule and goals 


In this study, we deal with the formalization of tableau methods. The result is a 
certain method of tableau systems construction, which corresponds to an intu- 
itive approach, but apart from the precision we have already mentioned, it gives 
us additional benefits. 

In Chapter Two, we will define the tableau system for Classical Propositional 
Logic as the basic case. As in work we focus on the economy principle when ap- 
plying technical measures, we shall define this system based on set of tableau 
expressions Te equal to set of Classical Propositional Logic formulas For, al- 
though the tableau system for the Classical Propositional Logic could be defined 
based on set Te + For. Formally, this would be of course a different tableau 
system. 

Hence, the case of a tableau system for the Classical Propositional Logic de- 
scribed in that chapter seems to be a borderline case. The system also features 
the property that any branch that begins with a finite set of tableau expressions 
can be extended to a branch that can no longer be governed by tableau rules and 
which is a branch of a finite length. We will call this feature a finite branch prop- 
erty. However, it is not a feature specific to all the tableau systems described in 
the book. 

At the end of the chapter, we show that we actually have defined a tableau sys- 
tem for the Classical Propositional Logic because the tableau provability, which it 
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determines, coincides with the consequence relation determined by the valuation 
of formulas. 

In Chapter Three, we consider the tableau system for the simplest term logic 
(which we call Term Logic), i.e. the logic of classical and non-modal categori- 
cal propositions, allowing empty names. In the case of this tableau system for 
Term Logic, the set of formulas is actually contained in the set of tableau ex- 
pressions. The proof language is therefore more complicated than in the previous 
case. 

The issue of tableau concepts looks analogous, especially the key for proofs — 
as we will see — concept of the maximal branch. Also in this case, a maximal 
branch is always obtainable from a finite set of tableau expressions. 

At the end of Chapter Three, we show the completeness and consistency of the 
tableau system with the normally and semantically defined consequence relations 
in Term Logic. 

Chapter Four deals with another borderline case — but this time it is a bor- 
derline case on the opposite side to the case of Classical Propositional Logic. This 
is because we consider modal logic $5, by defining a set of tableau expressions in 
such a way that it neither coincides with the set of formulas of logic $5 nor is it its 
proper superset — both sets are therefore disjoint. Also for this reason, the case is 
the most general one as the previously considered sets of expressions could also 
be defined, somewhat artificially, in such a way that the set of formulas would 
be disjoint from the set of tableau expressions. In the tableau system for logic $5 
those two sets are naturally disjoint. 

We put also because in Chapter Four there emerges a problem with infi- 
nite branches. The systems described previously featured the property of a finite 
branch, which is not the case for the presented tableau system for S5. There- 
fore, it may happen that when constructing a branch and consequently a tableau 
which start with a finite set of expressions, it is not possible to finish them as some 
sequences of application of the rules become cyclical. 

The lack of a finite branch property forces changes in some tableau concepts. 
This applies in particular to the concept of maximal branch and derived con- 
cepts. So, the tableau concepts defined in previous chapters become special cases 
of tableau concepts for systems that do not feature the property of a finite branch. 
The leading change is the generalisation of the concept of maximal branch. In- 
tuitively, the maximal branch is the one to which we can no longer apply any 
rules. In previous cases, however, this meant that the maximal branch was of a 
finite length. It does not have to be the case this time. A maximal branch can be 
infinite, although not every infinite branch is a maximal one. 
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Despite the fact that, in our study, we do not focus on the issue of decidability in 
the tableau system, it is worth noting that the systems that feature the property of 
a finite branch, are decidible. For theoretically, always in a finite number of steps 
it is possible to construct a complete tableau for them — closed or open one, thus 
answering the question whether a given formula is or is not tableau provable on 
the grounds of given premises. 

In the case of tableau systems that do not feature a finite branch property, these 
systems may not be decidable. So, although we prove that they are complete and 
sound in relation to the initial, semantically defined consequence relation, there 
does not have to exist a way of constructing an infinite tableau. Hence, starting 
from branches and tableaux as finite and potentially always constructible ob- 
jects, and generalizing the tableau concepts, we come to theoretical branches or 
tableaux that are likely to exist, despite the fact that as setwise infinite objects, 
they cannot be defined by calculating their elements. However, as we said, in our 
study we do not deal directly with the problem of decidability in tableau systems, 
although examination of this problem is partly conditioned by the precision of 
the tableau concepts that we are working on. 

In Chapter Five, we summarize the considerations of the previous chapters, 
defining general tableau concepts for propositional logic and term logic which 
cover all previous cases. We also show certain properties which, by virtue of these 
concepts, occur for the tableau systems defined by the presented method. 

Finally, in Chapter Six, we apply general tableau concepts to a new case, show- 
ing how much their use simplifies the construction of a tableau system compared 
to previous cases where the tableau systems were defined from the simplest con- 
cepts. In this chapter we consider some modal term logic with the interpretation 
of modality de re. Since we already have tableau concepts for this type of sys- 
tems, the construction of the tableau system and demonstrating that it is complete 
and consistent in relation to the semantics presented boils down to the statement 
of a few basic facts. We also present the application of general concepts to the 
case of modal logics determined by the semantics of possible worlds, showing 
how tableau concepts allow us to express conditions sufficient for a given tableau 
system for some modal logic to be sound and complete in relation to its semantics. 

The formalisation of tableau concepts, which we propose, and its effects on the 
construction of tableau systems produce the main result of our study. 


1.2.2 Terminology and issues in the book 


Every time, before we move on to the construction of a tableau system, we start 
from a semantically defined logic, i.e. from ordered pair (For, =}, where For is a 
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set of formulas, and = isa relation of semantic consequence, defined in a standard 
way on the basis of set of all interpretations of set For. 

For such understood logic, we construct a tableau system which — as men- 
tioned before — by analogy to the axiomatic system — can be understood as a 
ordered triple of sets (For, Te, Rt). 

Such a triple, through the application of the definitions proposed by us further, 
unambiguously determines ordered pair (For,>), where > is a tableau provabil- 
ity/branch consequence relation, defined by a general definition, but in any case 
based on a predefined set of tableau rules Rt. 

Now, let us notice that having initial pair (For,=) and observing the rules of 
defining a tableau system, which we will present below, we can usually define at 
least several different tableau systems which differ in terms of set of expressions 
Te or set of rules Rt, or both sets at the same time. Despite the fact that these 
are formally different systems, they can define the relations of tableau provability 
identical in scope to relation =. 

The above remark explains why we will be writing e.g. a tableau system for 
Classical Propositional Logic rather than a tableau system of Classical Proposi- 
tional Logic. Potentially, there are many tableau systems for Classical Proposi- 
tional Logic, whose relations > coincide with consequence relation + of Classical 
Propositional Logic. 

So, in each case, we write about a tableau system for given logic rather than 
a tableau system of given logic, taking account of the multitude of possible but 
equivalent tableau systems. 

Although in the following chapters the starting point will always be some 
semantically defined logic (For, =}, the construction principles for the tableau 
system presented by us can be used for the construction of a tableau system re- 
gardless of any pair (For,=). For a tableau system defined in this way, it is only 
then possible to search for the appropriate semantics. 

Within the said method, a set of formulas For is an essential initial ingredient 
for the construction of a tableau system. 

With a fixed set For, we define a set of tableau expressions Te, that is a set 
of expressions on the basis of which we carry out the tableau proofs. Of course, 
to each formula corresponds at least one tableau expression that represents it in 
the tableau proof. In the chapters where we present a full description of tableau 
systems for selected logics, we define set Te based on the previously mentioned 
principle of economy — we choose the option that seems to be the simplest. Then 
we define the concept of a tableau inconsistent set of expressions, i.e. a set which 
should be searched for in each track of proof/branch of the tableau proof. 
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Next, on at least two-element Cartesian products of set of all subsets of the set 
of expressions, we define the tableau rules. The tableau rules of a given system 
are therefore sets of two or more element, ordered n-tuples which comprise the 
subsets of set Te. 

In this approach, we apply tableau rules to sets, and consequently we get one or 
possibly more sets, if the application of rule to a given set is possible at all. Already 
in Chapter Two we present the mechanisms that we generally impose on the rules 
to avoid redundant — for several reasons — and unproductive applications of the 
tableau rules. We consider these mechanisms to be an important feature of the 
formalisation adopted. 

The effect of defining tableau rules is always set of tableau rules Rt. By anal- 
ogy to axiomatic systems, we treat determination of set Rt as an axiomatization 
of some logic by means of tableau rules. On given set Te it is often possible — as 
we mentioned before — to define different sets of rules that produce the same ef- 
fects in terms of consequences of the tableau system. In this study we will provide 
examples of different axiomatizations by means of tableau rules of the same se- 
mantically determined logic. However, since the proof that two axiomatizations 
are equivalent without reference to the metatheory of tableau systems seems com- 
plicated, we examine only one axiomatization — the one that we consider natural 
and the simplest. 

Although the tableau rules are intended to determine the tableau system un- 
ambiguously, without further tableau concepts it is either not clear how the rules 
determine further concepts or it is only intuitive. Therefore, in three subsequent 
chapters we define all tableau concepts, and in the next one we define general 
tableau concepts, which in combination with specific tableau rules sets automati- 
cally determine the tableau system. If the tableau rules have certain properties, the 
tableau system they determine is complete and sound with respect to the initial 
and semantically defined relationship of consequence E. 

In the presented approach, a set of tableau rules is a starting point in the process 
of defining more complex concepts of the tableau system. From a heuristic point 
of view, a set of rules is the most important component of the tableau system, but 
in order to precisely describe the concept of the tableau proof, we need further 
concepts that are to be general and, in individual cases, to define the initial set of 
tableau rules. 

By applying the rules, we create proof tracks/branches. In the book, we use 
the term of branch. A branch is such a sequence of sets that each set is basically 
contained in its successor (except the last one — if it exists). Branches are created 
by using tableau rules that allow the last set belonging to a branch to be expanded 
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in at least one way, so each branch element contains all the expressions present in 
the earlier elements of the branch. 

Branches the last element of which contains a tableau inconsistent set are called 
closed branches. Such branches can no longer be extended because in our con- 
struction there are no rules whose premises would contain tableau inconsistent 
sets. Normally, branches that are not closed are called open branches. 

There is one more, important from the viewpoint of the theory being devel- 
oped, type of branches — maximal branches. Intuitively, the maximal branch is 
the one to which no more tableau rule can be adapted. Closed branches form a 
special type of maximal branches. However, maximal branches can also be open, 
even infinitely long, although, as we will see, the infinity of branches is neither a 
necessary nor a sufficient condition for its maximality. 

A tableau proof is made up of branches that begin with the same set of ex- 
pressions. We want to check whether formula A in a given tableau system is a 
consequence of set of formulas X. To this end, we construct branches which be- 
gin with expressions that are tableau equivalents of the formulas from set X and 
with the tableau equivalent of a formula contrary to formula A. 

Hence, when constructing branches, we start from an assumption which is an 
indirect assumption. We develop branches in any way we want since the rules do 
not allow us to expand the initial sets in a way that would make the sequence of 
expressions cease to be a branch. Each non-maximal branch, which begins with 
a finite set of tableau expressions, can be extended — at least theoretically in the 
case of infinite branches — to a maximal branch, and each maximal branch is 
closed or open. In systems that do not have the property of a finite branch, we 
show that each branch beginning with a finite set of expressions can be extended 
to a maximal branch. In general, we also indicate conditions which, when met by 
set of tableau rules Rt, are sufficient to always obtain a maximal branch from a 
finite set of expressions. If now each maximal branch is closed, we conclude that 
formula A is a branch consequence (or a tableau consequence) of set of formulas 
X — for short Xp A. 

Sometimes we may be interested in the occurrence of branch consequence 
relation between infinite set of formulas Y and formula A. Then, an intuitive com- 
ponent appears in the proof — we have to show that there is such finite subset X 
of set Y that X > A. Although choosing the right set X is a non-formalised activ- 
ity, we want the demonstration that X > A, where the property of a finite branch 
occurs, to be mechanical. This also distinguishes our approach to the tableau sys- 
tems from other approaches. We do not restrict the branch consequences only to 
the finite sets. 
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It may even be practically impossible to check if there is a branch consequence 
relation in a given tableau system and in a given case, due to the number and 
complexity of branches. In order to reduce this complexity and make checking 
more practical, we introduce the concept of tableau/tree proof. In the study, we 
will use term tableau, although our concept of a tableau is far from the original 
one, i.e. a tableau with rows and columns. However, as it is customary to use this 
term, we will call the tableau proof a tableau. 

As we have stated, the concept of tableau is intended to simplify checking 
whether there is a branch consequence in a given case. Tableau is always such 
a set of branches beginning with the same set of expressions that the existence of 
several different branches in a tableau implies the existence of tableau rules that 
led to the creation of these different branches. 

Among tableaux we can distinguish complete tableau that, to put it intuitively, 
contain everything we need. Each branch belonging to such a tableau is a maximal 
one, and what is more, adding another branch to the complete tableau causes the 
obtained object not to be a tableau. We are also considering the issue of so-called 
redundant branch variants, i.e. branches that may or may not belong to a complete 
tableau. 

A tableau that demonstrates the occurrence of branch consequence is a closed 
tableau, i.e. a complete tableau in which each branch is closed. It is the construc- 
tion of a closed tableau that we consider to be a tableau proof, while the equiva- 
lence of a closed tableau existence with the occurrence of a branch consequence 
can be considered as a test of a good definition of a tableau system. 

The concept of branch consequence is based on the inclusion of set of maxi- 
mal branches in the set of closed branches. Most often the construction of a single 
closed tableau means the selection of a sufficient and appropriate subset of max- 
imal branches that are closed. Theoretically, therefore, it is possible to construct 
many closed tableaux, but when constructing a tableau system, we should strive to 
show that one such tableau will suffice to recognise the occurrence of the tableau 
consequence. This postulate is our guiding principle in further studies on tableau 
systems. 

On the other hand, it may happen that we will construct a complete tableau, 
which at the same time will be open, i.e. contain at least one maximal and open 
branch. The existence of such a tableau is a proof that the tableau consequence 
does not occur. The description of a complete and open tableau forms the basis for 
the construction of a counter-model, i.e. it allows to proceed to purely semantic 
concepts. 

In the description of the method of construction of tableau systems we do not 
take account of the issue of effectiveness or length of proof. We do not aspire to 
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create systems in which the proofs will be as short as possible and whose computer 
implementations will be as effective as possible. Our main goal is to formalise 
the tableau methods, and consequently to precisely define the tableau concepts. 
Despite this, both in the way we formulate tableau rules, consider the redundant 
branch variants or treat the existence of an appropriate tableau as a measure of the 
branch consequence occurrence, we are guided by a certain need for economy and 
efficiency. However, its implementation is contained in the very tableau concepts, 
rather that in the strategy of applying tableau rules or the strategy of carrying out 
a proof — in these aspects we leave room for discretion. 
Our construction of the tableau systems is fully related to the set theory: 


e the tableau rules are sets of ordered n-tuples, which comprise the sets of tableau 
expressions 

e the branches are sequences of sets that are monotonic due to the inclusion 

e tableaux are sets of branches. 


When in the subsequent chapters considering three different cases of logic, 
for which we define tableau systems with this method, we aim to determine gen- 
eral tableau concepts which would reduce the construction of a tableau system 
to define a set of tableau rules according to a given scheme and to specify several 
concepts in more detail. The other concepts we have described would be constant 
and general. 

We also want to simplify the construction of the tableau system, which would 
be complete and sound in relation to the semantically established logic, to check 
if there occur several system-specific facts. 

Thus, in the book we present the formalisation of tableau methods, which not 
only brings a certain level of precision, but also leads to generalizations which 
allow to simplify the construction of the tableau system for activities that require 
intuition. On the other hand, in the case of determining the completeness and 
soundness with respect to semantics, they require only those facts that are specific 
to the system under examination. 

Due to the fact that we usually deal with tableau methods which are applied 
more intuitively, further considerations contained in the book may raise the ques- 
tion whether the formalism presented in the book fits into the tableau methods, 
or whether it is something different, but similar. 

Since the transition from intuitively understood tableaux to formalism pro- 
posed in the book and, in some cases, the transition from the concept of tableau 
in the proposed approach to the standard tableau is quite straightforward, the 
approach described in the book seems to be no less general than the standard 
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approach. Apart from its already mentioned advantages, it contains all these in- 
tuitive ways of constructing tableau systems for propositional logic and term logic 
based on bivalent semantics. 


1.3 Notations and concepts of the set theory 


In this book we define all tableau concepts using the concepts of the set theory. 
We use standard denotations on the relations between sets or their elements: €, €, 
2, Cc, D, =, +, etc. Also in a standard way we denote operations on sets N, N, U, U, 
\, and P(X), where X is a set, while P(X) is a set of all subsets contained in set 
X. An empty set is denoted as Ø. 

Sometimes, in metalanguage, we also use quantifiers 4, V and classical con- 
stants: >, <, &, etc. 

With established set X, we shall state that its subset Y € X, which meets certain 
established condition (a), is a maximal set among subsets X which meet condition 
(a) iff there is no subset Z £ X such that Z meets condition (a) and Y c Z. On the 
other hand, with established set X, we shall state that its subset Y € X, which meets 
certain established condition (a), is a minimal set among subsets X which meet 
condition (a) iff there is no subset Z € X such that Z meets condition (a) and Z c Y. 

In the study we will very often use numbers from the set of natural numbers as 
well as the set of natural numbers itself N (without zero). Sometimes we will refer 
to the concept of set cardinality, i.e. its cardinal number, defining it with the use 
of notation |X|, where X is set. However, the cardinalities of the sets under con- 
sideration will never be greater than |N| cardinality of the set of natural numbers. 
When saying that given set X is finite, we will mean that |X| < |N]. 

We also often define multifold Cartesian products Xj x --- x Xn, where n € N, 
n>2and Xj,..., Xn are sets. Elements of product X; x- -- x Xn are ordered n-tuples 
(a,...5dn), where ay € Xi, ..., An € Xn. 

We also use the concept of function, using different letters or symbols, depend- 
ing on the needs, to denote a function, e.g. f : X — Y. 

We shall state that function f is injective or it is injection iff for any x,y € X it is 
the case that if x + y, then f (x) + f (y). In turn, f is function onto iff for each y € Y 
there exists such x € X that f (x) = y. A function which is injective and onto, shall 
be called bijection. 

We know that when f is a bijection, then there exists precisely one inverse func- 
tion g: Y — X, i.e. such that for any x € X, g(f (x) ) = x. Function g will be denoted 
z 

One of the fundamental concepts defined and used in the study is the concept 
of branch. With an established set of tableau expressions Te, a branch will take the 
form of function ¢ : K —> P(Te), where K = {1,2,3,...,n} or K =N, and ¢ meets 
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certain additional conditions that are specified in the tableau theory, discussed 
further. Assuming that the cardinality of set K equals n, for certain n € N, we shall 
state that branch ¢ has length of n or is n long. In turn, if |K| = |N], we shall state 
that branch ¢ is infinite or is infinitely long. 

Hence, branches are special types of sequences that to each natural number 
belonging to its domain assign a certain set of tableau expressions. Branches can 
be denoted in all possible ways in which we denote sequences, so we can list all 
the elements of branches with indices, describe a branch as a ordered set or an 
ordered n-tuple, if |K] = n, where n € N. 

Branches are also sets and therefore we can define different relations on them, 
similarly as on sets. Assume we have two branches ¢ : K — P(Te) and y : M — 
P(Te). Thus ¢ £ y iff K € M and for any number i € K, ¢(i) = y(i). In turn, 6 = y 
iff ġ € y and y € ¢. And finally, ¢ c y iff 6 € wand ¢ + y. 


2 Tableau system for Classical Propositional 
Logic 


2.1 Introductory remarks 


In this chapter, we will define the tableau system for Classical Propositional Logic 
(for short CPL)!, treating this case as a basic one. 

This system can be considered basic because in the definition of tableau sys- 
tem for CPL we will use the propositional logic formulas themselves as tableau 
expressions. In the case of CPL it is possible, in other cases it may not be possible. 

The defined system also features the property that any branch that begins with 
a finite set of tableau expressions can be extended to a branch of finite length to 
which the tableau rule can no longer be applied. We will call this feature a finite 
branch property. However, it is not a feature specific to all the tableau systems 
described in the book. This feature also makes the presented system for CPL a 
basic case, although for many logics the tableau systems feature the same property. 

At the end of the chapter, we show that we actually have defined a tableau 
system for the CPL, because the relation of tableau derivability it determines 
coincides with the consequence relation determined by the valuation of formulas. 

Throughout this chapter, we establish certain conventions of notation and or- 
der of defining tableau concepts and proving facts, which conventions and order 
will guide us within the book. 


2.2 Language and semantics 


The construction of a tableau system for the classical logic will start with the basic 
definitions. First, we will take up the language of CPL. 


Definition 2.1 (Alphabet of CPL). Alphabet of the Classical Propositional Logic is 
the union of the following sets: 


e set of logical constants: Lc = {=,A,Vv,>,<} 
e set of propositional letters: Var = {p1,q1,11,P2,92,12>-.-} 
e set of brackets: { ),(}. 


1 Inthe chapter we develop the approach that appeared for the first time in an English- 
language article [6]. In that study, both the concepts of tableau rules and the branches 
arising from the application of the rules were defined in a rather complicated way. 
In the meantime, these concepts have been simplified, so we present them here in an 
improved version. Of course, these changes affect the construction of the entire system. 
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Although the set of propositional letters is infinite and includes indexed propo- 
sitional letters, in practice we will use a finite number of the following letters: p, 
QT, S. 


Definition 2.2 (Formula CPL). Set of formulas of CPL is the smallest set X which 
meets conditions: 


1. Varo X 


2. if A, Be X, then 
a. =A EX 
b. (AAB) EX 
c. (AvB)eX 
d. (A>B)eX 
e. (A+ B)eX. 


We specify this set as Forcpr, and its elements will be called formulas. 


Remark 2.3. When considering different languages, we will use separate deno- 
tations for the sets of their formulas — though in a given context, we will use 
formulas of only one logic — so there will be no risk of mistake. However, in the 
chapter devoted to the generalisation of our considerations, we will use a deno- 
tation with no index. Additionally, sometimes, if possible, we will omit external 
brackets. 


Let us proceed now to the semantics of classical logic. Valuation of proposi- 
tional letters Var is any function v : Var — {1,0}, that to each propositional 
letter assigns a value of truth or false. With function v, we can define valuation of 
formulas of CPL. 


Definition 2.4 (Valuation of formulas of CPL). Valuation of formulas is function 
V : Forcpr — {1,0}, which for any A, B € Forcpy meets the following conditions: 


V(-=A) =1iff V(A) =0 

V(AAB) =1iff V(A) =1and V(B) =1 
V(AVB) =1iff V(A) =lor V(B) =1 
V(A— B) =1iff V(A) =0 or V(B) =1 
V(A<B) =1iff V(A) = V(B). 


We WN 


We also call function V a valuation of formulas of CPL or shortly valuation. 


Each function v, through conditions of definition 2.4, is unambiguously ex- 
tendible to the valuation of formulas, i.e. function V : Forcp, —> {1,0} that to 
each formula assigns a value of truth or false. 
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Denotation 2.5. Let us adopt some abbreviations. Let ‘V(X) =? mean V(X) € {1} 
(ie. if X + Ø, then V(X) = {1}), while ‘V(X) +r means V(X) ¢ {1}, (Le. if X + Ø, 
then V(X) + {1}) for any set of formulas X and for any valuation V. 


Using the concept of valuation of formulas, we can now define the semantic 
consequence of CPL. 


Definition 2.6 (Semantic consequence of CPL). Let set X c Forcp and A € 
Forcpy. Formula A follows from set X (for short: X = A) iff for any valuation V, 
if V(X) =1, then V(A) =1. Relation = will be called relation of classical semantic 
consequence or shortly relation of semantic consequence. 


Thus, classical semantic consequence F is such a relation that = € P(Forcpr) x 
Forcpt. 


Remark 2.7. When considering different relations of consequences in the follow- 
ing chapters, we will not use separate denotations for them. In a given context, we 
will only examine one relation, so there will be no risk of mistake. 


Denotation 2.8. For any set of formulas X and any formula A notation X # A will 
mean that it is not the case that X = A. 


The last concept related to CPL, we will apply when constructing the tableau 
system is the concept of contradictory set of formulas. 


Definition 2.9 (Contradictory set of formulas). Let X c Forcpr. Set X will be 
called contradictory iff there is no valuation V such that V(X) =1. Set X will be 
called non-contradictory iff it is not contradictory. 


2.3 Basic concepts of the tableau system for CPL 


One of the basic concepts used to describe a tableau system, due to the nature of 
tableau proofs, is the concept of a tableau inconsistent set of proof expressions. 
In the case of a defined system for CPL, the proof expressions are the formulas 
themselves, so a set of tableau inconsistent expressions boils down to a certain set 
of formulas. 


Definition 2.10 (Tableau inconsistent set of formulas). Set X c Forcpy, will be 
called tableau inconsistent (for short: t-inconsistent) iff there exists such formula 
A € Forcpy that A,A € X. Set X will be called tableau consistent (for short: t- 
consistent) iff it is not t-inconsistent. 


Corollary 2.11. For any X € Forcpy, if X is t-inconsistent, then X is contradictory. 


Proof. By definition 2.10, 2.4, 2.9. 
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2.3.1 Tableau rules for CPL 


We will now proceed to defining the proof tools. The central concept is tableau 
rules. Usually, in an intuitive approach, tableau rules are presented as graphs il- 
lustrating the way in which proof expressions are distributed. Rules for CPL are 
most often presented in the following way.” 

First, we present positive rules — for formulas that do not begin with the 
negation functor. 


AAB AVB AB A<+B 


eS Fy wy A 
| | 


B =B 


=i 


D e Dda 


The negative rules, on the other hand, for formulas preceded by negation, are 
presented in the following drawings. 


-A 4(AAB) 4(AVB) (AB) 4(A +B) 
| Z N | l 7 N 
A -A 4B aA A -A A 
| | | | 
=B =B B <B 


In all of these rules, the arrows show the formulas we obtain by applying given 
rule, while some rules provide alternative formulas. Such a concept of rule is fig- 
urative and very intuitive, but at the same time not very formal. As a result, it 
is difficult to base on it to define the concept of tableau or tableau proof more 
formally than the concept of rule itself. 

The starting point for the construction of a tableau system can therefore be 
a precise definition of the concept of tableau rule. Let us start with the general 
concept of rule. 


2 See e.g. Priest G., [23], p. 5-6. 
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Definition 2.12 (Rule). Let P(Forcpr) be the set of all subsets of set of formu- 


las. Let P(Forcpy)” be n-ry Cartesian product P(Forcpt) x... x P(Forcpr), for 


———_———— ee 
n 


some n €N. 

e Bya rule we understand any such subset R€ P(Forcpr )” that if (X1,...,Xn) €R, 
then X; c X;, for each1 <i <n. 

e Ifn > 2, each element R will be called ordered n-tuple (pair, triple, etc., 
respectively). 

e The first element of each n-tuple will be called an input set (set of premises) 
while the other elements output sets (sets of conclusions).° 


Thus, according to the above definition, each rule is for some n € N a set of 
n-tuples in the form of (X1,...,Xn), where Xj, ..., Xn © Forcpr. Not every rule is 
of course a tableau rule for CPL. A set of tableau rules for our tableau system for 
CPL shall be introduced by means of the following definition. 


Definition 2.13 (Tableau rules for CPL). Tableau rules for CPL are the following 
rules: 


R= {(Xu {(AAB)},Xu {(AAB), A, B}) :XC Forcp,, A, Be Forcpy, X U {(A^ 
B) } is t-consistent} 


Ry={(X u {(AvVB)},X u {(Av B), A}, X u {(A vB), B}): X £ Forcpr, A,B € 
Forcpr, X u {(A v B) } is t-consistent } 


R= {(X u {(A > B)},X u {(A > B), aA}, X u {(A > B), B}) : X £ Forcpr, 
A,B € Forcpr, X U { (A > B) } is t-consistent} 


Ro = {(X u {(A @ B)},X u {(A © B), A, B}, X u {(A @ B), AA, ~B}):X € 
Forcpy, A,B € Forcpy,X U {(A = B)} is t-consistent } 


R= {(X U {~-A}, X U {~A, A}) : XE Forcpr, AE Forcpr, XU {=A} is 
t-consistent} 


RS {(X U {a(ANB)},X U {=(AAB),-A}, X U {=(A”B),-B}) IXE Forcp1, 
A,B € Forcpr, X U {=(AAB)} is t-consistent} 


3 The property of rule that the first set is contained properly in every subsequent set 
seems to correspond well to the name proposed in the literature expansion rule (p. 60, 


[4]). 
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R-v= {(X U {a(Av B)},X u {5(A v B), 7A, ~B} ) : X Force, A,B € Forcpr, 
X u {=(A v B)} is t-consistent} 


R~ = {(X u {~(A > B)},X u {-(A > B), A, =B} }) : X £ Forcpr, A, B € Forcpr, 
X u {=(A > B) } is t-consistent} 


Rio ={(X u {~(A © B)},X u {~(A < B), A, B}, X u {~(A © B), A, =B} ) : 
X ¢Forcpz, A,B € Forcpz, X U {-(A <+ B) } is t-consistent}. 


Set of tableau rules for CPL will be denoted as Repu. 


By definition 2.13 it follows that we have nine tableau rules for the tableau sys- 
tem being defined for CPL. Let us consider one of them, e.g. R- ṣa. Take any x and 
assume that x € R- a. By definitions 2.12 and 2.13, we get Ix cForcpy> JA, B € FOrcpL 
that: 


1. x=(XuU {=(AAB)},X U {5(AAB), 7A}, X u {3(A AB), -B}) 
2. XU {=(AAB)} CX vu {3(A AB), 5A} 

3. XU {=(AAB)} CX U {5(A AB), 5B} 

4. XU {~(A ^ B)} is t-consistent. 


Therefore, there is such a set and such formulas that the rule contains the 
ordered triple of sets which was constructed on them and has the following 
properties: 


(a) the first element — the input set — is a proper subset of both the second and 
third element — the output sets 
(b) the first element is a t-consistent set. 


Both these properties are important for the method of constructing tableau 
systems presented in the book. They also form an element which distinguishes 
this method from other ones. But before we proceed to a more detailed discus- 
sion of the properties, we will look at the notation of the rules itself. The provided 
method of notation is quite precise, but at the same time complicated. Thus, de- 
spite the fact that the case of CPL is the simplest of those considered in the book, 
the description of sets — rules is somewhat complicated. 

In order to simplify the notation, we will propose a fractional one. With rule 
R= {(Xj,...,Xn):X1 is t-consistent}, where n > 2, we will write: 


Xo). 
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Heuristically speaking, the fraction bar in the above notation will tell us that 
from the input set X; we can proceed to one of the output sets X2, ..., Xn, de- 
scribed under the bar. In the fractional notation, the individual sets will also 
be described structurally, i.e. the fraction will be a scheme of infinitely many 
n-tuples, which are elements of rule R. 


Remark 2.14. Further in the book, we will capture specific tableau rules with frac- 
tional notation only, but we will have introduced a general definition of the rule 
for a given type of tableau systems beforehand. 


Now, using the above method of notation, we will once again present set of 
rules Repy. Set of rules Rcpy contains only rules defined by the following schemes 
in which the input sets are t-consistent: 


XuU{(AaB)} Xu{(AvB)} 
^ XU{(AAB), A,B} Rv: XUT(AvB),A}[Xu { (AvB),B} 
Xu{(A>B)} 
R=: XU{(A>B), =A} [Xu {(4>B),B} 
XU{(AoB)} 

Ro: YUT(A=B),A,B}|Xu{(A@B), =A, —B} 

Xu {a7A} 
aa a 

XU{=(AnB) } 
Ron? XU[ (AAB), A} IXO- (AAB), B} 
Xu{-(AvB)} KOJAB) 
R-v: XOT (AVB), A,B} Ros! ¥O{—=(A=B),A,B} 
XU{A(AsB)} 


Ro! XUT(A@B), A,B} |XU{-(AB),A,—B} 


Remark 2.15. The method of tableau rules defining we have presented — no 
matter what notation method is adopted — carries some benefits. The first is 
elimination of redundant applications of rule that may occur in the case of in- 
tuitive formulation of a tableau system. An redundant application of rule takes 
place when application of rule does not cause a new expression to appear on 
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every branch it generates. In extreme cases, theoretically even intuitive rules can 
be applied without limitations, never receiving anything new. This is illustrated 
by the following example 2.16. 

The rules defined according to our recipe exclude this type of situation, and 

the responsible factor is the condition that requires the input set to be a proper 
subset of each of the output sets. As per definition 2.12, for each rule R and n € N, 
if (X),...,X,) € R, then X, c X;, for each 1<i<n. Therefore, no rule R € Rcpy can 
be applied idly. 
Example 2.16. Take formulas (pq), ~-r, p, q. Using the intuitive rules described 
at the beginning of this subchapter 2.3.1, we can apply to these formulas many 
times the rule for conjunction to formula (pA q), although it does not bring any- 
thing new — in the meantime we have applied the rule for double negation to 
formula ~-r. 


(p ^q) p,q nr 
P 


q 


It is difficult to formally limit such redundant use, since the rule is illustrated in 
the formula scheme, whereas the proof consists of many elements. Therefore, it is 
necessary to refer to all previous elements in a limitation. However, some of these 
elements may have appeared after the earlier application of other rules. Hence, it 
is unclear at which level in this approach to formally exclude such application of 
the tableau rules. 


Remark 2.17. Another benefit of the way the rules are defined is the exclusion of 
their applicability to the sets that are t-inconsistent. Within the classic approach to 
rules, there is nothing to prevent us from continuing to apply the rule, even if there 
is an explicit tableau inconsistency in the proof tree. Of course, one way to avoid 
this problem is to add a blocking rule to the set of tableau rules, which introduces a 
new element which closes the branch. Again, however, nothing formally excludes 
the application of further rules, even if there is a blocking element in the proof. 
We illustrate this problem with example 2.18. In our approach, the informal 
“no use” directive makes technical sense: it is simply not possible — in the case of 
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a t-inconsistent set, there are no rules that can be applied. Again, this is because of 
the rule definition. By definition 2.13 for each rule R and n € N, if (X),...,Xn) ER, 
then Xj is t-consistent, thus X; contains no pair of formulas A, ~A, by definition 
2.10. Consequently, no rule R € Repi can be applied to a tableau inconsistent set. 


Example 2.18. Take formulas (p ^q), =~-r, p, r. Using the intuitive rules de- 
scribed at the beginning of this subchapter 2.3.1, we can apply the rule for 
conjunction to formula (p ^ q), even though previously we applied the rule for 
double negation to formula ~~~r, which eventually produced a t-inconsistent set 
as we already had formula r. 


(pa 4), sain pf 
| 


ar 
| 
P 
| 
q 


Again, it is difficult to limit such application of rules if we do not have a precise 
concept of proof and rule. 


Remark 2.19. Instead of set RcpL, we could use a different axiomatization to con- 
struct a tableau system. For instance, instead of rule R- a, we could consider the 
following tableau rule: 


1 Xu{-(A^B)} 
Ran: XU{=(AAB),(=AV=B)) 


Similar proposals could be made for some other rules from set Rep. Among 
many ideas, one of the simpler ones seems to be the replacement of rule Ry e.g., 
the following one: 


l Xu{(AvB)} 
Be Ty {(AvB),(A^AB)}|Xu{(AvB),A}|Xu{(AvB),B} 


Of course, the new rules — according to definition of tableau rule 2.13 — would 
also have t-consistent input sets, plus the input set would be contained properly 
in the output sets. Various axiomatizations can be examined for dependencies 
between sets of tableau rules, lengths of proofs and intuitiveness of rules. 

For three reasons, however, we will not be researching such alternative tableau 
axiomatizations. 
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First of all, we want to describe the method of constructing tableau systems 
on the example of selected cases and then try to generalize this method on dif- 
ferent cases. So in each case of the tableau systems considered in the book, it is 
sufficient to describe a single case, e.g. the most typical one. If we were to inves- 
tigate an alternative axiomatization for a tableau system for CPL, e.g. using set 
(Rori \ {R_,}) U {RL }, then in order to formally demonstrate that both sys- 
tems yield the same logical consequences, it would require defining both systems 
and demonstrating that the sets of their consequences are identical. Meanwhile, 
we want to define a sample system for set of rules Rcpy and sample systems for 
logics specified in other languages, and then look for a general pattern for the 
construction of a tableau system that would simplify the construction of tableau 
systems and also help to study the equivalence of different sets of rules that ax- 
iomatize the same logic. So instead of describing consecutive tableau systems for 
the same semantically determined logic, we will try to seek common attributes of 
tableau systems for various semantically determined logic. 

Secondly, the specified set of tableau rules Rcpy corresponds to the intuitive 
and normally adopted tableau rules for CPL. Thus, they are typical, because in the 
simplest way they correspond to the semantic content related to the interpretation 
of the classical connectives. 

Thirdly, rules such as R’,, do not seem good candidates for axiomatization. 
For example, the adoption of set (Repr \ {R,}) U {R}, }, which is to replace 
rule R~, with rule R}, would extend some of proofs. Because rule R~} allows 
to proceed from formula =(A ^ B) to formulas ~A or ~B. Meanwhile, in the case 
of rule R! , we proceed from formula =(A ^ B) to formula (=A v ~B). Transi- 
tion to formulas =A or -B still requires the use of rule Ry. Thus, introduction of 
rule R}, in lieu of R~, seems unnatural. It is not certain, however, that for the 
cases considered in the book there are no alternative rules that are not unnatu- 
ral, or maybe even in some way they are better than the ones considered. In the 
next chapter, when describing the tableau system for term logic, we will show an 
example of alternative rules that seem at least equally good as the ones we will 
finally investigate there (see note 3.20). 

However, among the reasons mentioned, the first one is conclusive. Therefore, 
although we will not examine alternative axiomatizations of tableau systems, it is 
worth stressing that the introduction of the general concept of rule 2.12 for a given 
set of tableau expressions Te is meaningful in overall. Most often it is possible to 
define different sets of tableau rules that define tableau systems corresponding to 
the same semantically determined logic. 
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2.3.2 Branches for CPL 


Another thing in our theory that needs discussion is the concept of branch. It 
is a concept that depends on the tableau rule because branches are created by 
applying rules. Although we are not currently introducing any formal concept of 
rule application, intuitively the point is that a given rule R is applied to a given 
set Y when among the elements contained in R there is such n-tuple (Xj,...,Xn) 
that Xı = Y. The result of application of R is some set X;, where 1 < i < n, and 
consequently also sequence (Xj, Xi), which forms precisely a branch. Branches 
are therefore setwise objects consisting of sets. Let us now proceed to the formal 
definition of branch in the tableau system for CPL. 


Definition 2.20 (Branch). Let K =N or K = {1,2,...,n}, where n € N. Let X be 
any set of formulas. A branch (or a branch beginning with X) will be called any 
sequence ¢ : K —> P(Forcpz) that meets the following conditions: 


1. 6(1) =X 
2. for any i¢ K: ifi+1¢ K, then there exists such rule R € Rep and such n-tuple 
(Yi... Yn) € R that ¢(i) = Yı and $(i+1) = Yp, for somel<k<n. 


Having two branches ¢, y such that ¢ c y we shall state that: 


e ¢ is a sub-branch of y 
e y isa super-branch of ¢. 


Denotation 2.21. From now on — when speaking of branches — for convenience, 
we will use the following notations or designations: 


. Xis... Xn, where n>1 

. (Xy,...,Xn), where n>1 

abbreviations: øm (where M is a domain ¢, i.e. 6: M —> P(Forcpr)) 
or — to denote branches — small Greek letters: ¢, y, etc. 


Beh 


The sets of branches, in turn, we shall denote with capital Greek letters: ®, Y, etc. 
Furthermore, the domain cardinality of a given branch K we shall sometimes call 
a length of that branch. 


Remark 2.22. As we can see, the concept of branch depends on some set of rules. 
In the case under consideration, the branch structure is based on the rules from 
set Rcpy. Further described complex tableau concepts will also depend on some 
sets of rules. Because in this chapter we are studying tableau system for CPL, based 
on rules from set Repr, so we are not going to make it any more complicated. In 
practice, however, the tableau concepts of systems constructed according to the 
presented idea always hinge upon some set of rules. In one of the further chapters, 
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in the general description of the construction method itself, the set of rules will be 
a certain variable. In this chapter, it is specified as: Rep, and the complex tableau 
concepts defined here depend on it. 


By definition of rules 2.12, through the fact that the rules are defined by proper 
containing of the output set in each of the output sets, in any n-tuple, there is a 
conclusion. 


Corollary 2.23. Each branch is an injective sequence. 


We will now look at the issue of branch length. To investigate this problem, 
we need a function to measure the formula complexity. But, this is not about a 
syntactic complexity, but branch complexity. In practice, the branch complexity of 
the formula boils down to the maximal length of the branch, which is obtained by 
applying the tableau rules to a single formula only. First, we will give a definition of 
the function that measures this property and show that the function has been well 
defined, and then we will present an example. Assume that for any two natural 
numbers n, m, max{n, m} = n iff n>m. 


Definition 2.24 (Measure of the branch complexity of formula of CPL). The mea- 
sure of the branch complexity is function * : Forepy — N, defined for each x € Var 
and A, B € Forcpy, with the below conditions: 


1. ¥(x)=1 

2. *(Ax)=1 

3. *((AAB)) = *(A) + *(B) 

4. »((AVB)) =max{*(A),*(B)}+1 

5. *((A > B)) = max{x(A), *(B)} +1 

6. *((A<B)) =max{*(A) + *(B), *(=(A)) + *(A(B))} 
7. *(-A) = *(A) +1 

8. *(a(AAB)) = max{*(A),*(=B)} +1 

9. *(A(A VB)) = *(A) + ¥(=B) 

10. *(A(A > B)) = *(A) + *(=B) 

1l. +(=(A <+ B)) = max{*(AA) + *(B), +(A) + *(-B)}. 


Function +, tells us how at most long a branch can be obtained by applying the 
rules from Rcpz to a given formula and its components. The following few facts 
clarify the problem. From the above definition and the definition of formula 2.2, 
it follows that: 


Corollary 2.25. For any A € Forcpy: *(A) €N. 


We will now formulate a fact that describes the relationship between the 
branches and the measure of the branch complexity of formula. 
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Proposition 2.26. Let A € Forcpy. Let Xı = XU {A},Xo,...,Xn be such a branch 
that Yy,...; Yn, where: 


a Yı={4} 
e Y2=X2\X 
© Yn=Xı 5X 


is a branch. Then n < *(A). 


Before we proceed to the proof of fact, let us try to explain its assumption. For 
each X c Forcp and A € Forcpy branch X; = Xu {A}, X2,...,Xn is constructed 
so that for each 1< i < n, X; = X u Y;. This means that X2 was created by applying 
a certain rule to formula A, X3 was created by applying a certain rule to formula 
from X25 X, whereas X;+ı was created by applying a certain rule to formula from 
X; \ X. So, to put it figuratively, the branch under consideration was created by 
applying the rules to formula A and the consequences of applying the rules to 
what was created previously. It is of course possible that at some point in time a 
certain rule may have been applied to a element of set X, but the effect must have 
been the same as applying the rule to A or its consequences. 

Therefore, fact 2.26 tells us that a branch constructed through the applica- 
tion of rules to a single formula A and further effects of application of rules is 
not longer than »(A), thus the measure of the branch complexity is properly 
defined. 

Let us now move on to the proof of fact. It has an inductive nature and is based 
on the branch complexity of the formulas found in branches. For the proof, we will 
use the definition of branch 2.20 the definition of measure of branch complexity 
2.24. 


Proof. Take any branch X; = XU{A},X2,...,Xy that meets the theorem assump- 
tions. 


Initial step. Let A = x, for some x € Var. There is then no rule to apply to X4, thus 
n=1. Since +(x) =1, so n< *(x). If A= (x), for some x€ Var, then there is either 
no rule to apply to X4, so n=1. Since +(~x) =1, thus n < *(-=x). 


Induction step. Assume that a fact thesis holds for each formula B such that 
*(A) > >*+(B). So, for each branch beginning with {B}, m long, it is the case that 
m < *(B). The branches will be called B-branches, C-branches, etc., depending on 
the formula they start with. 


40 Tableau system for Classical Propositional Logic 


Cases: 


i) Let A := =-B. Then, by definition of function +, *(A) > +(B). Under the 
induction hypothesis +(B) > m, where m is the length of any B-branch. Since 
n= my, +1, for some m; < *(B), by definition of branch 2.20, so +(A) = *(B) +12 
mı +1=n, by definition 2.24. 


ii) Let A := (BAC). Then, by definition of function +, *(A) > *(B),*(C). 
Under the induction hypothesis, +(B) > m, where m is the length of any B- 
branch, and +(C) > k, where k is the length of any C-branch. Consequently, 
since n < mı + kı, for some mı < *(B), kı < *(C), by definition of branch 2.20, 
so *(A) = *((BAC)) = *(B) + *(C) 2 m + k 2n, by definition 2.24. 


iii) Let A := (B v C). Then, by definition of function +, +(A) > *(B), *(C). 
Under the induction hypothesis, »(B) > m, where m is the length of any B-branch, 
and +(C) >k, where kis the length of any C-branch. Consequently, since n = mı +1 
or n = kı +1, for some m; < *(B), kı < *(C), by definition of branch 2.20, so: 


1. if max{*(B),*(C)} = *(B), then (A) = *((BVC)) = *(B)+1>m,+1=n, 
by definition 2.24 

2. if max{»*(B),*(C)} = »*(C), then +(A) = *((BVC)) = *(C)+12>k)+1l=n, 
by definition 2.24. 


iv) Let A := (B > C). Then, by definition of function +, *(A) > *(-B),*(C). 
Under the induction hypothesis, +(=B) > m, where m is the length of any ~B- 
branch, and *(C) > k, where k is the length of any C-branch. Consequently, since 
n=m,+lorn=k, +1, for some m; < *(=(B)), kı < *(C), by definition of branch 
2.20, so: 


1. if max{*(-B), *(C)} = *(-B), then »(A) = *((B> C)) = *(=(B))+1>m,+ 
1=n, by definition 2.24 

2. if max{*(=B), *(C)} =*(C), then *(A) =*((B> C)) = *(C)+1>k,+1=n, 
by definition 2.24. 


v) Let A := (B <+ C). Then, by definition of function +, *(A) > *(B), *(C), 
*(B),*(=C). Under the induction hypothesis, +(B) > m, *(C) > k, *(-B) 21, 
*(=C) > 0, where m, k, l, o are respectively lengths of any B, C, ~B and =C-branch. 
Consequently, since n < mı + kı or n < lı + 01, for some m; < *(B), kı < *(C), 
lı < *(-B), 01 < *(=C), by definition of branch 2.20, so: 


1. if max{*(B) + *(C),+(=B) + *+(=C)} = +(B) + +(C), then +(A) = +((B < 
C)) = *(B) + *(C) >m +k, > n, by definition 2.24 
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2. if max{*+(B) + *(C),*(=B)+*+(=C)} = +(=B) + *(AC), then +(A) = +(B < 
C) = +(~B) + *(AC) > lı + 0; > n, by definition 2.24. 


vi) Let A:==(BAC). Then, by definition of function +, +(A) > *(-B), *(AC). 
Under the induction hypothesis, +(=B) > m, where m is the length of any =B- 
branch, and *(=C) > k, where k is the length of any ~C-branch. Consequently, 
since n = mı +1 or n = kı +1, for some m; < *(-B), kı < *(=C), by definition of 
branch 2.20, so: 


1. ifmax{»+(=B),+(=C)}=>»+(=B), then +(A) = *(=(BAC)) = *(-B)+1>m,+ 
1= n, by definition 2.24 

2. if max{*(-=B), *(3C)} = *(AC), then (A) = *(=(BAC)) = *(4C) +12 
kı +1=n, by definition 2.24. 


vii) Let A := ~(Bv C). Then, by definition of function +, *(A) > *(-B), *(=C). 
Under the induction hypothesis, +(=B) > m, where m is the length of any ~B- 
branch, and *(=C) > k, where k is the length of any ~C-branch. Consequently, 
since n < mı + kj, for some m; < *(-B), kı < *(=C), by definition of branch 2.20, 
so *(A) = *(a(Bv C)) = *(-B) + *(AC) > m + kı >n, by definition 2.24. 


viii) Let A:= ~(B > C). Then, by definition of function +, *(A) > *(B), *(AC). 
Under the induction hypothesis, +(B) > m, where m is the length of any B-branch, 
and +(~C) > k, where k is the length of any ~C-branch. Consequently, since n < 
mı + kı, for some m; < *(B), kı < *(AC), by definition of branch 2.20, so »(A) = 
*(-(B > C)) = +(B) + +(=C) > m + kı > n, by definition 2.24. 


ix) Let A := ~(B < C). Then, by definition of function +, +(A) > *(B),*(C), 
*(=B),*(=C). Under the induction hypothesis, +(B) > m, *(C) > k, *(-B) 21, 
*(AC) > o, where m, k, l, o are respectively lengths of any B, C, ~B and =C-branch. 
Consequently, since n < mı + 0; or n < h + ky, for some m; < *(B), kı < *(C),h < 
*(=B), 01 < *(AC), by definition of branch 2.20, so: 


1. if max{*(-—B)++*(C),*(B)++*(-C)} = *(-B) + »*(C), then +(A) = +(-(Bo 
C)) = *(AB) + *(C) > l +k, 2 n, by definition 2.24 

2. if max{*(-B)+»*(C),*(B)+*(-C)} = +*(B)+*(-C), then +(A) = +(-(B<o 
C)) = *(B) + *(AC) > mı + 0; > n, by definition 2.24. 


So the fact 2.26 tells us that if we create a branch based on a single A and make 
use of tableau rules in any order, then each produced branch will at most have a 
length of +(A). See the example below. 
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Example 2.27. Let us consider set of formulas Y u {3(p <> ~q) }. We decompose 
the highlighted formula using rule R_ + to this set. Due to two initial sets in the 
rule, we get two branches: 


1. Xi = Yu {-(p + 7q)},X4 = Yu {-(p + 7g), =p, -g} 
2. XY = Yu {(p = ~4)} X7 = YU {a(p + 7g), p,-7q)}. 


In the first case, we can no longer decompose the components of the initial 
formula, but in the case of X} we can still apply rule R~~, which produces: X4/ = 
Yu{=(p + =q),p,--4,q}. (Of course, we assume that Xj’, Xy, are t-consistent. 
Otherwise, we could not use the tableau rules.) The last sequence — Xj’, XY, XY — 
is the longest among the sequences based on the decomposition of formula ~ (p <> 
~q). At most, is has length of +(=(p < -=q)). Let us calculate: +(p) = *(=q) = 
+ (sp) =L *(==q) =1+ +(q) = 2. Thus max{+(-p) + +(=4),*(p) + *(==4)} = 
max{2,3}. Hence *(A(p  7q)) =3. 

Another fact generalizes our observations on the relationship between the 
length of the branch and the branch complexity of the formula on the finite sets 
of formulas. 


Proposition 2.28. If X is a finite set of formulas, then each such branch ġ : K — 
P(FOrcpz) that $(1) =X is finite. 


We will carry out an inductive proof with respect to the number of elements 
X by applying the previous fact 2.26. 


Proof. Let X be a finite set of formulas, and ¢ : K — P(Forcpy) any such branch 
that ¢(1) =X. 


Initial step. Assume that |X| = 1, so some formula A € X. From the previous 
fact 2.26, we know that each branch based on decomposition of A has at most the 
length of +(A). Hence, |K| < +(A), so branch ¢ is finite, under 2.25. 


Induction step. Assume that the fact thesis is true for each such set of formulas 
Y that |Y| = n. Let us consider a situation where |X| = n +1. So X = Y’ u {A} for 
certain set of formulas Y’ such that |Y’| = n, and some new formula A. 

From fact 2.26, we know that each branch based on the decomposition of A has 
at most the length of +(A), which means it is finite. From the inductive assump- 
tion, we also know that each branch beginning with set of formulas Y” is finite. 

Consequently, each branch ¢ beginning with X = Y’u {A} is finite as it is com- 
posed of elements of some branch which begins with A and elements of some 
branch which begins with Y’, by definition of branch 2.20, hence |K| < n+ *(A). 
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By virtue of the last fact, we know that there are no infinite branches beginning 
with finite sets of formulas, which is expressed by the following conclusion. 


Corollary 2.29. Let X be a finite set of formulas. Then there is no such branch 
$ :K — P(Forcpr) that: 


e K=N 
+ g(1) =X. 
Proof. From the previous fact 2.28 and by definition of branch 2.20. 


2.3.3 Maximal branches 


Another important concept in the construction of a tableau system is the concept 
of a maximal branch. Intuitively, the maximal branch is a branch to which no rule 
can be applied anymore, extending it to some super-branch. The definition of the 
maximal branch for the currently defined system is as follows. 


Definition 2.30 (Maximal branch). Let ø : K — P(Forcpy) be a branch. We 
shall state that ¢ is maximal iff 


1. K={1,2,3,...,n}, for some ne N 
2. there is no branch y such that ¢ c y. 


Before we discuss this definition, let us consider an example. 


Example 2.31. Consider a branch beginning with set Xı = {7....r:n=m- 3, 
— 


n 
where m € N}. Set X, contains an infinite number of formulas in the form of 


~... nr, i.e. an infinite number of instances of propositional letter r, preceded in 
— 

n=m:3 

each instance by such number of instances of negation functor that is a multiple 


of3. 
We now define a branch based on set X; and rule R.., according to the 
following algorithm: for any m € N, 


Xm+1=XmU{n7...47}. 
i= 


m-3-2 
So, transition from set X; to its superset X;+1 is an effect of addition through 
rule R__, to set X; of formula 5...-,7. 
— 
i-3-2 
The branch can be illustrated as follows: 
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RX) 


| 
R-Xa = XıUfar} 


| 
R~- X3 = X:Uf nnr} 


| 
R~nX4 = X3 Ufar} 


| 
Rasai 


The defined branch is infinite. There is no super-branch to contain it. However, 
there is still an infinite number of formulas to which we might apply rule R~~. 
As a matter of fact, already in the area of set X4 we could obtain t-contradictory 
set, thereby closing the door on further extension of branches, defining X4 = X3 U 
{~-r} , with respect to R~~, since ar € X2 E€ X3. 


Seemingly, we could limit the definition of maximal branch 2.30 to the second 
condition, i.e. to the non-existence of super-branch. However, we would then 
allow branches that contain non-decomposed expressions to which the tableau 
rules can still be applied. 

Leaving out the first condition of the definition of maximal branch 2.30, would 
not change anything with respect to the cases of finite sets, but example 2.31 proves 
that we would allow cases of infinite branch that: 


e begin with an infinite set 

e meet the second condition of definition because they are infinite branches 

e but not all expressions contained were decomposed, in particular those re- 
sponsible for the emergence of t-inconistent subset. 


Remark 2.32. The definition of maximal branch 2.30 is suitable for those tableau 
systems where only finite branches are obtained from finite sets of expressions. 
So it is i.a. good for the tableau system we construct for CPL. 

For other systems, including modal logics, the definition is too narrow, because 
it does not include cases of branches that are not finite even though they start with 
a finite set of expressions. 

We have now deliberately adopted definition 2.30, as sufficient for CPL. When 
we move on to defining the system for modal logic, we will generalize this defi- 
nition. So it is going to describe special cases of infinite maximal branches which 
appear in the construction of tableau systems using the described method. 

Extending the concept of branch onto infinite sets is problematic for many 
reasons, and what is more, it is unnecessary in practice, because important and 
sufficient concepts for our metatheory — the concept of branch consequences 
and tableau — we apply in practice to cases of finite sets. 
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Besides, we showed that a finite sets of expressions, using the rules from set of 
rules Rcpy, we get branches of finite length (conclusion 2.29), so for the case of 
CPL the definition of maximal branch 2.30 is good enough. 


The definition of maximal branch 2.30 in practice says that branch Xj, ..., Xn, 
for some n > 1, we shall call maximal iff there is no branch X], ..., Xn, Xn+1. 

In the subsequent fact, we state that each finite set of formulas is the first 
element of some maximal branch. 


Proposition 2.33. Let X be a finite set of formulas. Then, there exists such maximal 
branch X,...,Xn that Xı =X andn>1. 


Proof. Take any finite set of formulas X, and then indirectly assume that there is 
no maximal branch Xj,...,X,, where X; = X andn>1. 

However, by definition of branch 2.20 we know that there exists at least one 
branch that starts with set X, i.e. (X1), where X; = X. From the indirect assumption 
and from the definition of maximal branch 2.30 it follows, however, that (X1) is 
not a maximal branch and it has some super-branch, so by definition of branch 
2.20 there is some branch: Xj, X2. 

Let us now consider branch Xj, ..., Xm m long, for some m € N. From the 
indirect assumption and from the definition of maximal branch 2.30 it follows, 
however, that Xj, ..., Xm is not a maximal branch and it has some super-branch, 
so by definition of branch 2.20 there is some branch: Xj, ...,; Xm, Xm+1- 

So, from the indirect assumption and from the definition of maximal branch 
2.30 results in a conclusion that (+) for any n € N there exists branch Xj, ..., Xn, 
Xn+1 such that X; = X andn>1. 

Let © be such a minimal set of branches that: 


1. (Xi) cp 
2. if (X1,...,Xn) €®, then (Xj,...,Xn,Xn+1) € ®, for any n € N. 


Since ® is a minimal set that meets conditions 1 and 2, then from (+) it follows 
that for any n € N, there exists precisely one branch (Xj,...,Xn) € ®, where Xj =X. 

K; will now denote a domain of such branch ¢x contained in ® that |K]| = i € N. 
From the above considerations it follows that for each i € N there exists precisely 
one set K; that constitutes a domain of some branch which belongs to ®. Then let 
K =U{K;: 6x € O}. Since le K and n+1€K, ifne K, so K=N. 

Let us now define sequence y: K —> P(Forcpy) such that for any i€ K: y(i) = 
$x;,(i). From the definition of branch 2.20, that sequence is an infinite branch 
beginning with a finite set of formulas X; = X, which contradicts conclusion 2.29. 


Using the above fact, we can prove another fact important for our theory. 
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Proposition 2.34. If X is a finite set of formulas, then for each branch Yj, ..., Yn 
such that Yı = X and n>1, there exists maximal branch Z, ..., Zn, .. -> Zn+m» where 
foranyi<n Y,;=Z; and m>0. 


Proof. Let X bea finite set of formulas. Now, take any branch Yj,...., Yn such that 
Yı =X and n >1. From the definition of branch 2.20 and definition of tableau rules 
for CPL 2.13, we know that Y, is a finite set. So, due to the last fact 2.33, for some 
m>0 there exists such maximal branch Z},...,Z14 that Z} = Y, hence by virtue 
of definition of branch 2.20 there also exists maximal branch Z),...,Zy,..., Zn+m> 


where for any i< n Y; = Zi and m>0. 


This fact tells us that any branch beginning with a finite set of formulas can be 
extended to the maximal branch in which it is included as a sequence. 

For further consideration, the concept of branch which is maximal in a given 
set of branches, will be useful. 


Definition 2.35 (Maximal branch in the set of branches). Let © be a set of 
branches and let branch y € ®. Branch y will be called maximal in ® (or O- 
maximal) iff there is no such branch ¢ € ® that y c ¢. Having some set of formulas 
X, B(X) will denote the set of all branches Xj,...,X,, such that X; = X and n>1, 
while MB(X) will denote the set of all maximal branches in B(X). 


Remark 2.36. The above concept of a maximal branch in a certain set of branches 
could be a starting point instead of the concept described in the definition of 
maximal branch 2.30. The latter is its special case in a situation when set © is 
identical to set B(X), for some finite set of formulas X, considering fact 2.33. 

However, we deliberately separated these concepts, because in one of the sub- 
sequent chapters we will change the definition of maximal branch in such a way 
that its scope will not be identical to the scope of definition 2.35 in relation to 
finite sets. This new concept of a maximal branch will also include cases where 
branches can be infinitely long, even though they start with a finite set of expres- 
sions. So, consequently, it can be the case that for a given branch ø there is no 
such branch y that ¢ c y, and yet ¢ it will not be considered maximal for other 
reasons. Although we will continue to use the concept of a maximal branch in a 
given set, we will eventually extend the concept of a maximal branch. 


Corollary 2.37. Let X be a finite set of formulas. Then B(X) contains a non-empty 
subset MB(X). 


Proof. Take any finite set of formulas X. Due to fact 2.34, there exists maximal 
branch y beginning with X. Of course, branch y belongs to MB(X), so set MB(X) 
is non-empty. Since each branch contained in MB(X) belongs to B(X), so non- 
empty set MB(X) is contained in B(X). 
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2.3.4 Closed and open branches 


Another concept important for the tableau theory is the concept of a closed 
branch and an open branch. Intuitively, a branch is closed when we have reached 
a t-inconsistency set by decomposing formulas. 


Definition 2.38 (Closed/open branch). Branch ¢ :K —> P(Forcprz) will be called 
closed iff (i) is a t-inconsistent set, for some i € K. A branch will be called open 
iff it is not closed. 


From the above definition, the definition of tableau rules for CPL 2.13 and the 
definition of branch 2.20, the following conclusion follows. 


Corollary 2.39. If branch ¢: K —> P(Forcpz ) is closed, then |K| € N. 


Proof. Let branch ¢ : K —> P(Forcpz) be closed. From the definition of closed 
branch 2.38 we know that there exists such i € K that (i) is a t-inconsistent set. 
From the definition of tableau rules for CPL it follows that there is no branch 
element $(i+1), since the rules do not contain n-tuples with t-inconsistent input 
sets, hence none of the rules can be applied to set (i). So, from the definition of 
branch 2.20 we get: K = {1,2,3,...i}, which means that |K] € N. 


In the case of a closed branch, the t-inconsistent element of sequence is therefore 
the last element. It is so because no more rule can be applied for branch exten- 
sions, because the tableau rules are defined in such a way that they cannot be 
applied to t-inconsistent sets. Therefore, from the definition of maximal branch 
2.30 another conclusion follows. 


Corollary 2.40. If branch $ : K —> P(Forcpr) is closed, then it is maximal. 


2.3.5 Branch consequence relation 


We will now proceed to the metalogical concept which occurs in each of the sys- 
tems defined in the book. This concept seems to be a novelty, seemingly so far not 
defined in the studies on tableau systems. 

As we wrote, the tableau method is treated and defined in the book in a 
purely syntactic manner, i.e. as a method of transforming the notations of a given 
language in order to answer the question whether the considered inference is 
correct. 

A concept that corresponds to this question is the concept of branch conse- 
quence relation, specified with another definition. 


Definition 2.41 (Branch consequence relation of CPL). Let X c Forcpy and A € 
Forcpy. We shall state that A is a branch consequence of X (or short: X > A) iff there 
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exists such finite set Y € X that each maximal branch beginning with Y u {=A} 
is closed. Relation > will be called branch consequence relation of CPL. 


Remark 2.42. When considering different branch consequence relations in the 
following chapters, we will not use separate denotations for them. In a given 
context, we will only examine one relation, so there will be no risk of mistake. 


Denotation 2.43. For any set of formulas X and any formula A, notation X # A 
shall mean that it is not the case that X > A. 


In order to explain what is meant by definition 2.41, we will refer to an example. 


Example 2.44. Let us consider the following example of occurrence of the relation 
of branch consequence. Take set {p} and formula (p v q). Relation {p} > (pv q) 
occurs since each maximal branch in the form Xj = {p,-(pvq)},...,Xn is closed. 
In fact, there is only one maximal branch in this form. It is branch: Xj = {p,-(pv 
q)}, X2 = {p,7(p V q),-p,-q}, which originates through rule R-v. It is closed 
because p € X2 and =p € X2. 


The above example shows the mechanism of the relation of branch conse- 
quence. It is based on the impossibility of finding a branch that would be both 
maximal and open. However, this example is somewhat misleading. We deliber- 
ately chose a set of formulas and a formula so that the branches beginning with 
this set and negation of the formula are neither too long nor too many. In practice, 
none of these features may actualize and most often they do not. 


2.4 Relations of semantic consequence and branch 
consequence 


Before we proceed to the issue of how to reduce as much as possible the num- 
ber of branches, which suffice to consider to show the occurrence of the relation 
of branch consequence, we will first show that the concept of the branch conse- 
quence relation defines the same set of objects as the concept of the semantic con- 
sequence relation — it is thus the branch, syntactic counterpart of the semantic 
consequence relation. 


2.4.1 Soundness theorem 


In this subchapter, we will show that the relation of branch consequence is con- 
tained in the relation of semantic consequence, hence for any set of formulas X 
and any formula A it is the case that if X > A, then X = A. 

We will use abbreviations concerning the valuations of the formulas adopted 
in denotation 2.5. 
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We will start with a lemma that tells us about the relationship between 
valuations of formulas and tableau rules. 


Lemma 2.45. Let X be a set of formulas and V be any valuation such that V(X) =1. 
For any rule R € Rept: 


e if(X,Y)€R, then V(Y)=1 
e if (X,Y,Z)€R, then V(Y) =lor V(Z)=1 


Proof. We carry out the proof by checking the rules one by one. We will use the 
definition of valuation of CPL formulas, 2.4. 

Take any set of formulas X and any valuation V such that V(X) =1. Take any 
rule R from set Rept. If set X is an input set of some n — tuple contained in R, there 
must exist: certain set of formulas X’ and formulas A, B such that there occurs at 
least on of the below cases. 


e X=X'U{(A^B)}, V(X'U {((AAB)}) =1, R= Ra and (X’U {(A ^ B)}, X’ U 
{(AAB),A,B}) € Ry. Since V((A A B)) =1, so V(A) = V(B) =1. Thus V(X’ u 
{(AAB),A,B}) =1. 

X =X'u{(AvB)}, V(X'u {(A vB)}) =1, R= Ry and (X’uU {(AvVB)},X’u 

{(A vB), A}, X" U {(A v B), B}) € Ry. Since V((A v B)) =1, so V(A) =1 or 

V(B) =1. Thus V(X’U {(AvB),A}) =lor V(X’uU {(AvB),A}) =1. 

e X=X'u{(A>B)}, V(X’u{(A > B)}) =1, R=R_, and (X’u{(A > B)},X’uU 

{(A > B), =A},X" u {(A > B), B}) € R». Since V((A > B)) =1, so V(A) =0 

or V(B) =1. Hence V(=A) =1 or V(B) =1. Thus V(X’U{(A > B),4A}) =1or 

V(X'u{(A > B),B}) =1 

X=X'u{(A < B)}, V(X'u{(A = B)}) =1, R= Re and (X’U{(A B)}, Xu 

{(A = B),A,B},X’ U {(A © B),7A,-B}) € Ra. Since V((A + B)) = 1, so 

V(A) = V(B). Hence V(A) = V(B) =1 or V(A) = V(B) = 0. Thus V(A) = 

V(B) =lor V(=A) = V(-B) =1. Consequently V(X’u {(A @ B),A,B}) =1lor 

V(X'U{(A -+ B),3A4,-B}) = 1. 

e X = X' U {5A}, V(X! U {-54}) = 1, R= R-n and (X' u {~~A}, X' U 
{=-A,A}) € Ra~. Since V(=-A) = 1, so V(~A) = 0, and V(A) = 1. Thus 
V(X'u{~-A,A}) =1. 

e X=X'u{-(A^B)}, V(X’ u {~(A ^ B)}) =1, R= R~, and (X' u {-(A ^ 
B)}, X’ u {=(A AB), 7A}, X'U{-(A ^B), =B}) € Ra. Since V(A(A ^ B)) =1, 
so V((A ^B))=0. Hence V (A) = 0 or V(B) = 0, and consequently V(~A) =1 
or V(-B) =1. Thus V(X’U {(AAB),-A}) =1 or V(X’ U {(AAB),-B}) =1. 

e X=X’u{=(AvB)}, V(X'u {=(A v B)}) =1, R = Roy and (X'u {-(Av 
B)},X’U{=(A vB), 7A, =B}) € Ry. Since V(=(AVB)) =1, so V((AVB)) =0, 
thus V(A) = V(B) = 0, and consequently V(sA) = V(-B) =1. Thus V(X’ u 
{3(A v B), -A,~B}) =1. 
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e X=X'u{-(A > B)}, V(X'u {=(A > B)}) =1, R=R_., and (X' u {-(A > 
B)},X’U{=(A > B),A, =B}) € R~». Since V(=(A > B)) =1, so V((A > B)) = 
0, so V(A) =1 and V(B) = 0. Thus V(A) =1 and V(-B) = 1. Consequently 
V(X'U {=(A > B),A,-B}) =1. 

e X=X'u{-(A = B)}, V(X'u{-(A = B)}) =1, R= Ri. and (X'u {~(A < 
B)},X'U{-(A +B), A,B}, X’ U{4(A © B),A,-B}) € Res. Since V(-(A <+ 
B))=1,so V(A) # V(B). Hence V(A) =0 and V(B) =1or V(A) =1and V(B) = 
0. Thus V(=A) = V(B) = lor V(A) = V(=B) =1. Consequently, V(X’uU {(A @ 
B),+A,B}) =1or V(X'U {(A <- B),A,-B}) =1. 


Another lemma describes the relationship between finite, non-contradictory 
sets of formulas and the branches that originate from them. In this lemma we 
state that for a finite and non-contradictory set of formulas there is always at least 
one branch, beginning with this set, which is open and maximal. 


Lemma 2.46 (On the existence of maximal and open branch). Let X be a finite 
set of formulas, and V be a valuation. If V(X) = 1, then there exists at least one 
maximal and open branch X,...,Xpn such that Xı = X and n21. 


Proof. Take any finite set of formulas X and valuation V such that V(X) =1. Based 
on conclusion 2.37, we know that set of all maximal branches MB(X) is non- 
empty. Indirectly assume that none of the branches contained in MB(X) is open. 

Now, consider the branches beginning with set X, taking accounts of their 
lengths. Through inductive proof, we will show that for any n € N there exists 
such open branch Xj, ..., Xn that X; = X and there exists such set of formulas Y 
that sequence X1, ..., Xn» Xn41, where X,,41 = Y, is also an open branch. 

Initial step. There exists an open branch with the length of 1 beginning with 
set X. It is branch X; = X. Since V(X) = 1, by definition 2.9, set X is not con- 
tradictory, while by virtue of conclusion 2.11, set X is not t-inconsistent. So, by 
definition of open branch 2.38 branch X; is open. Hence, by virtue of the indirect 
assumption, Xj is not a maximal branch. Thus, by definition of maximal branch 
2.30 and lemma 2.45, there exists branch Xj,X2 such that V(X2) = 1. By defini- 
tion 2.9, set X2 is not contradictory, while by virtue of conclusion 2.11, set X3 is 
not t-inconsistent. So, by definition of open branch 2.38, branch Xj, X2 is open. 

Induction step. Assume that for some n € N, there exists such open branch Xj, 
...) Xn that Xj = X, V(X;,) =1 and n > 2. Hence, by the indirect assumption, X1, 
...) Xn is not a maximal branch. 

Since V(X,,) = 1, by definition 2.9, set X, is not contradictory, while by virtue of 
conclusion 2.11, set X, is not t-inconsistent. Thus, by definition of maximal branch 
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2.30 and lemma 2.45, there exists branch Xj, ..., Xn, Xn41 such that V(Xy41) =1. 
By definition 2.9, set X41 is not contradictory, while by virtue of conclusion 2.11, 
set X,+1 is not t-inconsistent. So, by definition of open branch 2.38, branch Xj, 
<---> Xn, Xn+1 1S Open. 

Consequently, for any n € N, there exists such open branch Xj, ..., Xn that 
Xı = X and there exists such set of formulas Y that sequence Xj, ..., Xn, Xn+1» 
where Xy+1 = Y, is also an open branch and is not a maximal branch. 

From this it follows that there exists an infinite branch Y}, Y2, ... such that 


i Y,=X 
2. Yn+1 = Xn41, where Xn+1 is such set that sequence Xj, ..., Xn, Xn+1 is also an 
open branch. 


But, since X is a finite set of formulas, so the fact of existence of infinite branch 
Yı, Y2,...contradicts fact 2.28. So, the indirect assumption that each branch con- 
tained in MB(X) is closed, is false. So there exists a branch beginning with X, 
which is maximal and open. 


With alemma on the existence of maximal and open branch, we can now prove 
the soundness theorem. 


Theorem 2.47 (Soundness).ForanyX CFOrcp,,A€FOrcprz, if X > A, then XE A. 


Proof. Take any X £ Forcpz, A € Forcpy and assume that X # A. So by definition 
2.6 there exists such valuation V that V(X u {=A}) =1. Hence for any finite set 
Y c X, V(Yu {=A}) =1. From the previous lemma 2.46 it follows that for any 
finite YU {~-A} there exists at least one maximal and open branch Xj,...,X;, such 
that Xı = YU{=A}in®>1. So there is no such finite set Z € X that each maximal 
branch beginning with Zu {=A} is closed. Hence by definition 2.41 X # A. 


2.4.2 Completeness theorem 


In this section, we will show that the relation of semantic consequence is con- 
tained in the relation of branch consequence, hence for any set of formulas X and 
any formula A it is the case that if X = A, then X > A. 

Also here, we will use abbreviations concerning the valuations of the formulas 
adopted in denotation 2.5. 

In our proofs, we will use the fact that the classical consequence relation = is 
compact. However, let us first recall the general definition of compactness of a 
binary relation, because the concept of a compact relation will be useful in the 
next chapter. 
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Definition 2.48 (Compact relation). Take any set of objects X and binary relation 
R, specified as follows R € P(X) x X. We shall state that relation R is compact iff 
for any Y £ X and for any x € X: YRx = there exists a finite set Y’ such that Y” £ Y 
and Y’Rx. 


The well-known fact of the compactness of semantic consequence relation of 
CPL is expressed in the next fact. 


Proposition 2.49 (Compactness). For any X  Forcpy, A € Forcpr, X =A iff there 
exists such finite set Y € X that Y = A. 


We will start with a lemma which says about the relationship between the 
valuation of propositional letters and the negation of propositional letters in a 
maximal branch and the valuation of formulas from some initial set. 


Lemma 2.50. Let X, ..., Xn, for some n >1, be a maximal and open branch. Let 
L(Xn) = {x € Xn: x= y or x= ~y, for some y € Var}. Then for any valuation V, if 
V(L(Xn))=1 then V(X,) =1. 


Proof. We will carry out an inductive proof, taking account of the complexity of 
formulas in a branch. 

Take any maximal and open branch Xj, ..., Xn, for some n >1, and valuation V 
such that V(L(X,,)) =1, where L(X,,) = {x €X,:x=y or x= ~y, for some y € Var}. 
Let A € Xp. 

Initial step. If A = y or A = -y, for some y € Var, then V(A) =1, since A € L(X,). 

Induction step. Assume that for all formulas B, C € X, that have the lesser 
complexity than A, V(B) = V(C) =1. Our proof will be based on possible cases of 
constructing formula A and on the initial assumption that Xj,..., X, isa maximal 
branch. Since the branch is maximal, so if A could be decomposed by some of the 
tableau rules, then its component (components) are already in X, (as for all i < n, 
Xic Xn). 

Now, for some formulas B, C occurs one of the cases: 


e A:= (BAC), and so B,C € Xn, on the inductive assumption and by definition 
of valuation of formulas 2.4 we then get that V(B) = V(C) =1= V((BAC)) 

e A:=(Bv C), and so B or C € X,, on the inductive assumption and by definition 
of valuation of formulas 2.4 we then get that V(B) =1 or V(C) =1, therefore 
V((BvC))=1 

e A:=(B > C), and so ~B or C € Xn, on the inductive assumption and by def- 
inition of valuation of formulas 2.4 we then get that V (~B) =1 or V(C) =1, 
therefore V((B> C)) =1 
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e A:=(B<C), and so B, C or B, =C € Xy, on the inductive assumption and 
by definition of valuation of formulas 2.4 we then get that V(B) =1= V(C) or 
V(-B) =1= V(-C), therefore V((B<+ C)) =1 

e A:=-—-B, and so B € X,, on the inductive assumption and by definition of 
valuation of formulas 2.4 we then get that V(B) =1= V(=-B) 

e A:=-(BAC), and so ~B or ~C € Xp, on the inductive assumption and by 
definition of valuation of formulas 2.4 we then get that V (~B) =1 or V(=C) =1, 
therefore V(=(BAC)) =1 

e A:=~(Bv C), and so =B,=C € Xn, on the inductive assumption and by def- 
inition of valuation of formulas 2.4 we then get that V(=B) = V(=C) =1= 
V(-(BVC)) 

e A:=-=(B->C), and so B,=C € Xn, on the inductive assumption and by defini- 
tion of valuation of formulas 2.4 we then get that V(B) = V(=C) =1= V(=(B> 
C)) 

e A:=~(B < C), and so 5B, C or B, =C € Xn, on the inductive assumption and 
by definition of valuation of formulas 2.4 we then get that V (=B) =1= V(C) 
or V(B) =1= V(-C), therefore V(~(B <+ C)) =1. 


Consequently, V(X,) =1, since V(A) =1, for all A € Xp. 


The next lemma will show that a maximal and open branch allows to define 
a valuation that assigns the value of truth to each formula contained in the first 
element of branch. 


Lemma 2.51 (Lemma on the existence of valuation). Let X),..., Xn, for some n21, 
be a maximal and open branch. Then, there exists valuation V such that V (X1) =1. 


Proof. Take any maximal and open branch Xj, ..., Xn, for some n > 1. Now, we 
define L(X,,) = {x € X, : x = y or x = -y, for some y € Var}. Since L(X,,) is t- 
consistent, we define valuation v: Var — {1,0} such that for any x € Var: 
e v(x) =1LifxeL(X,) 
e v(x) =0, ifxéL(X,). 

We see that both v(L(X,,)) =1 and V(L(X,)) =1, where V is an extension of 


function v to the set of all formulas. 
Now, using lemma 2.50, we get thesis V (X1) =1, since Xj € Xy. oO 


The lemma on the existence of valuation allows us to prove the completeness 
theorem. 
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Theorem 2.52 (Completeness). For any X © Forcp,, A € Forcprz; if X = A, then 
XDA. 


Proof. Take any X £ Forcpy, A € Forcpy and assume that X # A. Thus, by defini- 
tion of branch consequence relation 2.41 for each finite subset Y € X there exists a 
maximal branch beginning with Y u {~A} which is open. By virtue of the lemma 
on the existence of valuation 2.51 for each finite set Y £ X there exists valuation V 
such that V(Y U {=A}) =1. Thus, by definition of valuation of formulas 2.4 and 
consequence classical relation 2.6, for each finite set Y € X, Y # A. Hence and by 
virtue of the compactness property of relation of consequence E, fact 2.49, we get 
thesis X # A. 


2.5 Tableaux for CPL vs. semantic consequence relation 


So we can see that the concepts of relation of semantic consequence and relation 
of branch consequence denote exactly the same set of pairs (X,A), where X is a set 
of formulas, while A is a formula. In practice, however, it is not easy to determine 
whether a pair belongs to relation >. According to definition 2.41, in order to 
achieve this, we need to select from X its finite subset Y such that each maximal 
branch beginning with set Y U {=A} is closed. The first stage of this activity, i.e. 
the selection of an appropriate set, is difficult to study in general, since further 
we will deal with various different logics, and the relation of branch consequence 
has been defined for any sets, particularly infinite ones. However, if the set of 
premises is a finite set, we can proceed straight to the second stage, i.e. reviewing 
all maximal branches and checking if they are closed branches. 

Unfortunately, although their number in the case of a finite set of premises will 
also be finite, it may be so large that their construction and examination are only 
theoretically possible. Therefore, we need a method that allows to select and study 
a sufficiently small number of maximal branches, the closure of which guarantees 
the occurrence of branch consequence relation. 

In our theory, this method is based on the concept of a tableau. By tableau 
we mean a finite and minimal set of branches beginning with the same set. Of 
course, such a concept of tableau is far from its graphic presentation or one based 
on graphs. Due to its formal nature, it specifies the standard concept of tableau, 
plus its scope at least includes a set of those objects which are traditionally called 
semantic or analytical trees or tableaux. The problem of this relation will be dealt 
with in the last chapter of the book. 

Let us now proceed to the definition of tableau. 
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Definition 2.53 (Tableau). Let X c Forcpy, A € Forcpyz, while ® will be a set of 
branches. Ordered triple (X,A,®) will be called a tableau for (X,A) (or shortly 
tableau) iff the below conditions are met: 


1. @ is a non-empty subset of set of branches beginning with X u {~A} (ie. if 
ye, then y(1) = Xu {-A}) 
2. each branch contained in ® is O-maximal 
3. for any n,i € N and any branches y1, ..., Wn € ®, if: 
e iandi+1 belong to the domains of functions y1, ..., Wn 
e foranyl<k<nand any o< i, yı(0) =y;(0) 
then there exists such rule R € Rcpy and such ordered m-tuple (Yj,..., Ym) € 
R, where 1< m < 3, that for any 1 < k <n: 
e y(i)=Yı 
e and there exists such 1< 1< m that y;,(i+1) = Y}. 


Remark 2.54. The first two conditions in the tableau definition are standard ones. 
Each branch in the tableau begins with a set which is the sum of the set of premises 
and the negation of the presumed conclusion. In addition, the tableau contains 
only ®-maximal branches, so it does not include sub-branches of the branches 
belonging to ®. 

However, the third condition is particularly worth discussing. This condition 
says that branching can occur in a tableau only if there is a suitable rule and its 
ordered triple which contains two output sets corresponding to the branching. 

We have deliberately reduced number m to range {2,3}, since the rules in 
set Rcpy have at least two elements each, but not more than three. In the case 
of tableau systems for other logics, however, it may happen that m will be any 
number greater than 1 which will allow for several branchings at a given stage 
of the tableau construction. In general, the upper range of number m minus 1 
means the number of branchings that can appear in the tableau at a given stage 
of construction. 

Therefore, definition of tableau 2.53 excludes such sets of branches from being 
considered tableaux as in example 2.55. 


Example 2.55. We consider set {=p, (p v q),(q Vr) } and create three branches. 


Rv X= hp (pv gq), ayr) 


Xo1= XU {p} Xa2=XiU fq} X23 = XU tr} 
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Although there exists a rule — it is rule Ry — which contains ordered 
triples (X],X21,X2.2) and (X),X2.2,X23), set Rcpr includes no rule to com- 
prise a ordered quadruple (X),X21,X2.2,X2.3), therefore the presented set of 
branches {(X,X2,1), (X1,X2.2),(X1,X2,3)} does not meet the third condition of 
the definition of tableau 2.53. 


As we can see, the concept of tableaux has been defined in such a way that 
tableaux can also begin with infinite sets. 

In practice, the construction of tableau is to show that a given formula is a 
branch consequence of a given finite set of premises. To this end, we must con- 
struct tableaux that have all the elements necessary to solve the problem. Tableaux 
with these properties are called complete tableaux. But, before we proceed to the 
definition of complete tableau, we will consider one more issue. 

When constructing a tableau, it may happen that branchings and branches 
are formed which are redundant variants of the already existing branches. Let 
us consider the following two examples. 


Example 2.56. Consider set {p V q, -—p} and create a branch using a rule R_. to 
this set. We get the following branch. 


Ro, Xi = {Py ap} 
| 
X= XU {p} 


Branches Xj, X2 cannot be any more extended since ordered triple (Xj U 
{p} XU {p},X1U {p,q}) does not belong to rule Ry due to the fact that X1u {p} ¢ 
XU {p}, whereas the input set should be contained in each output set. 

We can, however, starting from set {p V q, -=p}, through the use of rule Ry, 
produce two branches, and than apply rule R~~ to set X2.2. Then we get the 
following branches. 


R, Xi = {(pvq), mp} 


Xo1 =X U{p} Ras X22 = X1 UV {gh 


| 
X; = X22 Up} 


In the light of definition of tableau 2.53, the set of these two branches is, 
obviously, a tableau. However, from the viewpoint of a tableau complexity and 
information it provides, the branch on the right seems unnecessary. This is be- 
cause if we fail to get t-inconsistent set in the right-hand branch, we will also fail 
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to get t-inconsistent set in the left-hand branch. On each set of formulas Y we gen- 
erally know from the definition of tableau inconsistent set of formulas 2.10 that 
Y is not t-inconsistent iff each of its subsets is not t-inconsistent, and the point of 
constructing a tableau is precisely finding a t-inconsistency. Therefore, the branch 
on the right seems superfluous, and since it brings nothing important, it can be 
called redundant. 


Such branchings are not a formal obstacle, hence they can be accepted. How- 
ever, due to the economy of a tableau construction, they can be disregarded. 
Further concepts will be defined so that the tableau with or without redundant 
branches can be considered a complete tableau. Practically, we know that when 
we try to write or draw out a tableau proof, we endeavour to take account of all 
possibilities. So there is no reason to further restrict this process — and we allow 
both options. Let us now proceed to the formal concept of a redundant variant 
of branch. 


Definition 2.57 (Redundant variant of branch). Let ¢ and y be such branches 
that if there exists number i that i and i+1 belong to their domains, then for any 
j<i, OG) = Wj), but ø(i+1) # w(i+1). We shall state that branch y is a redundant 
variant of branch ¢ iff: 


1. there exist such rule R € Rcpy and such pair (X,Y) € R that X = $(i) and 
Y = ¢(i+1) 
2. there exist such rule R € Rcpy and such triple (X, W,Z) € R that X = ¢(i) and: 
a. W=$(i+1) and Z=yw(i+l) 
or 
b. Z= $(i+1) and W = w(i+1). 


Let ®, Y be sets of branches and ® c Y. We shall state that Y is an redundant 
superset of ® iff for any branch y € ¥ ~ Ọ there exists such branch ¢ € © that y is 
a redundant variant of ¢. 


Let us consider another example of tableau with redundant branches. 


Example 2.58. Take set {=-p, ~~q, p V q}. By applying rules Ry and R~~ 
successively, we will get an interesting case of tableau. 


Ry Xi = {pv 4 mp, mng} 


R-an X23 = X1 U{p} Ra» X22= X1 Ug} 


| | 
X31 = X21 U {q} X32 = X22 U {P} 
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Sets X3.; and X3. are identical. So, we face an interesting situation where both 
branches “diverged” (sets X2; and X22 are different), and then “converged” 
(sets X31 and X32 are identical). Due to the definition of redundant vari- 
ant of branch 2.57, each of those two branches is a redundant variant of the 
other. 


Remark 2.59. The concept of a redundant variant of branch can be extended onto 
other cases of branchings where one of branches brings no expressions into the 
tableau that are necessary to obtain the answer to the question whether given 
inference is correct. Nevertheless, we will not expand this concept. After all, we 
are not interested in the economy of tableau proof. We introduced this concept 
in order to show that the adopted concepts of tableau and branch allows us to 
distinguish certain types of branches, and consequently, to distinguish certain 
sets of tableaux that are less complex. 


Now, we will move on to the definition of complete tableau. 


Definition 2.60 (Complete tableau). Let (X,A,®) be a tableau. We shall state 
that (X,A,©®) is complete iff: 


1. each branch contained in ® is maximal 
2. any set of branches Y such that: 
a. Oc 
b. (X,A,'¥) is a tableau 
is a redundant superset of ®. 


A tableau is incomplete iff it is not complete. 


In a complete tableau, all branches are maximal, not only the maximal ones in 
a given set. In addition, a complete tableau is such set of branches that adding a 
new branch to it at most gives us a redundant superset or the set ceases to be a 
tableau. In other words, a complete tableau is such set of maximal branches that 
any of its supersets ceases to be a tableau or is a redundant superset. 

When constructing a complete tableau, we can come across a situation in 
which all the branches are closed, meaning each branch ends with a t-inconsistent 
set. Such a tableau is called closed tableau. Let us first define a closed/open tableau, 
and then discuss the definition. 


Definition 2.61 (Closed/open tableau). Let (X,A,®) be a tableau. We shall state 
that (X,A,®) is closed iff the below conditions are met: 


1. each branch contained in © is closed 
2. any set of branches Y such that: 
a. Oc VY 
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b. (X,A,'¥) is a tableau 


is a redundant superset of ®. 


A branch is open iff it is not closed. 


As we have said, by the above definitions — the definition of complete tableau 
2.60 and the definition of closed tableau 2.61 — and the conclusion 2.40, we have 
another conclusion. 


Corollary 2.62. Each closed tableau is a complete tableau. 


Moreover, among complete tableaux, those tableaux that only contain sets of 
closed branches are closed tableaux. So we have another conclusion. 


Corollary 2.63. Each complete tableau in which the set of branches only contains 
closed branches is a closed tableau. 


Making use of conclusions 2.62 and 2.63, we can, therefore, simplify the 
definition of closed/open tableau by formulating another conclusion. 


Corollary 2.64 (Closed/open tableau). Let (X,A,®) be a tableau. Tableau 
(X,A,®) is closed iff the below conditions are met: 


1. (X,A,®) is a complete tableau 
2. each branch contained in © is closed. 


A branch is open iff it is not closed. 


Conclusion 2.64 can be adopted as an equivalent version of the definition of 
closed/open tableau. 

Further, we will show that the concept of tableau is significantly helpful in 
determining the occurrence of relation >. 

Now, we will focus on the fact that the initial, finite set of formulas allows to 
construct a complete tableau. 


Proposition 2.65. Let X be a finite subset of set Forcpy and let A € For. Then, there 
exists at least one complete tableau (X,A,®). 


Proof. Consider a set of all branches B(X U {~A }). We know that the set of max- 
imal branches MB(X u {=A}) is non-empty (fact 2.37). In addition, for each 
branch ¢ € B(Xu {=A}) there exists branch y € MB(X U {-A}) such that ¢ £ y, 
by 2.34. 

Let us now define such set © € MB(X U {=A}) that ® is a maximal set among 
the sets that meet the following condition: 
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e for any n,i¢ N and any branches ¢),..., bn € ®, if: 
- iandi+1 belong to domains of functions 4}, ..., dn 
- forany1<k<nand any 0<i, $)(0) = (0); 
then there exists such rule R € Rcpy, and such ordered m-tuple (Y1, ..., Ym) €R, 
where 1 < m < 3, that for any 1 < k < n: 
- ġk(i)=Yı 


- and there exists such 1 < 1< m that $;(i+1) = Y}. 
By definition of tableau 2.53, (X,A,®)} is a tableau. What is more, since is a 
maximal set among those meeting the given condition, then by the definition of 


complete tableau 2.60, (X,A,®) is a complete tableau. Since MB(X u {=A}) is 
non-empty, there exists at least one ® that meets the given condition. 


We will now move on to a lemma that defines the relationship between the 
existence of a closed tableau and complete tableaux. 


Lemma 2.66. Let X be a finite subset of set Forcpy, and A € Forcpy. Then, the 
following two statements are equivalent: 


1. there exists closed tableau (X,A,®') 
2. each complete tableau (X,A,®") is closed. 


Proof. Take any finite subset X of set Forcpy and any formula A € Forepy. 

First, we will take up the proof of implication (1) = (2). Indirectly assume that 
there exists closed tableau (X,A,®’) and not every complete tableau (X, A, ©”) 
is closed. Hence, there exists complete tableau (X,A,®’") which is not closed. By 
definition of open tableau 2.61, (X, A, ®”’) isan open tableau. And since (X, A, ©”) 
is a complete tableau, then each branch contained in ©” is maximal. Hence, there 
exists branch y € ©” such that: 


1. y begins with Xu {~A} 
2. yis a maximal branch 
3. yis an open branch. 


Since y is an open branch, then by definition of open branch 2.38, there is no 
such formula A that A and —A belong to the union of all the elements of branch 
Uy. 

Note that since branch y is maximal and open, then it is also closed under 
tableau rules in this regard that for any R € Rcpy and any n-tuple (Xj,...,Xn) €R, 
where n > 1, if X; € Uy, then for some 1 <j <n, Xj E Uy. For if that was not the 
case, there would exist rule R € Rcpy and such n-tuple (X),...,X;,) €R, where n>1, 
that X; € Uy, but for none 1 <j < n, X; £ Uy. And it would mean that branch y 


Tableaux for CPL vs. semantic consequence relation 61 


is not maximal, because U y is identical to the last element of open and maximal 
branch y, by definition of branch 2.20. 

We assumed that there existed closed tableau (X,A,®’). By virtue of con- 
clusion 2.64, (X,A,®’) is a complete tableau. Hence, each branch contained 
in ©’ is maximal and ©’ contains all such branches without which ordered 
triple (X,A,®’) would not be a complete tableau. Let us adopt designation 
Xu{-A} =Y. 

We will carry out an inductive proof with respect to n-th elements of branches 
contained in ®’, showing that they enable construction of an infinite branch 
beginning with set Y}. 

Initial step. Consider the first element of each branch contained in ®”. It is set 
Yı. Since Yı € Uy, and y is an open branch, then there must exist a rule R € RcpL 
such that (Y1,Z),...,Zn) € R, where n > 1, and — since (X,A,®’) is a complete 
tableau — for each 1 < j < n there exists a branch in ©’ such that it contains Zj. 
Since branch y is also closed under tableau rules, then certain Zj € Uy. So, ©’ 
includes such branch that its first element is Y1, and second Y3 = Zj, and Y2 EU y 

Induction step. Assume that set ®’ includes such branch that its first n el- 
ements Yj, ..., Y, are contained in set Uy. Since Y, € Uy, and y is an open 
branch, then there must exist a rule R € Rcpy such that (Y,,,Z1,...,Z,) € R, where 
k > 1, and — since (X,A,®’) is a complete tableau — for each 1 < j < k there 
exists a branch in ®’ such that it contains Zj. Since branch y is also closed under 
tableau rules, then certain Zj € Uy. So, ©’ includes such branch that its first n +1 
elements Yj, ..., Yn, Yn41 are contained in set Uy. 

So, for each branch in ©’, the first element equals Yı and Yı € Uy and for 
each n € N if there exists in ©’ such branch that its first n elements Yj, ..., Yn 
are contained in set Uy, then also in ©’ there exists such branch that its first n 
elements equal Yj, ..., Yn, and its n + l-element Y,,41 is contained in set Uy. 

Now, we take all elements Y;, where i¢ N and we put them in increasing se- 
quence Yj, Y2, Y3, .... This sequence is a branch, because for any Yj there exists 
a rule R € Rcpy such that (¥},Z,...,Z%) € R, where k > 1, and Yj) = Z), for some 
1<Il<k. 

There exists therefore an infinitely long branch Yj, ..., Yn, ...such that 
Yı =XuU{-A}. But, since set XU {A}, by assumption, is finite, then it contradicts 
fact 2.28. 

Let us now move on to the proof of implication (2) = (1). Assume that each 
complete tableau (X,A,®’") is closed. From fact 2.65, we know that for finite set 
of formulas X there exists at least one complete tableau (X, A, ®©). Therefore, there 
exists closed tableau (X,A, 0’). 
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We will now consider the relationship between complete and closed tableaux 
and the occurrence of branch consequence relation. 


Lemma 2.67 (On relation between complete tableaux and branch consequence). 
Let X £ Forcpy and A € Forepy. Then, the two below statements are equivalent: 


1. there exists such finite set Y € X that each complete tableau (Y,A,®) is closed 
2. XDA. 


Proof. The proof of the above equivalence is based on the definition of the notion 
tableau 2.60, notion of a closed tableau 2.61 and notion of a relation of branch 
consequence >. 

Take X £ Forcpy and A € Forcpu, and assume there exists such finite set Y € X 
that each complete tableau (Y,A,®) is closed. Therefore, each maximal branch 
that begins with set Y u {=A} is closed. So, there exists such finite set Y £ X that 
each maximal branch that begins with set Y u {~A} is closed. Hence, X > A. 

On the other hand, if X > A, then there exists such finite set Y € X that each 
maximal branch that begins with set YU {=A} is closed. Hence, there exists such 
finite set Y € X that each complete tableau (Y,A,©®) is closed. 


We now proceed to the most important theorem of this subchapter. The occur- 
rence of this theorem, or at least of its part “from the left to the right” may be a 
criterion for the correctness of tableau system construction. When constructing a 
tableau emerging from a given set of formulas, we can usually do it in many ways. 
In practice, however, we construct one tableau, checking whether each branch 
ends with a contradictory set. Usually we also assume that it is sufficient to state 
that given formula belongs to the set of correct conclusions from the initial set of 
formulas. 

Intuitively, however, it seems doubtful. Why should one closed tableau be a 
proof if it is potentially possible to construct more tableaux? After all, usually, 
we have to rule out all cases in indirect proofs, and this is what the construction 
of a tableau is. Another theorem removes this doubt by saying that in order to 
determine the occurrence of relation of branch consequence, it is sufficient to 
construct one closed tableaux. 


Theorem 2.68 (Theorem on the tableau arbitrariness). Let X c Forcpy and A € 
FOrcp,. Then, the two below statements are equivalent: 


1. there exists finite set Y € X and closed tableau (Y,A,®) 
2. XDA. 
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Proof. Take any X £ Forcpy and A € Forepy and assume there exists such finite 
set Y CX and closed tableau (Y,A,®). By virtue of lemma 2.66, we get the con- 
clusion that there exists such finite set Y € X that each complete tableau (Y,A,®’) 
is closed. And from the above, and from lemma 2.67, it follows that X > A. 

Now, assume that X > A. By virtue of lemma 2.67, there exists such finite set 
Y c X that each complete tableau (Y,A,’) is closed. So, from lemma 2.66, it 
follows that there exists finite set Y € X and closed tableau (Y,A,®). 


The construction of one closed tableau which begins with a finite subset of set 
of premises X and negation of formula A is, therefore, equivalent to the fact that 
X > A. Because previously, through the theorems on soudness and completeness, 
we proved that relations = and > are identical, i.e. they define the same set of 
pairs, now we can put in words the semantic form of the theorem on the tableau 
arbitrariness. 


Theorem 2.69 (Theorem on the tableau arbitrariness — semantic form). Let X € 
Forcpy and A € Forcpr. Then, the two below statements are equivalent: 


1. there exists finite set Y € X and closed tableau (Y,A,®) 
2. XFA. 


This theorem says that the logical relation occurs between the premises and 
conclusion if and only if it is possible to select a finite set of premises, and then 
by attaching to it the negation of conclusion, construct a closed tableau emerging 
from that set. 


2.6 Summary 


In this chapter we presented a theory for the construction of a tableau system for 
CPL, using the method of defining tableau rules as rules that extend sets. 

For the purposes of presentation, we separately showed the relationships be- 
tween the semantic consequence relation, the branch consequence relation and 
the existence ofa closed tableau, proving the theorems on the equivalence of these 
concepts. In practice, however, it is easier to prove a theorem equivalent to the 
conjunction of the above theorems, i.e. the following theorem. 


Theorem 2.70 (Theorem on the completeness of tableau system of CPL). For any 
X c Forcpr, A € FOrcpz, the below statements are equivalent. 


e XEA 
e XDA 
o there exists finite Y € X and closed tableau (Y, A, ®)}. 
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Although this theorem is equivalent to the conjunction of earlier theorems — 
as we can see — its demonstration requires a proof of three implications. Certain 
proof transitions may therefore be omitted. 

Theorem 2.70, was named a theorem on the completeness of tableau system of 
CPL, referring to the usual name to define the relationship between the semantic 
characteristics of given logic and its deductive definition. Often, when speaking 
on the completeness of a given deductive system, we mean not only a one-way 
relationship, but a relationship occurring two ways, that is, both soundness and 
completeness in the strict sense. 

In the presentation of other tableau systems constructed using the presented 
method, we will always strive to demonstrate that there occurs a relevant theorem 
on the completeness of the tableau system, formulated in an analogous way as 
theorem 2.70. The proof of such theorem will be a positive criterion for the good 
formulation of the tableau system. 


3 Tableau system for Term Logic 


3.1 Introductory remarks 


Now, we will describe the tableau system for Term Logic! (for short: TL).? By 
Term Logic we mean a logic in which both premises and conclusions have the 
form of classical categorical propositions:* 


e Each PisQ. 

e Some Pis Q. 

e NoPisQ. 

e Some P is not Q. 


Moreover, we do not assume that in Term Logic the names appearing in categor- 
ical propositions are not empty. So we consider the most general approach — the 
simplest language and semantics. 

The tableau system we will describe can be treated as a stand-alone system. 
But, this is not the purpose of its construction. We intend to indicate an example 
of the use of analogous tableau concepts, such as those we defined for the tableau 
system for CPL. Although the defined system will also feature the property of a 
finite branch, there will be new features that will be mentioned soon. 

We will redefine the concepts of rule, various types of branches and tableaux in 
an almost identical way to the tableau concepts defined in the previous chapter. 
We mean almost identical because, after all, we will face a different language of 
tableau proof and a different set of tableau rules than in the case of the tableau 


1 Because we are going to name systems of various types of reasoning about the re- 
lationships between names, we will use rather term “Term Logic than ‘Syllogistic 
logic. 

2 The considerations contained in this chapter are based on the English language study 
[9]. In that paper, we presented an outline of the tableau system for TL without a 
thorough analysis of details. Since the production of this article, we have also gen- 
eralized the concept of tableau rules and modified other tableau concepts which has 
affected other concepts and the very nature of the tableau system. Some other variants 
of tableaux for syllogistic are presented in [15], [22]. 

3 We write about classic categorical propositions because categorical propositions can 
also take non-classical forms. They can be e.g. any numerical propositions: At least 
five P are Q, or e.g. modal propositions de re: Each P is by necessity Q. Besides, in 
the last chapter we will construct a tableau system for the logic of categorical modal 
propositions de re. In addition, there are many other possibilities to enrich classical 
categorical propositions. 
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system for CPL. However, these differences will not affect the formal nature of 
concepts themselves, so although, for example, a branch for TL will be built from 
different sets of expressions than a branch for CPL, the structure of presentation 
itself will be identical — because we aim at presenting a general scheme of the 
tableau system construction, a synthesis consisting in abstracting from tableau 
concepts those properties that are not specific, and therefore do not depend on 
the characteristics of exemplary systems which we define in detail in the initial 
chapters of the book. 

The importance of the presented tableau system TL for our considerations con- 
sists in the fact that the set of formulas for Term Logic is a proper subset of the set 
of proof expressions, and moreover, there are no branchings in the tableaux. This 
case is located between borderline cases because of the relation of the set of logic 
formulas to the set of tableau expressions. However, in some respects it has a bor- 
derline character itself, because the tableaux do not host any branchings, so the 
tableau proofs boil down to the construction of a single maximal branch. Gen- 
eral tableau concepts could be therefore simplified in the tableau system for TL 
although they still provide more detail on the general concepts that we describe 
in the book. 


3.2 Language and semantics 


The construction of tableau system for Term Logic requires, as usual, the presen- 
tation of basic concepts. Let us start with the alphabet of language of TL. 


Definition 3.1 (Alphabet of TL). The alphabet of Term Logic is the sum of the 
following sets: 


e set of logical constants: Lc = {a,i,e, 0} 
e set of name letters: Ln = {P!,Q', R!, P?,Q?,R’,...}. 


Although the set of name letters is infinite and includes indexed letters, in prac- 
tice we will use a finite number of the following letters: P, Q, R, S, T, U, treating 
them as metavariables ranging over set Ln. 

Let us now proceed to the definition of formula of TL. 


Definition 3.2 (Formula of TL). Set of formulas TL is the smallest set containing 
the following expressions: 


e PaQ 
e PiQ 
e PeQ 
e PoQ 
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where P, Qe Ln. 
We specify this set as Foryy, and its elements will be called formulas. 


Another basic concept is the concept of model for TL, and then the concept of 
truth in the model. 


Definition 3.3 (Model for language of TL). Model Nyy for language of TL will 
be called such ordered pair (D,d) that: 


e Dis any set 
e disa function from set Ln in set P(D) ofall subsets of set D, i.e. d: Ln —> P(D). 


Definition 3.4 (Truth in model). Let py, = (D,d) be a model and A € Foryy. We 
shall state that formula A is true in model Nyy, (for short yy, = A) iff for some 
name letters P, Q € Ln, one of the below conditions is met: 


1. A:= PaQ and d(P) € d(Q) 

2. A:=PiQand d(P)nd(Q)#@ 
3. A:=PeQand d(P)nd(Q)=2 
4. A:=PoQand d(P) ¢d(Q). 


Formula A is false in model Nyy, (for short Ntr, # A) if for any name letters P, 
QeLn none of the conditions is met. 

Let X c Foryy. Set X is true in model Nyy (for short: Mr, = X) iff for any 
formula A € X, try & A. Set of formulas X is false in model Wtrı, (for short: 
Mrz # X) iff it is not the case that for any formula A € X, Mrr F A. 


Making use of the concept of model, we can now define the concept of 
entailment or otherwise semantic consequence relation in TL. 


Definition 3.5 (Semantic consequence of TL). Let X c Foryy and A € Foryy. 
From set X follows formula A (for short: X = A) iff for any model Mrr, if Mrr F X, 
then try = A. Relation = will be also called semantic consequence relation of 
Term Logic, or shortly semantic consequence. 


Denotation 3.6. For any set of formulas X and any formula A, X # A will mean 
that it is not the case that X = A. 


We will now take up the issue of the compactness of semantic consequence 
relation. According to definition 2.48 compactness of relation = is expressed by 
the following definition. 


Definition 3.7 (Compactness of semantic consequence of TL). Relation of se- 
mantic consequence + is compact iff for any set of formulas X and any formula A 
it is the case that: X = A + there exists such finite set Y £ X that Y = A. 
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Compactness of relation = seems pretty obvious, so we are just going to outline 


the proof consisting in embedding TL into Monadic Logic of Predicates of which 
the relation of consequence is compact. 


Before we proceed to the verbalization and proof of the relevant theorem, let 


us recall a few concepts concerning the Monadic Logic of Predicates (for short 
MLP): 


the alphabet of MLP contains: 

- classical, Boolean constants: ~=, A, V, >, <>, and quantifiers 4, V 

- unary predicate letters Lp = {p1, q1, 11, P2» 42» T2, ...} (in practice, we 
will use a finite number of the following letters: p, q, r, s, treating them as 
metavariables ranging over set Lp) 

- set of individual constants Ci and individual variables Vi as well as auxiliary 
symbols: ), (. 

MLP formulas will be constructed in a standard way and these are atomic ex- 

pressions of type p(x), where p € Lp, whereas x € Ci u Vi, and more complex 

expressions using quantifiers, Boolean constants and brackets; set of formulas 

MLP we shall denote as Foryyp 

models for formulas from set Foryp are ordered triples Dtmıp = (D, dip.dci); 

where: 

- Disa non-empty set of any objects which is called a domain 

- dtp is a function from the set of predicate letters in the set of all subsets of 
D, i.e. in P(D) 

- dg; is a function from the set of individual constants in set D 

both truth conditions for MLP formulas and relation of semantic consequence 

Emp are defined in a standard way 

relation Eyip is compact. 


Since set of name letters Ln set of predicate letters Lp are countable, then there 


exists bijection: 7: Ln — Lp, where z(X) = x, for all letters. Obviously, for 7 


there exists the inverse function 2°. 


1 


Next, we define function g from set of formulas Foryy in set of formulas 


Formip with the following conditions, for any name letters P, Q € Ln: 


1. g(PaQ) = Vx(m(P)(x) > 2(Q)(x)) 
2. g(PiQ) = 3x(m(P)(x) Am(Q)(x)) 
3. g(PeQ) = Vx(m(P)(x) > -2(Q)(x)) 


4. g(PoQ) = 4x(m(P)(x) ^ =7(Q)(x)), 


where x is any, but fixed variable from set Vi. 
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In turn, having function g, we define transformation Tr: Fory — g(ForrL) 
in such way that Tr(y) = g(y), for any y € Foryy. Note that function Tr is a 
bijection because: 


(a) for each y € g(Foryy) there exists such z € Foryy that Tr(z) =y 


(b) for any y, z € Foryy, if y and z are various formulas, then Tr(y) # Tr(z), by 
definition of function g. 


Hence, there exists the inverse function to Tr, function Trl: g(Forr,) —> 
Forry, so such function that for any y € Forrr, TR '(Tr(y)) =y. 
Now, we will show that the following fact holds. 


Proposition 3.8. For any set of formulas X € For, and any formula A: X = A= 
TR(X) EMLP TR(A). 


Proof. Take any set of formulas X £ Forry and formula A. 

First, let us consider implication ‘>’, assuming that X + A. Take any model 
MMP = (D,d\p,dci) such that trp FMLP Tr(X). Based on model MMLp we 
will define model Vtr = (D’,d) as follows: 


e D'=D 
e for any PeLn, d(P) = dip(7(P)). 


We will show that Dtr = X. We will now consider cases of formulas that can 
belong to set X. Take any name letters P, Q € Ln and assume that some of the cases 
occurs. We know that for some p,q € Lp, 2(P) =p and 7(Q) =q. 


1. PaQ €X, then Tr(PaQ) = Vx(p(x) > q(x)) and by assumption MMLP FMLP 
Vx(p(x) > q(x)), consequently, for each denotation of variable x, if de- 
notation x belongs to set dp(p), then it belongs to set d_,(q), hence by 
definition of model Mtr, d(P) € d(Q), so by definition of truth in model 
3.4, Mrz = PaQ 

2. PiQ €X, then Tr(PiQ) = 4x(p(x) A q(x)) and by assumption MmLP FMLP 
4x(p(x) A q(x)), hence there exists such denotation of variable x that this 
denotation belongs to set di p(p) and set d p(q), thus by definition of model 
Mrz, d(P) nd(Q) $Ø, so by definition of truth in model 3.4, Wtrr = PiQ 

3. PeQeX, then Tr(PeQ) = Vx (p(x) > =q(x)) and by assumption MMLP FMLP 
Vx(p(x) > 7q(x)), hence for each denotation of variable x, if denotation x 
belongs to set dyp (p), then it does not belong to set di_p(q), thus by definition 
of model Mrr, d(P) Nd(Q) = Ø, so by definition of truth in model 3.4, Mrz F 
PeQ 
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4. PoQeX, then Tr(PoQ) = 4x(p(x) A-q(x)) and by assumption PMLP FMLP 
4x(p(x) A -=q(x)), hence there exists such denotation of variable x that this 
denotation belongs to set d_)(p) and does not belong to set d_5(q), thus by 
definition of model Mtr, d(P) ¢ d(Q), so by definition of truth in model 3.4, 
Mrz = PoQ. 


Hence, Nyy + X. In turn, from definition of relation © it follows that Nyy, = A. 

Now, we will show that tip Emip TR(A). We will consider cases of formulas 
that can be identical to formula A. Take any name letters P, Q € Ln and assume 
that some of the cases occurs. We know that for some p,q € Lp, 1(P) = p and 
m(Q) = 4. 


1. A = PaQ, then Mrr = PaQ, so by definition of truth in model 3.4, d(P) £ 
d(Q), thus by definition of model Mru, for each denotation of variable x, 
if denotation x belongs to set d_p(p), then it belongs to set d_p(q), hence 
Mure EMip Vx(p(x) > q(x)), thus tmp Emp TR(PaQ) 

2. A=PiQ, then Mrz = PiQ, so by definition of truth in model 3.4, d(P) Nn d(Q) # 
Ø, thus by definition of model Mpz, there exists such denotation of vari- 
able x that this denotation belongs to set d_)(p) and to set d_)(q), hence 
MMLP FMLP Jx(p(x) A q(x) J thus DtMLP FMLP Tr(PiQ) 

3. A = PeQ, then Mru = PeQ, so by definition of truth in model 3.4, d(P) n 
d(Q) = Ø, thus by definition of model Mrr, for each denotation of variable 
x, if denotation x belongs to set d p(p), then it does not belong to set dL p(4q), 
so MMLP FMLP Vx(p(x) > =q(x)), thus MMLP FMLP Tr(PeQ) 

4. A = PoQ, then Mrr = PoQ, so by definition of truth in model 3.4, d(P) ¢ 
d(Q), thus by definition of model S!tpz, there exists such denotation of vari- 
able x, that this denotation belongs to set d_)(p), but it does not belong to set 
dip(q), so Mmr Emir 3x(p(x) A 7q(x)), thus Nip Emer TR(PoQ). 


Hence, tip FMLP TR(A). Whereas from the arbitrariness of model Mmrp we 
have Tr(X) Emip TR(A). 

Next, let us consider implication ‘<=, assuming that TR(X) Emip TR(A). Take 
any model Mrr = (D, d) such that Vtrrr = X. Based on model Mtr, we will define 
model Mmr = (D', dp» dci) as follows: 


e D' =D, if D#@; otherwise D’ = D”, for some whichever, fixed D” # Ø 
+ for any p € Lp, dip (p) = d(n(p)) 
e for any x€ Ci, doj(x) € D’. 


We will show that tip Emp TR(X). We will now consider cases of formulas 
that can belong to set X, and consequently, their images under function Tr belong 


Language and semantics 71 


to TR(X). Take any name letters P, Q € Ln and assume that some of the below cases 
occurs. We know that for some p,q € Lp, (P) =p and z(Q) =q. 


1. PaQ € X, then trp = PaQ, so by definition of truth in model 3.4, d(P) € 
d(Q), thus by definition of model typ, for each denotation of variable x, 
if denotation x belongs to set dLp(p), then it belongs to set d_)(q), hence 
Mmr Emr Vx(p(x) > q(x)), thus Mmr EMip TR(PaQ) 

2. PiQeX, then Mri = PiQ, so by definition of truth in model 3.4, d(P)nd (Q) # 
Ø, thus by definition of model SItyp, there exists such denotation of vari- 
able x, that this denotation belongs to set d_p(p) and to set d_p(q), hence 
MMLP FMLP Jx(p(x) A q(x)), thus DMLP FMLP Tr(PiQ) 

3. PeQ € X, then Mri = PeQ, so by definition of truth in model 3.4, d(P) n 
d(Q) = Ø, thus by definition of model Ptyrp, for each denotation of variable 
x, if denotation x belongs to set di p(p), then it does not belong to set di p(q), 
hence MMLP FMLP Vx(p(x) > =q(x)), thus MMLP FMLP Tr(PeQ) 

4. PoQeX, then Mrr E PoQ, so by definition of truth in model 3.4, d(P) ¢d(Q), 
thus by definition of model 22yrp, there exists such denotation of variable x 
that this denotation belongs to set dL p(p), but it does not belong to set d_p(q), 
hence tip Emp Jx(p(x) A -q(x)), thus Pmp Emip TR(PoQ). 


Hence, MmLp EMip TR(X). From definition of relation Epyre it follows that 
utp Emp TR(A). 

We will now show that Ytri = A. We will consider cases of formulas that can 
be identical to formula A. Take any name letters P, Q € Ln and assume that some 
of the below cases occurs. We know that for some p,q € Lp, 7(P) =p and 2(Q) = q. 


1. A := PaQ, then Tr(PaQ) = Vx(p(x) > q(x)), and since MmMrp FMLP 
Vx(p(x) > q(x)), consequently, for each denotation of variable x, if de- 
notation x belongs to set d_p(p), then it belongs to set d_5(q), hence by 
definition of model typ, d(P) € d(Q), so by definition of truth in model 
3.4, Dtr = PaQ 

2. A := PiQ, then Tr(PiQ) = 4x(p(x) A q(x)), and because MMmLPp FMLP 
Ax(p(x) A q(x)), hence there exists such denotation of variable x that this 
denotation belongs to set d_)(p) and set d p(q), thus by definition of model 
Mmr, d(P) rd(Q) $Ø, so by definition of truth in model 3.4, My = PiQ 

3. A := PeQ, then Tr(PeQ) = Vx(p(x) > -q(x)), and because trp FMLP 
Vx(p(x) > 7q(x)), hence for each denotation of variable x, if denotation x 
belongs to set d_p(p), then it does not belong to set di p(4), thus by defini- 
tion of model INmrp, d(P) n d(Q) = Ø, so by definition of truth in model 3.4, 
MILE PeQ 
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4. A := PoQ, then Tr(PoQ) = 4x(p(x) A =q(x), and because MMrp FMLP 
4x(p(x) A-q(x)), hence there exists such denotation of variable x, that this 
denotation belongs to set d_)(p) and does not belong to set dp (q), thus by 
definition of model Mmrp, d(P) ¢ d(Q), so by definition of truth in model 
3.4, Mri F PoQ. 


Hence, Ptr = A. Whereas from the arbitrariness of model Sy, we have 
XEA. 


Let us now proceed to the very fact concerning the compactness of relation =. 
Proposition 3.9. Relation of semantic consequence & is compact. 


Proof. Now, take any set X c Foryy and any formula A € Foryy, and assume that 
X = A. By virtue of fact 3.8 we know that TrR(X) Emip TR(A). And since relation 
MLP is compact, then there exists such finite subset Y” c Tr(X) that Y’ Emp 
TR(A). 

Due to definition of function Tr and fact 3.8, there exists such finite subset 
Y cX that TR! (Y') =Y and YEA. 

On the other hand, let us assume there exists such finite subset Y € X that 
Y = A. Then, however, due to definition of relation of semantic consequence of 
TL 3.5, XE A. 

Thus, relation of semantic consequence +} of TL is compact. 


3.3 Basic concepts of the tableau system for TL 


Unlike the tableau system for CPL in the case of tableau system for TL the tableau 
proofs will be carried out in a more rich language than the set of formulas. The 
elements of expressions of this language will be simply called tableau expressions. 


Definition 3.10 (Tableau expressions of TL). Set of tableau expressions is the 
union of the three following sets: 


° {P4;:PeLn,ic N} 

e {P_;:PeLn,ie N} 

° Forry. 

We specify this set as Tery, and its elements will be called expressions or tableau 


expressions. Numbers that exist in expressions with + or — sign will be called 
indices. 


Remark 3.11. In case of TL set Terr, i.e. set of proof expressions of which sub- 
sets will be used for construction of tableaux, is composed of formulas of TL and 
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additional expressions which play a role worth explaining. We mean expressions 
P,.;, P_j, where P € Ln and i € N. Although our approach to the tableau system is 
syntactic — we treat tableau proof as a transformation of sets of symbols with- 
out reference to their meaning — we can point to the semantic intuitions behind 
such kind of expressions. The natural numbers appearing in the expressions, in 
the construction of the model will denote the objects in the universe under con- 
sideration, while symbols +/— will mean being or not being the designator of a 
given name denoted by letter P. According to known literature, it seems that this 
sort of use of an additional language to describe whether or not given objects be- 
long to the ranges of names in the context of tableau proofs has not yet been fully 
developed. 


We will now define an auxiliary function that is to attribute formulas to formu- 
las that contradict them. This function, among other things, will be used to begin 
tableau proofs, so it will play a similar role as negation in the tableau system from 
the previous chapter. 


Definition 3.12. Function o : For¢y, — Forra, for any P,Q € Ln, is defined with 
the following conditions: 


1. 0(PaQ) = PoQ 
2. o(PiQ) = PeQ 
3. o(PeQ) = PiQ 
4. o(PoQ) = PaQ. 


Notice that by virtue of definition 3.12 and definition of truth in model 3.4, the 
following fact occurs. 


Proposition 3.13. For any formula A and any model Mrr: Mrr = A iff Mrr + 
0(A). 


As we wrote, one of the basic concepts used to describe a tableau system, due to 
the nature of tableau proofs, is the concept of a tableau inconsistent set of proof 
expressions. Let it be reminded that in case of the defined system for TL, the 
proof expressions are the proper superset of the set of formulas, so the concept of 
t-incosistent set of formulas will also cover additional expressions. 


Definition 3.14 (Tableau inconsistent set of expressions). Set X € Ter, will 
be calles tableau inconsistent (for short: t-inconsistent) iff one of the below 
conditions is met: 


1. there exists such formula A € Foryy that A € X and o(A) €X 
2. there exists such name letter P € Ln and such number i€ N that P}; € X and 
P; eX, 
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Set X will be called t-consistent iff it is not t-inconsistent. 


Remark 3.15. From the definition of tableau inconsistent set of expressions 3.14 
we might remove the first condition and require the t-inconsistency to emerge in 
the set of “pure” tableau expressions. However, we will leave this condition to find 
t-inconsistency faster wherever possible, without the need for further application 
of tableau rules. 


Let us now introduce the concept of model appropriate for the set of expres- 
sions. It is a generalisation of the concept of truth in model in the entire set 
Ter. 


Definition 3.16 (Model appropriate for the set of expressions). Let X be a set of 
tableau expressions, while itp, = (D, d) be a model. Model rz, is appropriate 
for set X iff the below conditions are met: 


1. Mrr = Xn Forry 
2. there exists function y : N — D such that for each name letter P € Ln and 
each i € N: 
a. if P4; €X, then y(i) € d(P) 
b. if P_; €X, then y(i) ¢d(P). 


From the two above definitions, an important conclusion for metatheory fol- 
lows, namely the relationship between the inconsistent sets of expressions and the 
appropriateness of models. 


Corollary 3.17. For any X € Terr, if X is t-inconsistent, then there exists no model 
Mrz. appropriate for X. 


Proof. Take any tableau inconsistent set of expressions X and any model Ptr = 
(D, d}. From the definition of tableau inconsistent set of expressions 3.14 it follows 
that: 


1. there exists such formula A € Foryy that A € X and 0(A) €X, 
or 

2. there exists such name letter P € Ln and such number i € N that P4; € X and 
PEX. 


If the first case occurs, then from fact 3.13 we know that Dtr # A or Mery # 
o(A). If the second case occurs, then from definition of model 3.3 we know that 
there exists no such function y : N — D that for each j € N: 


1. if P4; € X, then y(j) € d(P) 
2. if P_j €X, then y(j) ¢d(P). 
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Since then y(i) € d(P) and y(i) ¢ d(P). Hence, from the definition of model 
appropriate for the set of expressions 3.16 it follows that Wtr is not a model ap- 
propriate for set of expressions X. Whereas from the arbitrariness of model Wtr 
it follows that there does not exist model try, appropriate for X. 


3.3.1 Tableau rules for TL 


The starting point for the construction of a tableau system for TL should be a 
precise definition of the concept of tableau rule. Before we proceed to the general 
concept of rule, we will introduce a certain auxiliary function +: Terg \ Forre — 
N such that for any P € Ln and any i € N: 


° *(P4i) =i 
e x(P_j) =i. 


To each expression not being a formula, meaning a name letter with an index, 
function + attributes an index which is found in it. 

Similar to the case of CPL, we will first provide the general concept of rule. Not 
only because it allows to provide the general conditions that a tableau rule must 
meet. In the case of TL we will also provide alternative sets of tableau rules that are 
suitable for construction of a tableau system for TL. This means that within the be- 
low general concept of a tableau rule, we can define different sets of tableau rules 
that define various, however equivalent in terms of scope for correct inferences, 
tableau systems for TL (see note 3.20). 


Definition 3.18 (Rule). Let P(Ter,) be a power set of the set of tableau expres- 
sions. Let P(Te)" be n-ry Cartesian product P(Ter,) x- x P(Terz), for some 
SS 


n 


neN. 


e By a rule we understand any subset R € P(Ter,)” such that if (X1, ..., Xn} €R, 
then: 
1. Xj is t-consistent 
2. Xıc Xj, for eachl<i<n. 
e If > 2, then each element R will be called ordered n-tuple (pair, triple, etc., 
respectively). 
o The first element of each n-tuples will be called an input set (set of premises), 
while its remaining elements output sets (sets of conclusions). 
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Definition of rule for TL differs from the definition of rule for CPL 2.12 among 
other things* in having introduced to the definition of rule for TL a condition 
of t-consistency of the input sets. We will no longer put down the rules in the 
form of sets, but immediately in the schematic, fractional form. Thus, from the 
general definition of rule itself, it follows that the input sets of tableau rules will 
be t-consistent. 

A set of tableau rules designed for the defined tableau system for TL shall be 
introduced by means of the following definition. 


Definition 3.19 (Tableau rules for TL). Tableau rules for TL are the following 
rules: 


XU{PaQ Pj} 

XU{PeQ,P+;} 
Re_: Xu{PeQPs;,Q;} 

Xu{PiQ} 


Ri: XU{PIQP, Qj} , where: 
l. jé +(X ~ ForrL) 
2. for any k € N, {Pk Qik} ÉX. 


Xu{PoQ} h 
>To TD. nD n>? ere: 
°: XU{PoQ, Pa Qp eS 


1. jé *(X\ ForrL) 
2. for any k € N, {Pi4,Q 4} £X. 


Set of tableau rules for TL will be defined as Rra. 


According to the general definition of rule 3.18, the input sets of each rule are 
t-consistent. In addition, in each tableau rule, the input set is basically contained 
in the output set. The notations provided are schemes of pairs belonging to the 
rules, so for each of the rules X is any set of expressions, P, Q are any name letters 
and j is any index such that all these elements satisfy the conditions imposed on 
the rule. One novelty is that set Ry, contains rules that must include at least two 
premises, e.g. rule Ra,. 


4 We write among other things since this definition above all differs in the set on which 
we define rules. Nevertheless, all the other conditions are nearly identical to those of 
the concept of rule for CPL. 
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Another new and important aspect of the tableau rules in this system for TL are 
conditions in rules Ri, Ro. In both rules, we basically have the same conditions, 
so through one example we will discuss them collectively. 

These conditions must be met if a given set is to be an output set with an as- 
sumed input set. So, the notation adopted in both rules says, for example, that if 
pair (Xu {PiQ},X u {PiQ,P+j,Q+j}) belongs to rule Ri, then: 


1. j¢ *(X ~ Fort) and 
2. for any k € N, {Pk Qik} EX. 


These conditions are therefore necessary conditions for a given pair to belong to 
the rule. 

Condition 1 requires the index which is entered to be new, meaning not ap- 
pearing in any expression belonging to the output set. The semantic intuitions 
behind this procedure require the object denoted by new index to be new as well 
and not to remain in any positive relationship with the other names that appear 
in a given proof sequence. 

In turn, condition 2 requires the input of a pair of expressions (in this example 
pair P4+j, Q+;) to take place only when a similar pair does not already belong to 
the output set. In practice, this condition makes it impossible to enter unnecessary 
expressions in the proof, as is the case in example 3.21. 

Analogous conditions will be considered in the next chapter which will be 
devoted to modal logic. There, we are going to provide an example which will 
illustrate the problem of infinite branches. In that case, even applying conditions 
blocking the unnecessary use of rules will not prevent the emergence of infinite 
branches. It will, however, prevent the creation of infinite branches in situations 
where this is not a consequence of logic itself, but of the wrong definition of the 
tableau system. 


Remark 3.20. We can consider alternative sets of rules for the construction of a 
tableau system for TL. The following rule would help. 


he XU{PeQ,Qi;} 
-` XU{PeQQ4j,P_j} 


Rule Re” allows to proceed from premises PeQ, Q+; to conclusion P_;. The se- 
mantic intuition contained in this rule says that if a name from the predicate in a 
general contradicting proposition has a subject j as the designator, then this object 
is not the designator of the subject of this proposition. 

Making use of rule Re’, we can define the following sets of tableau rules, 
different from set Rrr: 
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(a) Rre U {Ret } 
(b) (Rrr \ {Re_}) u {Re‘ }. 


Likewise, we could consider another rule that says that if we have a proposition 
PaQ and expression Q_; saying — intuitively — that an object denoted by j is not 
a designator of name Q, then this object is not a designator of name P either. 

XU{PaQ,Q_;} 
-' Xu{PaQ, Q-;P-j} 

Making use of rule Ra_, we can define the following sets of tableau rules, 

different from set Rrr: 


(a) Rr_ U {Ra_} 
(b) (Rrr \ {Ra,})U {Ra_}. 


Furthermore, extending the language of logic of TL to the language which in- 
cludes expressions denoting statements that a particular object is or is not the 
designator of a given name, we could consider another rule that allows “reversing” 
general contradicting propositions: 


e: KU PeQh 
€: Xu{QeP} 


It is worth noting that the tableau system for TL we are now describing, there 
are no branching rules (all tableau rules are sets of pairs). So there will be no 
branchings in the tableaux. However, we might consider such variant of rule Ra; 
which would allow branchings: 


Xu{PaQ} 
a: ` Xu{PaQ,P_;}|Xu{PaQ,Q,i} 


However, due to the economy of tableau proof, it is better — as far as possible 
— to introduce the fewest possible number of tableau rules that are not sets of 
pairs. 

Although all these rules and sets of rules seem to be interesting, we will not 
consider them all — neither for the language of TL, nor for extended languages 
— for the reasons described in the previous chapter (note 2.19). Instead, we will 
focus on the tableau system determined by set of rules Rrr. 

Nonetheless, let us stress once again that the examples provided indicate that 
the general definition of rule 3.18 makes sense. There may exist many sets of 
tableau rules that potentially — we mean (potentially) because to determine this 
it always requires a proof — they define the same logic. 


, where ic +(X) 
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Example 3.21. Starting from set X U {PiQ} and using rule Ri without condition 
2, we could get an infinite sequence in which we enter a new index in each of the 
elements: 


RiX, = XU {PiQ} 


| 
Ri X2 = X1U {P4 Qai} 


| 
Ri X3 = X2U {P4j, Q4;} 


Ri X4 = X3 U {Pik Qixh 
| 


Such a sequence is infinite not because of the properties of the logic itself, 
but because of the unnecessary acceptance of continuous application to the same 
elements of the rule already applied once. 


The adopted set of tableau rules — in our case set Rr, — determines the 
content of the range of successive concepts of the tableau system. Although the 
formal concepts that we will describe will be analogous to those from the previous 
chapter, each of them will depend on set Rr. 


3.3.2 Branches for TL 


With a fixed set of tableau rules, we can proceed to the concept of branch. As we 
already know, branches are such sequences of sets that each two adjacent elements 
are in turn: an input set and an output set of some n-tuple that belongs to the set 
of tableau rules. Branches are therefore setwise objects consisting of sets. Below, 
we present the formal definition of branch in the tableau system for TL. 


Definition 3.22 (Branch). Let K =N or K = {1,2,...,n}, where n € N. Let X be 
any set of expressions. A branch (or a branch beginning with X) will be called any 
sequence ¢ : K —> P(Tery) that meets the following conditions: 


1. ¢(1) =X 
2. for any i€ K: if i+1 e€ K, then there exists such rule R € Rr, and such pair 
(Yi, Y2) € R that (Xj) = Yi i (Xiz) = Y2. 


Having two branches ¢, y such that ¢ c y we shall state that: 


e ¢ isa sub-branch of y 
e y isa super-branch of ¢. 


Denotation 3.23. From now on — when speaking of branches for TL — for 
convenience, we will use the following notations or designations: 


80 Tableau system for Term Logic 


1. Xj,...,Xy, where n>1 

2. (Xi... Xn) where n>1 

3. abbreviations: m (where M is a domain ¢, i.e. 6: M — P(TerL)) 
4. or — to denote branches — small Greek letters: ¢, y, etc. 


The sets of branches, in turn, we shall denote with capital Greek letters: ®, Y, etc. 
Furthermore, the domain cardinality of a given branch K we shall sometimes call 
a length of that branch. 


Remark 3.24. We will repeat here in part the remark from the previous chapter. 
As we can see, the concept of branch depends on some set of tableau rules. 
In the case under consideration, the branch structure is based on the rules 
from set Rr. Further described complex tableau concepts will also depend on 
some sets of rules. Because in this chapter we are studying tableau system for 
TL based on rules from set Rri, so we are not going to make it any more 
complicated. 

In practice, however, the tableau concepts of systems constructed according 
to the presented idea always base on some set of rules. In one of the subsequent 
chapters, at the general description of the construction way itself, the set of rules 
will be a variable. In this chapter it is specified as: Ry, and the complex tableau 
concepts defined here depend on it. And since set Rr, only includes such rules 
that constitute sets of ordered pairs, so in the definition of branch for TL we 
specified that it is about pairs, contrary to the definition of tableau system in 
the previous chapter, where in the definition of branch 2.20, we wrote about the 
existence of an appropriate n-tuple. 

This remark applies to the rest of the study. 


By definition of rule 3.18, through the fact that the rules are defined by proper 
containing of the input set in each of the output sets, in any n-tuple, there is a 
conclusion. 


Corollary 3.25. Each branch is an injective sequence. 


3.3.3 Maximal branches 


Among the branches constructed through applying the rules from set Rrr, we will 
distinguish such branches to which no more rules from set Ryg can be applied, ex- 
panding them into some super-branches. As we already know, such branches are 
called maximal branches. The definition of maximal branch is the same as in the 
previous chapter, except that of course the maximal branches here are branches 
for TL. 
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Definition 3.26 (Maximal branch). Let ¢: K — P(Terz) be a branch. We shall 
state that ¢ is maximal iff 


1. K= {1,2,3,...,n}, for some ne N 
2. there is no branch y such that ¢ c y. 


As in the case described in the previous chapter, definition 3.26 could be short- 
ened to the second condition. This would not change anything with regard to the 
cases of finite sets, but we would allow cases of infinite branches that: 


e begin with an infinite set 
e meet the second condition of definition because they are infinite branches 
e do not, however, “resolve” all expressions. 


The following example 3.27 illustrates a situation where without the first con- 
dition in the definition of maximal branch 3.26, we would consider a presented 
branch to be maximal. This branch would be infinite and, at the same time, would 
still contain expressions that were not used in the proof. 


Example 3.27. Let us consider the following branch, beginning from set {P'iQ'} 
u {P"iQ” :n >I}. 


RiX, = {PliQ4U{P7iQ™ : n> 1} 
| 
RiX,= X,U{P2,,Q?,} 
| 
Ri X; = X.U{P3,,Q3,} 


| 
Ri X1 = X3;uU{P4,,Q4;} 
| 


This branch is infinite, although rule Ri has never been applied to any of the sets 
in such a way as to draw conclusions from formula P'iQ'. 


Thus, the definition of maximal branch 3.26 says that if sequence Xj, ..., Xn, 
for some n > 1, is a branch, then we call it a maximal branch iff there does not exist 
branch X1, ..., Xn», Xn+1- 

Extending the concept of branch onto infinite sets is unnecessary in practice, 
because important concepts for our metatheory — the concept of branch conse- 
quence and tableau — we apply to cases of finite sets. At this stage of the book, 
the finite sets of tableau expressions do not begin the branch of infinite length. 

However, the definition of maximal branch will change in the study. To the 
above concept of branch applicable are all reservations from note 2.32, concerning 
the maximal branch for the tableau system for CPL. Definition 3.26 is suitable for 
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those tableau systems where only finite branches are obtained from finite sets of 
expressions. For other systems this definition is too narrow. It does not include 
cases of branches which, even though they begin with a finite set of expressions, 
are not finite. 

In the following chapter, we will proceed to defining the system for modal logic, 
and we will generalize this definition. Hence, the above definition 3.26, and espe- 
cially definition 2.20 will describe special cases of maximal branches which appear 
in the construction by the described method of such tableau systems as system 
for CPL or TL. Besides, also in the case of TL we will show that from finite sets 
of expressions we always get branches of finite length (fact 3.32). 


3.3.4 Closed and open branches 


Among the maximal branches, the closed branches deserve special attention. In 
addition, set of open branches complements the set of closed branches. As we 
remember, intuitively a branch is closed when we get a t-inconsistent set having 
decomposed tableau expressions. 


Definition 3.28 (Closed/open branch). A branch ¢: K — P(Terz) will be called 
closed iff $(i) is a t-inconsistent set, for some i € K. A branch will be called open 
iff it is not closed. 


From the above definition, the definition of tableau rules for TL 3.19 and the 
definition of branch 3.22 the following conclusion follows. 


Corollary 3.29. If branch $: K — P(Terz) is closed, then |K| € N and $(|K]) is 
a t-inconsistent set. 


In the case of a closed branch, the t-inconsistent sequence element is the last ele- 
ment because no rule can be applied to it anymore to extend the branch. For the 
rules are defined in such a way that they cannot be applied to t-inconsistent sets. 
Therefore, from the definition of maximal 3.26 another conclusion follows. 


Corollary 3.30. If branch f : K — P(Te7rz) is closed, then it is maximal. 


We are now going to show two facts that are needed for further proofs. The 
first one says that a branch that begins with a finite set of expressions is also finite 
in length, not greater than a certain number. 


Proposition 3.31. Let X be a finite set of expressions. Let 6: K —> P(Te zz) be any 
such branch that $(1) = X. Then, there exists number n € N such that |K| < n. 


Proof. Take any finite set of expressions X and such branch ¢: K > P(Tezz) that 
(1) = X. We will carry out an inductive proof due to the cardinality of the first 
element of the branch. 
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Initial step. Assume that |X| =1. We have six types of cases that can take place. 


There exist name letters P, Q € Ln and index i € N such that one of the following 


cases occurs: 


1. 


P4; € X, then, however, |K| = 1 € N, by definition of branch 3.22, since there 
does not exist such rule R € Rrx that would allow to extend branch (X) 


. P_i € X, then, however, |K| = 1 € N, by definition of branch 3.22, since there 


does not exist such rule R € Rrx that would allow to extend branch (X) 

PaQ € X, then, however, |K| = 1 € N, by definition of branch 3.22, since there 
does not exist such rule R € Rz that would allow to extend branch (X) 

PiQ € X, then, however, |K] < 2 € N, by definition of branch 3.22, since there 
only exists one rule R € Ry, rule Ri that allows to extend branch (X) with 
set Y = {PiQ, P+j, Q+; }, for some j € N, whereas there does not exist such rule 
Re Ry; that would allow to extend branch (X, Y) 


. PeQ €X, then, however, |K| = 1 € N, by definition of branch 3.22, since there 


does not exist such rule R € Rrx that would allow to extend branch (X) 

PoQ€ X, then, however, |K| < 2 € N, by definition of branch 3.22, since there 
only exists one rule R € Ryz, rule Ro that allows to extend branch (X) with 
set Y = {PiQ, P:;,Q:;}, for some j € N, whereas there does not exist such rule 
Re Ryu that would allow to extend branch (X, Y). 


Thus, when |X| =1, then |K| < 2. So, if |X| = 1, then there exists such number 


né€N that |K| <n. 


Induction step. Assume that the theorem thesis holds for each such set of 


expressions Y that |Y| = m. Thus, for any branch y : M —> P(Tery) such that 
w(1) = Y, there exists number / such that |M| <1. 


We will show that the theorem thesis also occurs for |X| = m-+1. Take any set of 


expressions Y such that Y € X and |Y| = m. Thus, for any branch y: N — P(Terz) 
such that y(1) = Y there exists number / such that |N| < 1. 


We have six types of cases that can take place. There exist name letters P, Q 


€ Ln and index i € N such that one of the following cases occurs: 


1. 


2. 


3. 


X =Y U {P4;}, then, however, |K| < l+ k eN, where k is the number of proposi- 
tions in form RaS and TeU that belong to set Y, by definition of branch 3.22, 
since set Rrr contains rules Ra, and Re- which allow to extend each branch 
containing additional expression P+; at most with k elements 

X=Yu{P_;}, then, however, |K| < l € N, by definition of branch 3.22, since 
set Rr, does not comprise any rule which would allow to extend a branch 
containing additional expression P_; 

X = Yu{PaQ}, then, however, |K| <1+((k+1)-o) €N, where kis the number of 
propositions in form RaS and TeU that belong to set Y, while o is the number 
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of particular propositions that belong to set Y and in the subject or predi- 
cate have name letter P, and expressions P4 j for some index j, by definition 
of branch 3.22, since set Ry, contains rules Ra, and Re- which allow to ex- 
tend each branch containing additional expression PaQ at most with (k+1)-o 
elements 

4. X = Yu {PiQ}, then, however, |K| < 1+k+1¢N, where k is the number of 
propositions in form RaS and TeU that belong to set Y, by definition of branch 
3.22, since set Ryz, contains rules Ri, Ra, and Re_, which allow to extend each 
branch containing additional expression PiQ at most with k + 1 elements 

5. X = Y U {PeQ}, then, however, |K| < 1+ k € N, where k is the number of par- 
ticular propositions that belong to set Y and in the subject or predicate have 
name letter P, and expressions P,;, for some index j, by definition of branch 
3.22, since set Rr; contains rule Re_, which allows to extend each branch 
containing additional expression PeQ at most with k elements 

6. X = YU {PoQ}, then, however, |K| < L+ k +1 e€ N, where k is the number of 
propositions in form RaS and TeU that belong to set Y, by definition of branch 
3.22, since set Ry, contains rules Ro, Ra, and Re_, which allow to extend each 
branch containing additional expression PoQ at most with k +1 elements. 


So, if |X| = m +1, then there exists such number n € N that |K| < n. Then, there 
exists such number n € N that |K| < n. 


The second fact says that for each finite set of expressions, there exists a 
maximal branch which begins with this set. 


Proposition 3.32. Let X € Terz be a finite set of expressions. Then, there exists 
maximal branch $: K — P(Terz) such that $(1) =X. 


Proof. Let X c Teri be a finite set of expressions. Then, by fact 3.31, for each 
branch ¢: K — P(Terzz) such that $(1) =X, there exists such number n € N that 
|K| <n. 

Indirectly assume that no branch ¢ beginning with set X is a maximal branch. 
By an inductive proof through the branch length we will show that this assump- 
tion leads to a contradiction. 

Initial step. We know there exists at least one branch. ‘This is the branch that 
begins with set X and that a length of 1. However, by indirect assumption, it is not 
a maximal branch, so by definition of maximal branch 3.26, there exists a branch 
that begins with X, with length of 2. 

Induction step. Now, let us take a branch beginning with X, of length m, and 
assume there exists a branch of length m +1 beginning with set X. Again, by indi- 
rect assumption, it is not a maximal branch, so by definition of maximal branch 
3.26, there exists a branch that begins with X of length m +2. 
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Thus for any m € N, there exists a super-branch of length m +1 beginning with 
finite set of expressions X. This, however, contradicts the fact that for any branch 
beginning with set X there exists such number n € N that bounds the length of 
that branch. 


3.3.5 Relation of branch consequence 


We will now define the concept of branch consequence using the concepts of 
branch, maximal branch and closed branch. 


Definition 3.33 (Branch consequence of TL). Let X £ Fory and A € Forrr. For- 
mula A is a branch consequence of X (for short: X > A) iff there exists such finite 
set Y € X that each maximal branch beginning with set Y uU {0(A)} is closed. 


Denotation 3.34. For any set of formulas X and any formula A notation X # A 
means that it is not the case that X > A. 


In the definition of branch consequence, we refer to the function specified by 
definition 3.12. Function o to each formula assigns a formula which contradicts it 
3.13. The above concept of branch consequence differs from the analogous con- 
cept for CPL in the fact that (apart from defining on a different language — set 
of expressions) in the previous case negation was used, and here we use a contra- 
dictory formula. In fact, however, it can be assumed that in both cases the point 
is to start with a formula contradictory to the formula which could potentially 
be a branch consequence of a certain set of premises, but in the case of CPL a 
contradictory formula could be obtained directly by preceding the formula with 
a negation. 

Also in the present case, we will refer to the example of the branch consequence 
occurrence. 


Example 3.35. Let us consider an example — Barbara syllogism — premises 
{PaQ, QaR}, conclusion PaR°. We want to answer the question whether 
{PaQ, QaR} > PaR? 

The first set of each branch we need to examine is set { PaQ, QaR, o(PaR)}, by 
definition of function o, equal to set {PaQ, QaR, PoR}. On the left side, we put 
the branch elements, on the right side, we put the rules we use to transform the 
sets. There exists one type of maximal branches beginning with this last set: 


1. {PaQ, QaR, PoR} c Ro, where ie N 


5 Note that we are considering a pattern of inference rather than a specific inference as 
we use metavariables and letters instead of indices. It is obvious, however, that further 
considerations would be identical if we used name letters and digits. 
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2. {PaQ, QaR, PoR, P,j,R_j} € Ra, 
3. {PaQ, QaR, PoR, P+i, R-i, Qui} Cc Ra, 
4. {PaQ, QaR, PoR, P,;,R_j,Q+i,R+i} t-inconsistency R_j,R4j 


We said one type since i is any natural number. So, actually there exists an infi- 
nite number of branches beginning with set {PaQ,QaR, PoR}.° The described 
branches are maximal ones because their last element is t-inconsistent as it 
contains expressions R_;, R;;, always for some i€ N. 

So we showed that all maximal branches beginning with set {PaQ,QaR, 
o(PaR)} are closed. Thus {PaQ, QaR} > PaR. 


The tableau concepts we have described for TL are very similar to their equiva- 
lents for CPL, despite the fact that we have dealt with a different language of proof 
and with indices. 


3.4 Tableaux for TL 


As in the case of the tableau system for CPL, the practical examining of the branch 
consequence occurrence should boil down to building of an appropriate tableau. 

Nevertheless, we are going to have a discussion on the definition of the con- 
cepts of tableau, complete tableau, closed/open tableau of a tableau system for TL. 
We will define all these concepts in two variants. 

The first variant will make a direct reference to the fact that among the rules 
belonging to set Ryg there are no rules that contain an ordered n-tuples longer 
than two, and as a consequence there never occur any branchings. The second 
variant of the concepts will be based on the relevant definitions already provided 
in the tableau system for CPL, however related to the set of branches of the tableau 
system for TL. 

Although in each case the first definition variant will appear to be a special 
and simplified case of the second variant, in fact the two variants will prove to be 
equivalent, as we will demonstrate. In this way we will also show that the book 
considerations aim to describe certain general concepts for the tableau systems, 
independent of many specific properties of a given system, and thus to the general 
theory of tableau systems. 


6 Ofcourse, we might define equivalents of rules Ri and Ro in such a way that the in- 
troduced expressions as indices only had for instance the least number that does not 
appear in the set to which we apply the rule. Then, the number of branches would 
amount to one. There are many ways to define these rules similarly, but from the for- 
mal point of view each time we would then examine a different axiomatization than 
the assumed set of rules Rri. 
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Therefore, the first variant of each definition will always be a specific version, 
defined according to the needs of the current system, while the second one will 
be a definition analogous to the one used in the previous chapter. As usual, we 
will start with the definition of tableau. 


Definition 3.36 (Tableau — variant one). Let X c Forrı, A € Forr and ® bea 
set of branches. Ordered triple (X,A,®) will be called a tableau for (X,A) (or for 
short tableau) iff ® is an one-element subset of the set of branches beginning with 
set XU {0(A)} (i.e. if ọ € ®, then (1) = Xu {0(A)}). 


Remark 3.37. According to the definition of tableau 3.36, a tableau for pair (X, A) 
is ordered triple (X,A,®) in which ® is such an one-element set of branches 
that any branch in this set begins with set Xu {0(A)}. This definition could be 
technically simplified. 

Such simplification would consist in the fact that in an ordered triple, instead of 
set of branches ®, we would simply place a branch belonging to set D. However, as 
we strive for a general theory of tableaux, so we use a general notation of a tableau 
as a triple in which we distinguish a set of premises, a potential conclusion and 
a set of branches that meet the conditions from the definition. The case of the 
system described in the present chapter is in terms of the number of branches — 
as we wrote at the beginning of the chapter — a borderline case, so we will not 
alter the convention for it. 


Let us now define the concept of tableau for TL in a similar way the concept 
of tableau for CPL. Similar, since this definition is analogous to the correspond- 
ing definition for the tableau system for CPL. However, we cannot say that it is 
identical, because it pertains to the objects that were constructed from other sets, 
in spite of similarity of the same objects, i.e. branches. This definition uses — just 
like the definition of tableau 2.53 in the tableau system for CPL — the concept 
of maximal branch in the set of branches which we will adapt to the current sit- 
uation. Here, the analogous remarks apply as in the case of definition 2.36 from 
Chapter Two — so we will not reiterate those here. 


Definition 3.38 (Maximal branch in the set of branches). Let © be a set of 
branches and let branch y € ®. Branch y will be called maximal in ® (or 
@-maximal) iff there is no such branch ¢ € ® that yc ¢. 


With the concept of maximal branch in the set of branches, we can proceed to 
the second variant of the tableau definition. 


Definition 3.39 (Tableau — variant two). Let X c Foryy, A € Forrı and ® bea 
set of branches. Ordered triple (X,A,®) will be called a tableau for (X,A) (or for 
short tableau) iff the below conditions are met: 
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1. ® isa non-empty subset of set of branches beginning with Xu {0(A)} (i.e. if 
ġ c€ ®, then $(1) = XU {0(A)}) 
2. each branch contained in ® is ®-maximal 
3. for any n,i € N and any branches y1, ..., Yn € ®, if: 
e iandi+1 belong to domains of functions y1, ..., Wn 
e foranyl<k<nandanyo<i, yı(0) = wy(0) 
then there exists such rule R € Ry, and such ordered m-tuple (Y1,..., Ym) €R, 
where 1< m <3 that for any 1 < k < n: 
e yk(i)=Yı 
e and there exists such 1< 1< m that w;,(i+1) = Y}. 


The above tableau definition for TL seems too complex. It is not too broad 
because — as we will see — it does not cover setwise constructions that we would 
not consider as tableaux for the tableau system for TL. However, condition 3 of 
this definition seems to be overly expanded. Note the conclusion that follows from 
the definition of tableau in variant two and the definition of set of tableau rules 


Rr. 


Corollary 3.40. Let (X,A,®) be a tableau in variant two 3.39. Then, set ® contains 
precisely one branch. 


Proof. Let (X,A,®) be a tableau. In the proof, we will make use of definition of 
tableau 3.39. Assume that set ® contains two branches ¢; and ¢2. Point 1. of the 
tableau definition implies that $)(1) = 2(1) =X u {0(A)}. While point 2. and 
definition of maximal branch in the set of branches 3.38 imply that ¢; ¢ ¢2 and 
$2 ¢ 1 since each branch in set ® is ®-maximal. 

Now, take any such number i € N that for any o < i, $1(0) = $2(0), plus i+1 
belong to domains of functions ¢; and ¢2. From point 3. it follows that there exists 
such rule R € Ry; and such ordered m-tuple (Yj,..., Ym) € R, where 1 < m <3 that 
for anyl<k<2: 


°- ġk(i)=Yı 


e there exists such 1 < 1< m that ¢,(i+1) = Y}. 


And yet, since for each rule R € Ryz, for each ordered m-tuple (Y1,..., Ym) €R, 
where 1< m <3, m=2, so ġı(i+1) = Y; = ġ2(i+1). Hence ġı = ¢2. 


This conclusion shows that the concept of tableau in the second variant for TL 
system could be simpler. Nonetheless, it is not too broad since both definitions 
of tableau for the tableau system for TL are equivalent, which gets proven by the 
below fact. 
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Proposition 3.41. Let X £ Forrr, A € For, and © be a set of branches. (X,A,®) 
is a tableau in variant one 3.36 iff (X,A,®) is a tableau in variant two 3.39. 


Proof. Let X c Foryy, A € Foryy and © bea set of branches. 

Assume that (X, A, ®) is a tableau in variant one 3.36. In view of this defini- 
tion, ® is a non-empty subset of set of branches beginning with Xu {0(A)} (i.e. 
if ¢ € ®, then $(1) = XU {0(A)}), so the first condition from definition 3.39 is 
satisfied. Definiens of definition 3.36 also claims that ® contains precisely one 
branch. So, each branch that belongs to ® is ®-maximal by virtue of definition 
3.38, which is the second condition of definition 3.39. Finally, also the third condi- 
tion of definition 3.39 is met as contains precisely one branch y. Thus, (X, A, ®) 
is a tableau in variant two. 

Now, assume that (X,A,®) is a tableau in variant two 3.39. Due to the first 
condition of this definition, Ọ is a non-empty subset of set of branches beginning 
with Xu {0(A)} (ie. if f € ®, then g(1) = XU {0(A)}). While due to conclusion 
3.40, ® contains precisely one branch. Thus, as per definition 3.36 (X,A,®) is a 
tableau in variant one. 


Therefore, any of the definitions of tableau in the tableau system considered 
here can be adopted for TL, although due to the economy of phrasing, definition 
3.36 seems better. Its scope covers exactly the same objects as in the definition of 
tableau that was created by applying analogies to the definition of tableau in the 
system for CPL. 

We will now take up the issue of the complete tableau, also considering simpler 
and more complex variants, modelled on the system for CPL. Here is variant one. 


Definition 3.42 (Complete tableau — variant one). Let triple (X,A,®) be a 
tableau. We shall state that (X,A,®) is complete iff a branch contained in ® is 
maximal. A tableau is incomplete iff it is not complete. 


In a complete tableau, a branch that belongs to it is maximal, so it cannot be 
extended. In variant two, which in a moment will be adapted to the context of 
TL, in a complete tableau all branches are maximal, not only those maximal ones 
in a given set. In addition, a complete tableau contains such set of branches that 
it is no longer possible to add any new branches to it, without causing the set to 
cease to be a tableau. More specifically, a complete tableau contains such set of 
maximal branches that any non-redundant superset of it ceases to co-create the 
tableau, similar to definition 2.60. 

Consideration of the second variant, based on the tableau definition from the 
previous chapter, requires the introduction of an auxiliary definition, including 
the definition of a redundant superset. 
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Definition 3.43 (Redundant variant of branch). Let ¢ and ¢’ be such branches 
that for some numbers i and i+ 1 that belong to their domains, it is the case that 
for any j < i, $(j) = ¢’(j), but 6(i+1) # ¢’(i+1). We shall state that branch ¢’ is 
an redundant variant of branch ¢ iff: 


e there exists such rule R € Rr, and such pair (X,Y) € R that X = ¢(i) and Y = 
o(i+1) 
e there exists such rule R € Rry and such triple (X, W,Z) €R that X = ¢(i) and: 
1. W=6(i+1) and Z= ¢'(i+1) 
or 
2. Z=$(i+1) and W= ¢’(i+1). 


Let Ọ, Y be sets of branches and ® c Y. We shall state that ¥ is an redundant 
superset ® iff for any branch y € ¥ \ © there exists such branch ¢ € ® that y is a 
redundant variant of ¢. 


However, in the case of our system, the concept of redundant variant of branch 
is empty. It is covered by another conclusion. 


Corollary 3.44. For no branch ¢ there exists such branch y that y is a redundant 
variant of branch ¢. 


Proof. Let us consider any branch ¢ and indirectly assume that there exists such 
branch y that y is a redundant variant of branch ¢. According to definition of 
redundant variant of branch 3.43, for some numbers i and i+1 that belong to 
domains ¢ and y, it is the case that (i) = y(i), but (i+ 1) # w(i+1), and there 
exists such rule R € Rryy and such triple (X, Y,Z) € R that X = $(i) and Y = ¢(i+1), 
Z=w(itl) or Y=y(i+1), Z= ¢(i+1). However, this leads to a contradiction to 
the fact that there exists no rule R € Ryg to comprise any triple (X, Y, Z}. 


And since there exist no redundant variants of branches, there are neither re- 
dundant nor proper supersets of sets of branches, which is confirmed by another 
conclusion. 


Corollary 3.45. Let © be a set of branches. There exists no set of branches Y such 
that ® c Y and Y is a redundant superset of ®. 


Proof. Take any set of branches ® and indirectly assume that there exists set of 
branches ¥ such that ® c Y and Y is a redundant superset of ®. Thus — according 
to definition of redundant variant of branch 3.43 — for any branch y € ¥ \ Q, there 
exists such branch ¢ € © that y is a redundant variant of $. Since Ọ c Y, so there 
exists some branch y € ¥ \ ®. Assume that set ® is non-empty. Consequently, 
there exists such branch ¢ € ® that some y is a redundant variant of ¢, which 
contradicts the previous conclusion 3.44. 
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We have shown that both concepts — of a redundant variant of branch and 
a redundant superset, in the phrasing appropriate for our tableau system for TL, 
are empty. After considering the redundant variants of branches and redundant 
supersets of branches, we can proceed to the definition of complete tableau in 
variant two. 


Definition 3.46 (Complete tableau — variant two). Let (X,A,®) be a tableau. 
We shall state that (X,A,®) is complete iff: 


1. each branch contained in ® is maximal 
2. any set of branches Y such that: 
a. OcY 
b. (X,A,'¥) is a tableau 
is a redundant superset of ®. 


A tableau is incomplete iff it is not complete. 


Let us note that, once again, the two variants of the concept are equivalent. 
This is covered by another fact. 


Proposition 3.47. Let X € Forrr, A € For, and © be a set of branches. (X,A,®) is 
a complete tableau in variant one 3.36 iff (X,A,®) is a complete tableau in variant 
two 3.46. 


Proof. Let X c Foryy, A € Foryy and © bea set of branches. 

Assume that (X, A, ®) is a complete tableau in variant one 3.42. Since by virtue 
of the definition of tableau 3.36, set ® contains precisely one branch and according 
to definition 3.42, that branch is maximal, so each branch contained in set ® is 
maximal, which constitutes condition 1 of being a complete tableau in variant two 
of the definition of complete tableau 3.46. Let us now check if condition 2 of the 
definition in variant two holds. It claims that for any set of branches Y such that: 


(a) Dc VY 
(b) (X,A,¥) is a tableau 


Y is a redundant superset of ®. 

So, take any such set of branches ¥ that ® c Y. However, by definition of 
tableau 3.36, triple (X,A,V) is not a tableau since ¥ is a set of at least two ele- 
ments, whereas in a tableau, a set of branches includes precisely one branch. Thus, 
condition 2 of the definition of complete tableau in variant two 3.46 is satisfied in 
the empty way. 
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Now, assume that (X, A, ) is a complete tableau in variant two 3.46. According 
to definition 3.46, each branch contained in ® is maximal, and what is more, 
by virtue of definition of tableau 3.36, ® contains precisely one branch. Thus, a 
branch contained in ® is a maximal branch, and consequently, tableau (X,A,©®) is 
complete according to the definition of complete tableau in variant one 3.42. 


Evidently, both concepts of a redundant variant of branch and a redundant su- 
perset, and their conclusions for the tableau system for TL play no role whatsoever 
in the equivalence proof. 

When constructing a complete tableau, we may face a situation where a branch 
not only becomes maximal, but also finishes with a t-inconsistent set. Such a 
tableau is called a closed tableau. Let us, again, consider two variants. Variant 
one to begin with. 


Definition 3.48 (Closed/open tableau — variant one). Assume that (X,A,®) isa 
tableau. We shall state that (X,A, ©) is closed iff a branch contained in ® is closed. 
A tableau is open iff it is not closed. 


Variant two, in turn, corresponding to the definition aiming at the general 
definition of a closed tableau, has the following form. 


Definition 3.49 (Closed/open tableau — variant two). Let (X,A,®) be a tableau. 
We shall state that (X, A, ®} is closed iff the below conditions are met: 


1. (X,A,®) is a complete tableau 
2. each branch contained in ® is closed. 


A tableau is open iff it is not closed. 


Proposition 3.50. Let X € Forr,, A € Forrg and © be a set of branches. (X,A,®) 
is a closed tableau in variant one 3.48 iff (X,A,®) is a closed tableau in variant two 
3.49. 


Proof. Let X c Foryy, A € Forri and © be a set of branches. 

Assume that (X, A, ®) is a closed tableau in variant one 3.48. Thus, in the light 
of the definition of complete tableau 3.42, (X,A,®) is a complete tableau — since 
branch which is contained in it is, by conclusion 3.30, maximal — which con- 
stitutes condition 1 of being a closed tableau in variant two of the definition of 
closed tableau 3.49. Since by virtue of the definition of tableau 3.36, set ® con- 
tains precisely one branch and according to definition 3.48, that branch is closed, 
so each branch contained in set ® is closed, which constitutes condition 2 of being 
a closed tableau in variant two of the definition of closed tableau 3.49. 
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Now, assume that (X, A, ©) is a closed tableau in variant two 3.49. Thus, by con- 
dition 2 of definition 3.49, each branch contained in ® is closed, and, what is more, 
by virtue of definition of tableau 3.36, ® contains precisely one branch, which 
constitutes a condition of being a closed tableau in variant one of the definition 
of closed tableau 3.48. 


To sum up, we have shown that specific tableau concepts of the tableau system 
for TL are special cases of more general concepts applied earlier (modulo set of 
tableau rules Rī; and resulting sets of branches), and in the considered cases are 
equivalent to them. 

By virtue of the definition of closed tableau and the definition of complete 
tableau, and conclusion 3.30, we get another conclusion. 


Corollary 3.51. Each closed tableau is a complete tableau. 


Further, we will show that the concept of tableau is significantly helpful in de- 
termining the occurrence of relation >, while this concept, in terms of range, is 
equal to the concept of implication =. 


3.5 Completeness theorem for the tableau system for TL 


Let us begin with the definition of model generated by a branch. 


Definition 3.52 (Model generated by branch). Let ¢ be any branch. We define 
the following function At(¢) =U¢n (Ter \ Forzz). 
We shall state that model try, = (D,d) is generated by branch 6 iff: 


e D={xeN:xe x(At(¢))} 
e for any name latter P € Ln, x € d(P) iff P}x € At(¢). 


From this definition, we get the following conclusion. 


Corollary 3.53. Let ¢ be an open branch. Then, there exists a model generated 
by ¢. 


Proof. By definition of open branch 3.28, definition of model generated by branch 
3.52 and definition of model 3.3. 


Lemma 3.54 (On generation of model). Let ġ be an open and maximal branch. 
Then, there exists model Mrr generated by $ such that Mrz, = UN Fort. 


Proof. Take any open and maximal branch ¢. Since branch ¢ is open, so by 
previous conclusion 3.53, there exists model Mrr = (D,d) generated by ¢. 
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We will now show that for any formula A contained in U 4, it is the case that 
Mr FA, i.e. Mrr = U énForzz. The proof will be carried out with consideration 
of all the possible cases of construction of formula A. Now, assume that A € U ¢. 
By definition of formula, for some name letters P, Q € Ln, there must occur one 
of the following cases. 


1. A = PaQ. Take any object i € D such that i € d(P). By definition of model gen- 
erated 3.52, set Ud contains tableau expression P+;. Since ¢ is a maximal and 
open branch, so by virtue of tableau rule Ra+, U¢ also contains tableau ex- 
pression Q+;. By definition of model generated 3.52, i € d(Q). Hence, d(P) € 
d(Q), and by definition of truth in model 3.4, we thus get that My, = PaQ. 
In turn, if there exists no such i € D that i € d(P), then @ = d(P) € d(Q), so by 
definition of truth in model 3.4, we get Dtri PaQ. 

2. A= PiQ. Since ¢ is a maximal and open branch, so by virtue of tableau rule Ri, 
set U ¢ also contains tableau expressions P,;, Q+; for some i € N. By definition 
of model generated 3.52, i € d(P) and i€ d(Q). Since d(P) n d(Q) # Ø, so by 
definition of truth in model 3.4, we get that trp = PiQ. 

3. A = PeQ. Take any object i € D such that i € d(P). By definition of model 
generated 3.52, set U¢ contains tableau expression P4;. Since ¢ is a maximal 
and open branch, so by virtue of tableau rule Re_, U¢ also contains tableau 
expression Q_;. Since branch ¢ is open, so expression Q+; ¢U¢, and conse- 
quently, by definition of model generated 3.52, i¢ d(Q). Thus, d(P) nd(Q)=@ 
and by definition of truth in model 3.4, we get trz_ = PeQ. In turn, if there 
exists no object i € D such that i € d(P), then d(P) nd(Q) = Ø, so by definition 
of truth in model 3.4, we get that Ntpp = PeQ. 

4. A = PoQ. Since ¢ is a maximal and open branch, so by virtue of tableau rule 
Ro, set Ug also contains tableau expressions P,;, Q-;, for some i € N. By 
definition of model generated 3.52, i € d(P) and — since branch ¢ is open 
and, consequently, expression Q4; £U $ — i £ d(Q), so d(P) ¢ d(Q). Thus, by 
definition of truth in model 3.4, we get Dtr = PoQ. 


We will now move on to a lemma which claims that application of tableau 
rules for the extension of branches does not reach beyond the model which is 
appropriate. In other words, according to the definition of model appropriate for 
the set of expressions 3.16, if we have a set of expressions such that the formulas 
contained in this set of expressions are true in given model and expressions stating 
inclusion or non-inclusion of a denotation of given index in the scope of name 
are interpretable in the model (they do not contradict the state of affairs in the 
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model), then the extension of that set with the use of rules produces a set that still 
has the above properties. 


Lemma 3.55. Let Np, be any model, X, Y € Terr, and let R € Rrr. Then, if (X,Y) € 
Rand Mrz, is appropriate for set of expressions X, then Wr; is appropriate for Y. 


Proof. In the proof, we will make use of definition of model appropriate for the set 
of expressions 3.16. Let Nyy = (D,d) be any model and X, Y € Terr. We will con- 
sider all cases of rules R € Rrz, assuming that (X, Y} € R and try, is appropriate 
for set of expressions X, and showing that then try, is appropriate for Y. 


1. Let R = Ra,, then (X,Y) = (Zu {PaQ,P.;}, ZU {PaQ, Pj, Q+i}), for some 
Zc Teri, P, Q €Ln and i € N; since Mrz is appropriate for set of expressions 
X, so by definition 3.16, Myr, = PaQ and there exists function y : N — D such 
that for each name letter S € Ln and each j € N: if S4; € X, then y(j) € d(S) and 
if S-j € X, then y(j) ¢ d(S); due to the fact that P4; € X, also y(i) € d(P), while 
since Myz_ F PaQ, hence by definition of truth in model 3.4, y(i) € d(Q), 
since d(P) € d(Q); consequently, by definition of model appropriate for 
the set of expressions 3.16, model ty, is appropriate for set of expressions 
Y=Zu {PaQ, Pxi Qi}. 

2. Let R= Ri, then (X,Y) = (ZU {PiQ}, Zu {PiQ, P.;,Q+;}), for some Z £ Ter, 
P, Qe Ln and i € N; since Ptr; is appropriate for set of expressions X, so by 
definition 3.16, tr, = PiQ and there exists function y : N — D such that for 
each name letter S€ Ln and each j € N: if S,; € X, then y(j) € d(S) and if S_j€X, 
then y(j) ¢d(S); however, rule Ri enriches set X with expressions P,;,Q,; and 
index i is new, it has not occurred in any expression from set X, while since 
Dtr F PiQ, so by virtue of definition of truth in model 3.4, in the domain 
there exists certain object x such that x € d(P) n d(Q); so we define function 
y’ : N — D such that for any k € N, if k #i, then y’(k) = y(k) and y’(i) = x, 
consequently, by definition of model appropriate for the set of expressions 
3.16, model Mrr is appropriate for set of expressions Y = ZU { PiQ, P;,Q4;}. 

3. Let R = Re_, then (X,Y) = (ZU {PeQ,P,;},Z U {PeQ, P.;, Q_;}), for some 
Zc Ter, P, QeLnandieN; since Mrz is appropriate for set of expressions 
X, so by definition 3.16, Ntr_, = PeQ and there exists function y : N — D 
such that for each name letter S € Ln and each j € N: if S+; € X, then y(j) € d(S) 
and if S_; € X, then y(j) ¢ d(S); due to the fact that P4; € X, also y(i) € d(P), 
while since Ntry_ = PeQ, hence by virtue of definition of truth in model 3.4 
y(i) £ d(Q), since d(P) n d(Q) = Ø; consequently, by definition of model 
appropriate for the set of expressions 3.16, model Wtry is appropriate for set 
of expressions Y = ZU {PeQ, P,;,Q_;}. 
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4. Let R= Ro, then (X, Y) =(ZU{PoQ},ZU {PoQ, P.;, Q_;}), for some Zc Teri, 
P, Qe Ln and i € N; since Mrz is appropriate for set of expressions X, so by 
definition 3.16, ty_, = PoQ and there exists function y : N — D such that 
for each name letter S € Ln and each j € N: if S,; € X, then y(j) € d(S) and if 
S_; € X, then y(j) £ d(S); however, rule Ro enriches set X with expressions 
P+i,Q-; and index iis new, it has not occurred in any expression from set X, 
while since Wtr, = PoQ, so by virtue of definition of truth in model 3.4, in the 
domain there exists certain object x such that x € d(P), but x ¢ d(Q); so we 
define function y’ : N — D such that for any k € N, if k #i, then y’(k) = y(k) 
and y’(i) = x, consequently, by definition of model appropriate for the set 
of expressions 3.16, model Siz, is appropriate for set of expressions Y = ZU 


{PoQ, P+i, Q-i}. 


We will now proceed to the main theorem which synthesizes all so far covered 
facts and lemmas, stating the dependencies between the semantic consequence 
relation, branch consequence relation and the existence of closed tableau. 


Theorem 3.56 (Theorem on the completeness of tableau system for TL). For any 
X c Fort, A € Forrz, the below statements are equivalent. 


e XEA 
e XDA 
o there exists finite Y € X and closed tableau (Y,A,®). 


Proof. Take any X £ Forzy and A € For. We will prove three implications. 

(a)XFAS>XDA 

Assume that X ¥ A. We must show that X # A. From the assumption and defini- 
tion > 3.33, we know that for each finite set Y £ X, there exists a branch beginning 
with set YU {0(A)} which is maximal and open. Take any finite subset Y’ £ X. 
Thus, there exists branch ¢ beginning with set Y’U {0(A)} which is maximal and 
open. Since branch ¢ is maximal and open, so by lemma on generation of model 
3.54, there exists model Dtrr such that Mri = Yu {0(A)}. 

Due to the fact that set Y’ is arbitrary, so for any Y, finite subset of X, there 
exists model ty, such that My, = Y u {0(A) }. Thus, for any Y, finite subset of 
X, Y + A, due to the fact 3.13. While by fact 3.9, relation = is compact, so X # A. 

(b) X> A > there exists finite Y € X and closed tableau (Y,A,®) 

Assume that for any finite subset Y € X, each tableau (Y,A,®) is open. Take 
any finite subset Y € X. By the assumption, each tableau (Y,A,®) is open. By 
definition of tableau 3.36, each set ® contains one branch beginning with set 
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Y U {o(A)}. Consequently, by definition of open tableau 3.48, each branch be- 
ginning with set YU 0(A) is open. However, from fact 3.32, we know that since 
set YU {0(A)} is finite, then there exists branch beginning with Y u {o(A)} that 
is maximal. Since that branch is open and set Y is a finite subset of X, by definition 
of relation of branch consequence 3.33 X # A, 

(c) there exists finite Y € X and closed tableau (Y,A,®) > XE A 

Assume that there exists finite subset Y c X and closed tableau (Y,A,®). 
Indirectly assume that X # A, thus, by definition of relation of semantic conse- 
quence 3.5, there exists such model Nyy, that Mrr = X, but Mrr # A. From 
fact 3.13, we know that Dri = o(A). Consequently, Mrz, = Xu {0(A) }, and thus 
Mrr E Yu {0(A)}. Since tableau (Y,A,©®) is closed, then by definition 3.48, ® 
contains branch y beginning with set Y u {0(A) } which is closed. So, branch y 
is maximal by conclusion 3.30 and has lengths n, for certain n € N. What is more, 
by conclusion 3.29, set y(n) is t-inconsistent. 

Since Mrr = Y u {0(A)}, so model Mri is appropriate for set Y u {o(A)}. 
Now, applying lemma 3.55, n—1-times we get conclusion that Wtr, is appropriate 
for set y(n). However, due to the fact that y(n) is t-inconsistent and conclusion 
3.17, there exists no model appropriate for y(n). 


3.5.1 Estimation of cardinality of model for TL 


When applying tableau methods for TL another issue appears. With the tableau 
proof, we can estimate the upper limit of the cardinality of models that we only 
need to check in order to establish whether a given inference is correct’. While, in 
the study we do not take up this issue in general (as it is related to the issue of de- 
cidaility), but this outcome for TL we can virtually get directly from the theorem 
on completeness of tableau system for TL 3.56.8 

By existential formula, we mean any formula in form PiQ or PoQ, where P, Q, 
e Ln. 

Now, we shall define function A : P(ForrL) — P(Forry) with the following 
condition: for any set ® € P(Foryy), A(®) = {x € ®: x is an existential formula}. 
So, from each set of formulas, function A “selects” all existential formulas that 
belong to a given set. 


7 Estimations of cardinality of model for syllogistic, for languages richer than the lan- 
guage of TL, have been examined in the studies by: A. Pietruszczak [20], [21], P. Kulicki 
[17], [18]. 

8 This outcome was originally described in article [9]. However, when defining the 
tableau system for TL, in that study, we applied another set of rules and non-formalised 
tableau concepts. 
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Now, in turn, we shall define function ø : {¥ € P(Foryy) : ¥ is a finite set} — 
N with the following condition: for any finite set ¥ € P(Forr,), o(¥) = |ACY)]. 
So, function ø “counts” the number of existential formulas that are found in any 
finite set of formulas. 

We have the theorem. 


Theorem 3.57. Let X be a finite set of formulas and let A € Forrr. Then: 
Vortq=(D.d) (ID| = o (XU {0(A) }) = (Mrr EX > Mrr = A)) if XE A. 


Proof. Take any finite set of formulas X and any formula A. 

The implication “from the right to the left” follows from the definition of rela- 
tion of semantic consequence 3.5. Because if X = A, then for any model Mrr, 
if Mrr & X, then Mrr & A. Particularly, for such models Mtr, = (D,d) that 
ID| = o(Xu {0(A)}). 

Now, assume that X # A. From the theorem on completeness of tableau system 
of TL 3.56, we get that X # A. By definition of relation of branch consequence 
3.33, for any finite Y € X, there exists maximal and open branch beginning with 
set YU {0(A)}. Since X is a finite set, so there exists maximal and open branch 
¢ beginning with set X u {0(A)}. So, by lemma on generation of model 3.54, 
there exists such model try, = (D, d} that Mrr = XU {o(A)}, thus Mri =X and 
MIL # A, by fact 3.13. 

By definition 3.52, domain D = {ie N: i€ »(At(¢))}, and each object i € D 
emerged in some expression in Ug¢n (Terry \ For) by the application of rule Ri 
or Ro to some existential formula. As for each existential formula, we can only 
one time apply rule Ri or Ro, thus |D| < o(XU {0(A)}). 

Model trr was generated by an open and maximal branch, so rule Ri or Ro 
was applied to each existential formula. Thus, for any existential formula, there 
exists at least one object i € D, due to the fact that rules Ri and Ro introduce 
expressions with new indices. Hence, |D| > o (Xu {0(A)}). 

So, consequently, there exists such model Mri = (D,d) that |D| = o(X u 
{0(A)}), Dri X and Mery FA. 


4 Tableau system for modal logic $5 


4.1 Introductory remarks 


Chapter Four will be devoted to a case extremely different than, presented in 
Chapter One, the case of tableau system for CPL. For we consider modal logic 
S5 (for short: S5), defining the set of tableau expressions in such a way for it nei- 
ther to concur with the set of formulas of logic $5, nor to be its proper superset — 
both sets are disjoint’. The proofs in the tableau system that we are going to con- 
struct will therefore be carried out in a language different from the one in which 
we want to determine whether or not a given consequence relation holds. 

Another important difference between the previous systems and the one cur- 
rently being defined is that the systems described previously featured the property 
of a finite branch, which is not the case for the presented tableau system for S5. 

Therefore, it may happen that when constructing a branch and consequently a 
tableau which begins with a finite set of expressions, it is not possible to finish it 
as some sequences of application of the rules become cyclical. The lack of a finite 
branch property forces changes in a concept of maximal branch and in dependent 
concepts. 

So, the tableau concepts defined in previous chapters will become special cases 
of tableau concepts for systems that do not feature the property of a finite branch. 
The leading change is the generalisation of the concept of maximal branch. Still, 
the maximal branch is a branch to which no rule can be applied anymore in order 
to extend it as it contains everything tableau rules are capable of introducing to it. 
Previously, however, for the cases of finite sets this meant that the maximal branch 
was of a finite length. It does not have to be the case this time. A maximal branch 
can be infinite even though the infinity of a branch does not imply its maximal 
nature. For there exist cases of infinite-length branches that are not maximal. 

It is worth noting that the systems that feature the property of a finite branch 
are decidable. For theoretically, always in a finite number of steps it is possible to 
construct a complete tableau for them — closed or open one, thus answering the 
question whether a given formula is or is not tableau derivable on the grounds of 
given premises. In the case of tableau systems that do not feature a finite branch 


1 Some of the findings we will present here were described in English-language article 
[8]. In particular, we took up the general definition of concepts for modal logics defined 
by the semantics of possible worlds, to which we will return in the final chapter of the 
book. 
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property, these systems may not be decidable. So, although we prove that they are 
complete and consistent in relation to the initial, semantically defined relation, 
there does not have to exist a general way of constructing a complete tableau even 
though such a tableau can exist. 

So, we treat the case of a tableau system for $5 logic as a model for two reasons: 


e the set of tableau expressions is naturally different than the set of formulas 
e branches beginning with finite sets of expressions can feature an infinite 
lengths. 


Both reasons lead to the need of generalization of the so-far applied tableau 
concepts, affecting the formalisation of tableau methods offered in the book. 


4.2 Language and semantics 


As usual, for the start we will define the basic concepts for the logic $5. First, we 
will take up the language of $5. 


Definition 4.1 (Alphabet of $5). Alphabet of the modal logic S5 is the sum of the 
following sets: 


e set of logical constants: LC = {~—, ^, V, >, +, ©, 0} 
e set of propositional letters: Var = {p1,q1,11,P2,42,125-.-} 
e set of brackets: {), (}. 


Although the set of propositional letters is infinite and includes indexed letters, 
in practice we will use a finite number of the following letters: p, q, r, s. 


Definition 4.2 (Formula $5). Set of formulas of modal logic $5 is the smallest set 
X which meets conditions: 


1. Varco X 

2. if A, B € X, then 
a. -2A EX 

b. eX 

c. OAEX 

d. (AAB)eEX 

(AVB)exX 

f. (A> B)ex 

g. (Ao B)eXx. 


m 


We specify this set as Forss, and its elements will be called formulas. 


We will now proceed to the interpretation of set Forss. To begin with, let us 
recall some properties of binary relations. 
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Definition 4.3. Let R be a binary relation defined on Cartesian product X x X, 
for some set X. We shall state that: 


1. Ris a universal relation iff Y x, ye x xRy 
2. Ris an equivalence relation iff 
a. Risa reflexive relation, i.e. V ye xxRx 
b. Risa symmetric relation, i.e. Vx, ye x (xRy = yRx) 
c. Risa transitive relation, i.e. V x,y, ze x (xRy &yRz= xRz). 


From the above definition 4.3, the following conclusion follows. 


Corollary 4.4. Each universal relation is an equivalence relation. 


We will now proceed to the concept of model for formulas S5. 


Definition 4.5 (Model for language of $5). Model Wtss for language of S5 will be 
called such ordered quadruple (W,R, V, w) that: 


e W isa non-empty set 

e Risa universal relation defined on Cartesian product W x W, i.e. R= W x W 

e V is a function valuating propositional letters in the elements of set W, i.e. 
V:Var x W — {0,1} 

e we W. 


From definition of model 4.5 and conclusion 4.4 another conclusion results. 


Corollary 4.6. Each model with a universal relation is a model with an equivalence 
relation. 


Models with equivalence relation will be denoted as Mg. 
Now, we shall define truth in model. This definition also applies to models with 
equivalence relation Mgs. 


Definition 4.7 (Truth in model). Let Mss = (W,R, V, w) be a model and let A € 
Forss. Formula A is true in model Mss (for short: Mss = A) iff for any formulas 
B,C € Forss the below conditions are met: 


1. if A € Var, then V(A,w) =1 

2. if A := ~B, then formula B is not true in model Mss (for short: Mss + B) 
3. if A:= (BAC), then Mss = B and Mss = C 

4. if A := (Bv C), then tgs = B or Mss = C 

5. if A := (B > C), then Mss # B or Mss = C 

6. if A:= (B <> C); then Dss = B iff Mss EC 
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7. if A:= OB, then Vyew(wRu = (W,R,V,u) = B) 
8. if A := OB, then Jycew(wRu &(W,R, V,u) = B). 


Formula A is false in model Mss (for short: Mss # A) iff it not true. 

Let X c Forss. Set of formulas X is true in model Mss (for short: Mss = X) 
iff for any formula A € X, Mss = A. Set of formulas X is false in model Mss (for 
short: Mss + X) iff it is not the case that Mss = X. 


Now, we will show a fact that displays an connection between models with 
equivalence relation and those with universal relation. 


Proposition 4.8. For any model Mg; = (W',R’,V',w’), there exists such model 
Mss = (W,R, V,w) that for any formula A € Forss, Wg; = A iff Mss A. 


Proof. Take any model with equivalence relation Mg; = (W’, R’, V’, w’). Next, 
define model with universal relation tgs = (W, R, V, w} as follows: 


© W={xe W': w'Rx} 

© R={(x,y):x,y€ W} 

e V= Viy, where Vj, is a restriction of function V’ to set Var x W 
1 

e w=w. 


R’ is an equivalence relation, R € R’, R= Riy, where Ry constitutes a restriction of 
relation R’ to set W = {x€ W’ : w' Rx}, so Riy is a universal relation. Since relation 
R’ is reflexive, so obviously w” € W, thus model ss is well defined. 

Consider any propositional letter q € Var. By definition of model Mss, since 
V = Viy, so for any u€ W it is the case that (+) V’(q,u) =1 iff V(q,u) =1. 

Now, take any formula A € Forss. We will consider various construction possi- 
bilities for formula A, carrying out an inductive proof in respect of the complexity 
of formula A and showing that for any u € W, the below thesis occurs: 

(++) (W4R',V!,u) E A iff (W,R, Vu) E A. 

Initial step. Take any u € W. Assume that A € Var. By (+) and definition of 
truth in model 4.7, we get (W’,R’, V’,u) = A iff (W,R, V, u) E A. 

Induction step. Take any formulas B, C € Forss and assume that (* + +) for B, 
C and for any u € W, the following occurs: 

(W’,R’, V’,u) = B iff (W,R,V,u) = B 

(W',R', V',u} = C iff (W,R, V,u) = C. 

Take any u € W and consider the following cases: 


1. A = ~B, A = (B ^ C), A = (Bv C), A = (B > C) or A = (B < C); then by 
virtue of assumption (+ + +) and definition of truth in model 4.7, we get 
(W',R', V’ u) FA iff (W,R, V,u) = A 
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2. A = OB; then, by virtue of definition of truth in model 4.7, (W’,R’, V’, u} = OB 
iff V cw (uR’z = (W’,R’, V’,z) & B), by definition of set W and relation R 
and by assumption (* + +), it is the case iff Vzew(uRz = (W,R,V,z) = B), 
while by virtue of definition of truth in model 4.7, iff (W,R, V,u) = OB, thus 
(W',R', V" u) =A iff (W,R,V,u) EA 

3. A = OB; then, by virtue of definition of truth in model 4.7, (W’,R’, V’,u) = 
OB iff 3zew (uR'z&(W',R', V',z) = B), by definition of set W and relation 
R and by assumption (+ » +), it is the case iff Jzew(uRz&(W,R,V,z) = B), 
while by virtue of definition of truth in model 4.7, iff (W,R, V,u) = ©B, thus 
(W',R',V', u) = A iff (W,R, V, u) = A. 


Consequently, we get thesis: 
for any u € W, (W’,R’,V’,u) & A iff (W,R,V,u) = A. However, since w = w” 
and we W, Mg; E A iff Mss E A. 


Making use of the concept of model, we can now define the concept of semantic 
consequence relation in $5. For the entire class of models with universal relation, 
in a normal way on set P(Forss) x Forss we define the consequence relation. 


Definition 4.9 (Semantic consequence of $5). Let A € Forss and X © Forss. 
We shall state that from set X follows formula A (for short: X & A) iff for any 
model Mss, if Dss = X, then Mss = A. Relation = will also be called semantic 
consequence relation of logic $5 or for short semantic consequence relation. 


Denotation 4.10. For any set of formulas X and any formula A notation X # A will 
mean that it is not the case that X = A. 


Let us remind that we defined models for S5 with the use of universal rela- 
tions. It is known, however, we could define models for $5 using equivalence 
relations — since both classes of models determine the same semantic relation 
of consequence, which is expressed by another fact. 


Proposition 4.11. Let A € Fors; and X £ Forss. Then, X = A iff for any model with 
equivalence relation IN’, if W = X, then W = A. 


Proof. Let A € Forss and X £ Forss. 

First, we will prove the implication “from the left to the right”. Assume that 
Xt A and take any model with equivalence relation Mgs = (W,R, V, w} such that 
Mtg = X. From fact 4.8 we know that for certain model with universal relation 
Dss it is the case that for any formula B € Forss, Mgs E B iff Mss = B. Thus 
Mss = X, and consequently, by assumption MNts5 = A. Again, making use of fact 
4.8, we get ING. EA. 
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We prove implication ‘from the left to the right’ with the use of conclusion 4.6. 
Assume that for any model with equivalence relation IN’, if W = X, then W = A, 
and take any model Mss such that Nts5 = X. But, by conclusion 4.6, model Wiss 
is a model of equivalence relation, thus Mss = A. 


The above issue will be discussed in subchapter devoted to the axiomati- 
zation with tableau rules as it directly suggests the possibility of two different 
axiomatizations. 

Let us now go to the concept of contradictory set of formulas. 


Definition 4.12. Let X £ Forss. Set of formulas X is contradictory iff for any model 
Mss + X. Set X is non-contradictory iff X it is not contradictory. 


Another conclusion follows from definition of contradictory set of formulas 
4.12 and definition of truth in model 4.7. 


Proposition 4.13. Let X € Forss and A € Forss. If {A,nA} € X, then X is 
contradictory. 


4.3 Basic concepts of the tableau system for S5 


Unlike the tableau system for CPL, in the case of tableau system for TL the tableau 
proofs were carried out in a more rich language than the set of formulas. In the 
case of tableau system for S5, the language of tableau proof has no common ele- 
ments with the language of logic $5 — thus in this respect, the described system 
constitutes a completely new case. 

Let us now define the proof language for the tableau system for logic S5. 


Definition 4.14 (Tableau expressions for $5). Set of tableau expressions is the 
union of two following sets: 


e Cartesian product: Forgs x N 

© {irj:i,je N}. 

We specify this set as Tegs, and its elements will be called tableau expressions or 
simply expressions. Numbers present in the expressions will be called indices. 


In the event of tableau systems for the modal logic, sometimes there is a need of 
“selecting” indices from the tableau expressions. Thus, let us define an appropriate 
function to enable the above. Before that, however, we will introduce an auxiliary 
function h : Tess — P(N) defined for any A € Forss and i,j € N with conditions: 


© h((A,i)) = {i} 
+ h(irj) = {i,j}. 
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Definition 4.15 (Function selecting indices). Function selecting indices will be 
called function + : P(Teéss) — P(N) defined for any X £ Tess with condition: 


e +(X)=U{h(y):ye X}. 


For any subset Tess, function » selects all indices present in the expressions from 
that set. 

Let us now proceed to the concept of similar sets of expressions. Intuitively, 
two sets of expressions are similar iff their expressions contain exactly the same 
formulas and all expressions in both sets are structurally similar with respect to 
the indices. Formally: 


Definition 4.16 (Similar set of expressions). Let X, Y € Tes5. X is similar to Y iff 
there exists such bijection g : +(X) —> *(Y) that for any A € Forgs and indices 
ijeN: 

© (A,i) €X iff (A,g(i)) eY 

© irjeX iff g(i)re(j) eY. 


Based on definition 4.16, we can draw the following conclusion. 


Corollary 4.17. The relation of similarity is symmetric, i.e. For any sets of expres- 
sions X, Y, if set X is similar to Y, then Y is similar to set X. 


Proof. By definition of similar sets of expressions 4.16, by the fact that function g 
is bijection and by the equivalences present in both conditions. 


Next, we introduce a definition of tableau inconsistent set. 


Definition 4.18 (Tableau inconsistent set of expressions). Set X © Tess will be 
called tableau inconsistent (for short: t-inconsistent) iff for some formula A € 
Forss and some index i € N, (A,i) € X and (=A, i) € X. Set X is tableau consistent 
(for short: t-consistent) iff X is not t-inconsistent. 


From this definition, the following conclusion results. 


Corollary 4.19. Let X, Y © Tess. If set X is similar to set Y, then X is t-consistent 
iff Y is t-consistent. 


Proof. Let X, Y © Tess, and assume that X is similar to set Y. Also, assume that 
set X is t-inconsistent. Then, by definition of t-inconsistent set 4.18, set X con- 
tains expressions (A,i), (=A,i), for some A € Forss and i€ N. By definition of 
similar set 4.16, there exists bijection g : +(X) —> *(Y) and set Y contains ex- 
pressions (A,g(i)), (=A, g(i)), thus by definition of t-inconsistent set 4.18, set Y 
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is t-inconsistent. On the other hand, since relation of set similarity is symmet- 
ric 4.17, then by assumption, set Y is similar to set X. Also, assume that set Y is 
t-inconsistent. Then, by definition of t-inconsistent set 4.18, set Y contains expres- 
sions (A, i), (=A, i), for some A € Forss and i € N. By definition of similar set 4.16, 
there exists bijection g’ : «(Y) — »(X) and set X contains expressions (A,g’(i)), 
(=A,g’(i)), thus by definition of t-inconsistent set 4.18, set X is t-inconsistent. 


For further studies, we also need a concept that would combine models with 
the set of expressions. 


Definition 4.20 (Model appropriate for set of expressions). Let Mss = 
(W,R, V,w) be a model and let X € Tegs. We shall state that model Mss is appro- 
priate for X iff there exists such function f : N — W, that for any A € Forss and 
i,j€ N: 
© if (A,i) € X, then (W,R,V,f(i)) = A 
e ifirjeX, then f(i)Rf(). 

Another fact follows from the above definition. 


Proposition 4.21. Let X be a t-inconsistent set of expressions. Then, there exists no 
model Dss appropriate for X. 


Proof. Take any set of expressions X and any model Mss = (W, R, V, w) and as- 
sume that X is t-inconsistent. Then, by definition of tableau inconsistent set of 
expressions 4.18, for some formula A € Forss and for some index i€ N, (A,i) € X 
and (=A,i) € X. If model Mss were appropriate for set of expressions X, then by 
definition of model appropriate for the set of expressions 4.20, there would exist 
such function f : N — W that if (A,i) € X, then (W,R, V,f(i)) = A and if (=A, ji) € 
X, then (W,R, V,f(i)) = =A, and so (W,R, V,f(i)) = A and (W,R,V,f(i)) = ~A. 
However, from fact 4.13 and definition 4.12, it follows that there exists no such a 
model. Hence, model Mss is not appropriate for set of expressions X. 


4.3.1 Tableau rules for S5 


As in the previous cases of described tableau systems, we first provide the general 
concept of rule. Not only because it facilitates provision of the general features 
that a tableau rule must meet. In the case of system construction for $5 we will 
provide — as in the case of TL — alternative sets of tableau rules that are suitable 
for construction of tableau system for logic $5. This means that within the below 
general concept of rule, we can define different sets of tableau rules that define 
various, however equivalent in terms of scope of branch consequence, tableau 
systems for S5 (see note 2.19 and 3.20). 
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Definition 4.22 (Rule). Let P(Tess5) be a power set of the set of tableau expres- 
sions. Let P(Tess )” be n-ary Cartesian product P(Tess5 ) x --- x P(Tess ), for some 
SE 


n 


neN. 


e Byarule we understand any subset R € P(Tes5)” such that if (X1,..., Xn) €R, 
then: 
a. Xj, is t-inconsistent 
b. Xı c Xj, for eachl<i<n. 
e Ifn<2, then each element R will be called an ordered n-tuple (pair, triple, etc., 
respectively). 
o The first element of each n-tuple will be called an input set (set of premises), 
while its remaining elements output sets (sets of conclusions). 


In the case of $5, the rule definition differs from the rule definition for TL 
(definition 3.18) only in that it is specified on a different set of expressions and ina 
different nature of t-inconsistency. Beyond that, these definitions are structurally 
similar, because we are seeking to formulate general concepts. A set of tableau 
rules for the tableau system for CPL we describe, shall be introduced by means of 
another definition. 


Definition 4.23 (Tableau rules for $5). Tableau rules for $5 are the following 


rules: 


r. XU{((AAB),i)} 
^: XU{((AaB),i), (Ai), (B)} 


ro CC) 
Vi XO{(CAVB)si), (A) XU (AvB) (Ba) 


ee XAB} O 
>: XU(ASBJi) CAAA (A>) Bay} 


m Xu{((4+>B),i)} 
=: XU{((A@B)a), (Aa), (Ba) XU (((4>8B)i), (Asi), (Bi) 


a. ku lenAi} 
KUTA) (A 


~^ XOT(SCAAB) AAA }IXU{(+(ANB)i) ABD} 
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Rig ZOAB) iF 
~Y: Xu{(=(AvB), i), A), (Bi) } 
R: KUMI AB) si) 
“>! XU{(G(AB),i), (Ai), (Bay 

a Xu{(=(AsB),i)} 

>! XUT(G(ASB),i), (=A), (Bi) XU ((ASB),i), (4i), (=Bsi)} 


‘Xu {(=04,i), (O=A,i)} 


R- 


r. XV 94Ai)} 
-9 XU{{-04A,i), (0-4,1) } 


` Xu{(DA,i} irj} 
` XU{(DA,i}, irj, (Aj) } 


__ Xu{(OA,i)} 
ROX UTA ir AJ Mee 


L. jf *(XU {(O4,1)}) 
2. for any KEN, {irk, (A,k)} ¢ X. 


X A 
Ry: xu O i,j € +(X). 


Set of tableau rules for $5 will be defined as Rss. 


Let us now devote a few words to discussing the described rules. Although in 
many ways they resemble the rules from set Rq, there are also some differences. 

According to the definition of rule 4.22, the input sets of each rule are t- 
consistent. In addition, in each rule, the input set is basically contained in each 
output set. Again, there appears the two-premise rule — rule Rp. 

On the other hand, similar to the case of rules Ri and Ro for TL, we have a rule 
with limitations on introducing new expressions. We mean rule Ro. This rule says 
that the expressions introduced are to have a new index (condition 1), moreover, 
the input set must not contain expressions similar to the one entered, beginning 
with the index appearing in the expression with } (condition 2). 
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The semantic intuitions on which condition 1 is based are as follows. The object 
denoted by a new index is also to be new and its relationship with other objects 
that are denoted by the other indices is to remain unresolved. 

Condition 2 prevents unnecessary expressions from being entered in the proof. 
In practice, it also prevents the proof from being unnecessarily extended in- 
definitely — so it prevents the creation of infinite branches when this is not a 
consequence of logic itself, but of the wrong definition of tableau system (example 
4.24). 

The last rule is a rule that corresponds to universal relation in the models. With 
rule R,, each two indices that appear in the expressions found in the proof may 
cause the addition to the proof of another expression that contains those indices. 
These indices do not have to be different, of course. 


Example 4.24. Consider the following set of expressions X U {(©p,1)} and rule 
Ro without condition 2. The use of rule Rg without condition 2 can result in 
infinite branches by entering expressions with new indices. 


Ry Xı = XU{p, 1)} 
| 
Ro X= XıU{ 1r2, (p, 2)} 


| 
Rọ X3 = X2U{ 1r3, (p, 3)} 


| 
Ro X4= X3Uf{ 1r4, (p, 4)} 


The example presented above could be part of some kind of proof in which we 
could still apply rule Ro to each new set without condition 2, utilizing the fact 
that it contains expression (©A,]1). 


In a standard, informal and intuitive approach to the logic within a tableau 
approach’, we can find an equivalent of rule Ro — below, we denote it in a 
conventional form: 


OA,i 
irj 
A,j, where j is new in the branch. 


However, this formulation of the rule causes various problems. The basic prob- 
lem — a fundamental one, we can say — is that the rule refers to the concept of 


2 For instance, in the study by G. Priest, Introduction to Non-classical Logic [23]. 
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branch, although the concept of branch is connected with the concept of set of 
rules — in our approach a branch is determined by the application of rules from 
the output set of rules. So, this way of defining a rule has the features of circular- 
ity — we define a rule by reference to a branch, whereas the definition of branch 
requires the definition of set of rules. 

In addition, this formulation of rule Rg seems too weak. In literature, it is only 
the comments to the rule that prohibit its application to the same expression more 
than once’. 

In the view presented in the book, rule Ro formally requires a new index when 
applied (condition 1 allows only such pairs of sets), but also blocks the creation of 
catch-22 situation of applications (due to condition 2). In the approach we offer, we 
formally subsume the fact that index must be new and the rule can only be applied 
to the same formula once. Besides, the latter formulation is not precise either; in 
some cases condition 2 does not allow us to apply rule Ro to given formula even 
once (example 4.25). 


Example 4.25. Consider the following set of expressions X u {(Op,1), (O(pA 
q),1)} and rule Ro with condition 2. 


Ro Xı = X U{(Op. 1), (O(P ^0); 1)} 
| 
R, X2 = X,U{1r2, ((p ^q), 2)} 


| 
X3 = X2 U {(p, 2) (q; 2)} 


To set X; we applied rule Ro, drawing conclusions from expression (©(pAq),1). 
Next, to set X2 we applied rule Ra by decomposing expression ((p A q),2). 
However, to set X3 we cannot anymore apply rule Ro in order to decompose 
expression (©p,1), since X; contains expressions 1r2 and (p,2). So, to expression 
(p,1) we did not apply rule Ro even once. 


However, as noted before, in modal logic, even application of conditions block- 
ing the unnecessary use of rules may not prevent the emergence of infinite 
branches, which will be proven later, having defined the concept of modal branch. 


Remark 4.26. We can consider alternative sets of rules for the construction of a 
tableau system for $5. The following rules would help (on their right side we put 
the condition that fulfils the relation in the model). 


3 This is why G. Priest notes: in the rule for o (...) the number j must be new, not 
mentioning that this rule can be applied only once for one formula ([23], s. 25). 
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(Reflexivity) 
XU{(A,i)} 

Rref: Xuf{(A,i), iri} Yme w WiRw) 

(Symmetry) 

Rsym: Di Vm,w ew (wiRw2 > w2Rw ) 

(Transitivity) 

XU {irj,jrk} 

Rerans*X 0 Tir jrkyirky Vwi,w,w3 eW (wıRw2 &w2Rw3 > wiRw3) 

The above rules correspond to the properties of equivalence relations: reflexiv- 
ity, transitivity and symmetry. Fact 4.11 states that a class of models with universal 
relation and a class of models with equivalence relation define exactly the same 
logic. Therefore, an alternative set of tableau rules could be defined through the 
above three rules: (Rs5 \ R;) U {RrefsRsym> Rtrans }- 

Although both sets of rules seem to be interesting, for the reasons we have 
already described, we will not investigate the second one — for we intend to pro- 
vide a generalisation further in the book which will also include this approach. 
So, now we will focus on the tableau system determined by set of rules Rgs. The 
example provided indicates that the general definition of rule 4.22 makes sense. 
There may exist many sets of tableau rules that potentially — to determine this 
always requires a proof — define the same logic. 

The adopted set of tableau rules — in our case set Rss — specifies the content 
of the range of successive concepts of the tableau system. Formally, the concepts 
we will describe will be analogous to those from the previous chapter. However, 
each of them will depend on set of tableau rules Rss. 


4.3.2 Branches for S5 


With a fixed set of tableau rules, we can proceed to the concept of branch. 
Branches are such sequences of sets that each two adjacent elements constitute 
an input set and an output set of some n-tuple that belongs to the set of tableau 
rules. Branches are therefore setwise objects consisting of sets. Let us now proceed 
to the formal definition of branch in the tableau system for S5 and derived con- 
cepts. The individual concepts will be similar to those from the previous chapters, 
and all of them will be defined on the currently adopted set Tess. 


Definition 4.27 (Branch). Let K =N or K = {1,2,...,n}, where n € N. Let X be 
any set of expressions. A branch (or a branch beginning with X) will be called any 
sequence ¢ : K —> P(Teg5) that meets the following conditions: 
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1. o(1) =X 
2. for any i€ K, ifi+1é K, then there exists such rule R € Rss and such n-tuple 
(Yis... Yn) €R, that (i) = Yı and ¢(i+1) = Yx, for certain 1 < k < n. 


Having two branches ¢, y such that ¢ c y we shall state that: 


e is a sub-branch of y 
e yis asuper-branch of ¢. 


Denotation 4.28. From now on — when speaking of branches — for convenience, 
we will use the following notations or designations: 


1. Xj,...,X,, where n>1 

2. (Xi... Xn}, where n>1 

3. abbreviations: ¢x, where K is a domain 4, i.e. 6 : K —> P(Tess) 
4. or — to denote branches — small Greek letters: ¢, y, etc. 


The sets of branches, in turn, we shall denote with capital Greek letters: ®, Y, 
etc. Furthermore, the domain cardinality of a given branch K we shall sometimes 
call a length of that branch. 


The concept of branch depends on the initial set of tableau rules. In the case un- 
der consideration, the branch structure is based on the rules from set Rg5. Further 
described tableau concepts also depend on that set of rules. In harmony with the 
adopted convention, we will not entangle the notations since alls the subsequent 
concepts depend on set Rss. 

By definition of rules 4.22, through the fact that they are defined by proper 
inclusion of the input set in each of the output sets in any n-tuple, we get a 
conclusion. 


Corollary 4.29. Each branch is an injective sequence. 


4.3.3 Closed and open branches 


Unlike usual, we will first take up a certain type of maximal branches, and only 
then we will introduce the concept of maximal branch. The reason for this is that 
because of the emergence of infinite branches beginning with finite sets of ex- 
pressions, we will have to extend the concept of maximal branch. The concept of 
a closed branch will be useful for the extension, so we start with it. In addition, 
the set of closed branches is completed by the set of open branches, so we will also 
introduce the concept of open branch. 

As we remember, intuitively a branch is closed when we get a t-inconsistent set 
having decomposed expressions by rules. 
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Definition 4.30 (Closed/open branch). Branch ¢: K —> P(Téss) will be called 
closed iff $(i) is a t-inconsistent set for some i € K. Branch ¢ will be called open 
iff it is not closed. 


From the above definition, the definition of tableau rules for $5 4.23 and the 
definition of branch 4.27, we get the fact. 


Proposition 4.31. If branch ¢: K — P(Tess5) is closed, then |K| € N and $(|K|) 
is a t-inconsistent set. 


In the case of a closed branch, the t-inconsistent sequence element is the last 
element because no rule can be applied to it anymore to extend the branch. For 
the rules are defined in such a way that they cannot be applied to t-inconsistent 
sets. 


4.3.4 Maximal branches 


We will commence the issue of maximal branches for the tableau system for $5 
with an initial and non-proper concept of maximal branch. By analogy to the 
definitions of maximal branch in tableau systems for CPL and TL (definitions 
2.30 and 3.26), we could adopt the following definition. 


Definition 4.32 (Maximal branch — variant one). Let ¢: K —> P(Tess5) be a 
branch. We shall state that ¢ is maximal iff 


1. K= {1,2,3,...,n}, for some n € N 
2. there is no branch y such that ¢ c y. 


Unfortunately, there are cases where the first set is finite, but this does not guar- 
antee the finiteness of branch. So, regardless of either we used all the rules from set 
Rss which could have been applied to some expressions appearing in the branch, 
or we still have expressions to which no rules were applied, the branch can be 
infinite. 


Example 4.33. Consider an example of set {(-(Op > ©Up),1)}. It is a finite set. 
Below, we describe an infinite branch beginning with set X and constructed by 
applying the rules from set of tableau rules Rss. 
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R- X, = {(-(p > O0p), 1)} 
Ry X2 = X, U{Op, 1), (0p, 1)} 


Rio X3 = X2U{1r2, (p, 2)} 


Rg X4 = X; U {(O70p, 1)} 


R-n Xs = X4 U {(-Op, 2)} 
Ro X6 = Xs U{Onp, 2)} 


R, X7= X6 U {2r3, (=p, 3)} 


Ro Xs = X; U {1r3} 


R- o Xs = XsU{(-Up, 3)} 


Ry Xi = Xs ULOnp, 3)} 


The branch of infinite length is obtained by applying by turns the following rules 
Ro, Rr, Ro, Rig to set X1o and to each subsequent set that is created following 
the application of the given sequence of rules. 


The definition of maximal branch in the given version specifies that the maxi- 
mal branch is finite and there exists no super-branch for it. This definition is good 
for those systems where applying tableau rules to finite sets of expressions always 
produces finitely long branches. In these cases, using the tableau rules for a given 
system, we can decompose all the initial expressions from a finite set of tableau 
expressions in a finite number of steps. It is therefore not a good definition for 
modal logic because of the following fact. 


Proposition 4.34. There exists such finite set of expressions X that a branch 
beginning with X is infinite. 


Proof. Example 4.33. 


It would appear that removal of the first condition from definition 4.32 will 
improve the situation. Removal of the first condition would mean that the branch 
does not have to be of finite length. Its maximality would be based on the fact that 
there exists no super-branch of it. However, the lack of a super-branch for the 
branch beginning with a finite set does not mean that all the tableau rules that 
could be used to construct the branch were actually used. Even in example 4.33, 
in individual sequences, we did not make use of all the possibilities of using rule 
Re 
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Note that by adding to set X = {(=(p > ©Up),1)} any new expression — e.g. 
((qA 7q),1), we get a finite set again. For this set, there exists a branch of infinite 
length in which the rule for this new expression has not been applied in any of 
the subsets (example 4.35). 

Therefore, even though the branch may satisfy the second condition from defi- 
nition 4.32 — there is no branch to be contained in it — it does not, however, draw 
all the possible conclusions from the expressions that belong to the elements of 
this branch, including the initial set. 


Example 4.35. Consider an example of set of expressions X = {(-(Op > © 
P)>1),((q A 7q),1)}. It is a finite set. Below, we describe an infinite branch be- 
ginning with set X and constructed by applying the rules from set of tableau 
rules Rg5. This branch is similar to the one in example 4.33, except that each of 
its elements contains expression ((q A -q),1) from which in none of the branch 
elements conclusions have been drawn applying rule Rj. 


R- X1 = {~p > 00), 1), (G4 79), 1)} 
Ro X2 = X, U{Op 1), (>00p, 1)} 


Rio X3 = X2 U {1r2, (p, 2)} 


Ro X4 = X; U {(O-Op, 1)} 


R-o Xs = X4U {{-Op, 2)} 
Ro X6 = X5U{O7p, 2)} 


R: X7 = X6 U{2r3, (=p, 3)} 


Ro Xs = X7 U {1r3} 


R-n Xs = Xs U{(-Up, 3)} 


Ro Xi = Xo U {(07p. 3)} 


A branch of infinite length is obtained by applying by turns the following rules 
Ro, Rr, Ro, Rp to set Xio and to each subsequent set that is created following 
the application of the given sequence of rules. Whereas, in no step we apply rule 
Ry . 


Before we can introduce a somewhat more general and ultimate definition of 
maximal branch, we still need a few auxiliary concepts. 
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Definition 4.36 (Core of rule). Let rule R € Rss and n €N. Let (Xj,...,Xn) ER 
and (Yj,..., Yn) € R. We shall state that set (Y1,..., Yn) € R is a core of rule R in set 
(X1.....Xq) iff 


1. Y; CX, 

2. there exists no such proper subset Uj c Yj that for some n-tuple (Uj,..., Un) € 
R 

3. for any 1< i<n, Y;=Y,uU (Xi \ Xj). 


Remark 4.37. Note that in the case of tableau rules from set R € Rss: 


e the cores of rule for given n-tuple are expressions that play important roles at 
given stage of the tableau proof — most often, the core input set is one-element 
set 

e ina special case, the core input set for the rule for given n-tuple is two-element 
set of expressions — it is the case, for instance, in the event of rule Ry. 


Even though the rules have been defined on sets, the concept of core of rule in 
set indicates an essential element or elements which enable drawing conclusions 
through the use of rule. 


The above concepts result in the following conclusion. 


Corollary 4.38. Let rule R € Rss, n€N, and let (Xi, ..., Xn) € R. Then, there exists 
such n-tuple (Y,,..., Yn) €R that (Yj, ..., Yn) is the core of rule R in set (X,,...,Xy). 


Proof. By definition of tableau rules 4.23 and by definition of core of rule 4.36. 


Now, we can proceed to the concept of strong similarity between the sets of 
expressions. It is a speciality of the concept of similarity (definition 4.16). We will 
need the concept of strong similarity for the definition of maximal branch. 


Definition 4.39 (Strong similarity). Let rule R € Rss and let (Xj,...,Xn) € R, for 
some n € N. On any set of expressions W € Tegs, we will state that it is strongly 
similar to set X;, where 1 < i< n, iff 


1. W is similar to X; 
2. for certain n-tuple (Y1,..., Yn}, which is the core of rule R in set (Xj,...,Xn), 
and for certain W” c W, the following conditions are met: 
a. Y; CW’ 
b. W’ is similar to Y1 U (X; \ X1). 
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Having adopted the concept of strong similarity, we can proceed to the concept 
of maximal branch in the final version. 


Definition 4.40 (Maximal branch). Let ¢: K —> P(Tegs) be a branch. We shall 
state that ¢ is maximal iff it meets one of the below conditions: 


1. ¢ is closed 

2. for any rule R € Rss, any n € N and any n-tuple (Xj,...,Xn) €R, if 6(k) = Xj, for 
certain k € K, then for some j € K, there exist $(j) and such set of expressions 
W £ Tess that for some 1<i<n, W is strongly similar to X; and W € ¢(j). 


Remark 4.41. According to the above definition, a maximal branch is closed or, 
in a sense, closed under application of rules (both conditions do not necessarily 
have to be mutually exclusive). Closure under rules means that if a branch is not 
closed and it was possible to apply some rule to one of its elements, then some 
of the branch elements includes a set strongly similar to the one that could have 
been a result of application of that rule. There are two things worth clarifying. 

In the definition, we mention a strongly similar set W because the application 
of rule Ro, in subsequent stages, can result in different sets than the ones we 
would have gotten by applying this rule earlier. 

Set W is to be contained in one of the elements of branch ¢(j), and not neces- 
sarily be identical to it, since the rule could have been applied to set ¢(j-1) which 
can be a proper superset of set X. 


Therefore, maximal branches can be either finite or infinite. Of course, if a 
branch is maximal in terms of the first definition 4.32, that means it is maximal 
in terms of the definition we have adopted — 4.40. 


Corollary 4.42. Each branch which is maximal in terms of definition 4.32 is 
maximal in terms of definition 4.40. 


Proof. Take any branch ¢ maximal in terms of definition 4.32 and assume that 
¢ is not closed. If it does not meet the second condition of definition 4.40, then 
since @ is finite — the first condition of definition 4.32, so there exists branch y 
such that ¢ c y which obviously contradicts the second condition of definition 
4.32. 


We know, therefore, that the concept of maximal branch as used so far, ex- 
pressed in definition 4.32 is a special case of the concept defined by the definition 
of maximal branch 4.40. The latter definition is therefore taken as a model 
definition for the theory of tableau systems. 

Important cases for the theory of tableaux that meet the definition of maximal 
branch used in the chapters on the tableau system for CPL and TL, also meet def- 
inition 4.40. Important cases, both for the branch consequence relation and the 
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tableau, are those where the initial set — a set of tableau expressions or formulas 
— is finite. Therefore, since we know that from finite sets in the tableau system 
for CPL and in the tableau system for TL only emerge finite branches (see fact 
2.34 and fact 3.31), so we can state that definitions like 4.40 by virtue of conclu- 
sion 4.42 — we mean like since even though obviously, constructively the same 
idea stands behind them, in both cases we face different rules and different sets of 
expressions — are appropriate for the system with the property of a finite branch. 
From definitions 4.30 and 4.40, we get a self-evident conclusion. 


Corollary 4.43. Each closed branch is maximal. 


Therefore, sometimes when constructing a tableau proof using tableau tools 
for logic $5, when we seek maximal branches, we can deal with infinite branches. 
It is understandable that those branches cannot be described with anything dif- 
ferent than a scheme. In general, branches, as part of a tableau proof, are not 
sequences put on paper, but sequences of abstract objects that we can or cannot 
say are or are not maximal. 


4.3.5 Relation of branch consequence 


As in the case of previous tableau systems, we will also define the concept of 
branch consequence for the presently described system using the following terms: 
branch, maximal branch and closed branch. 


Definition 4.44 (Branch consequence $5). Let X © Forss and A € Forgs. Formula 
A is a branch consequence of X (for short: X > A) iff there exists such finite set 
Y c X and index i € N that each maximal branch beginning with set {(B,i) : B € 
Yu{A}} is closed. 


Denotation 4.45. For any set of formulas X and any formula A notation X ¢ A will 
mean that it is not the case that X > A. 


The above concept of branch consequence relation differs from the analogous 
concept for tableau system for CPL and TL in the fact that (obviously, apart from 
defining on a different language — different set of expressions) when determin- 
ing whether given pair belongs to the relation of branch consequence we can 
encounter a problem of branches that are maximal and infinite alike. 


4.4 Tableaux for S5 


It is usually inconvenient, or even infeasible, to investigate whether a pair be- 
longs to the relation of branch consequence. As we remember, in the approach 
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presented in the book, it is the construction of tableau that is supposed to solve 
this problem. 

When defining a tableau for logic $5, we will readdress the auxiliary concept of 
maximality in a set of branches. It is necessary because, unlike the case of tableau 
system for TL, and like the case of CPL, a tableau can contain many branches. So 
for the sake of order, we must avoid a situation in which sub-branches belong to 
the same tableau as their super-branches. 


Definition 4.46 (Maximal branch in the set of branches). Let ® be a set of 
branches and let branch y € ®. We shall state that y is maximal in set © (for 
short: ®-maximal) iff there is no such branch ¢ € ® that yc ¢. 


We can now move on to the concept of tableau. Tableau is a special and non- 
empty set of branches that i) begin with the same set of expressions and ii) each 
branching requires a tableau rule that allows for such branching, and what is more 
iii) each branch that belongs to the tableau must be maximal in this set. 


Definition 4.47 (Tableau). Let X c Forgs, A € Forss and ® be a set of branches. 
Ordered triple (X,A,®) will be called a tableau for (X,A) (or for short: tableau) 
iff the below conditions are met: 


1. ® is a non-empty subset of set of branches beginning with {(B,i) : B€ XU 
{=A}}, for some index i€ N (i.e. if y € ®, then y(1) = {(B,i): Be XU{A}}) 

2. each branch contained in ® is O-maximal 

3. for any n,i € N and any branches y1, ..., Wn € ®, if: 


e iandi+1 belong to domains of functions y1, ..., Yn 

e foranyl<k<nand any o< i, yı(0) =y;(0) 

then there exists such rule R € Rgs and such ordered m-tuple (Yj, ..., Yin) € 
R, where 1< m <3 that for any 1 < k < n: 

e y(i)=Yı 


e and there exists such 1< 1< m that y;(i+1) = Y}. 


Again, the concept of tableaux has been defined in such a way that tableaux can 
also begin with infinite sets. Practicably, however, the construction of tableau is to 
show that a given formula is a branch consequence of given finite set of premises 
— according to the definition of branch consequence 4.44. To this end, we must 
construct tableaux containing all elements that are sufficient to solve the prob- 
lem. Such tableaux are called complete tableaux. Before that, we will consisder 
the problem of redundant branches. 

The definition of redundant branches resembles a similar definition, worded 
for CPL, while the difference, as usual, boils down to the fact that its subject are 
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branches composed of other objects. Let us consider an example analogous to the 
one we discussed in the chapter devoted to the classical logic (example 4.48). 


Example 4.48. Consider set of expressions { (p V q,1),(-=—p,1)}. Through the use 
of rule Ry, we get two branches, and then to set X22 we apply rule R__. Then we 
get the following branches. 


Xi = {((pv q) 1), (“>p 1)} 


X21= X U{(p,1)}} X22= X1U{(g,1)} 


X23 = Xa U {(p, 1)} 


In the light of definition of tableau 4.47, the set of these two branches is a 
tableau for pair ({p v 4}, =p}. 

However, from the viewpoint of a tableau complexity, the branch on the right 
seems unnecessary. This is because if we fail to get t-inconsistent set in the right- 
hand branch, we will also fail to get t-inconsistent set in the left-hand branch. 
Therefore, the branch on the right seems superfluous, and since it brings nothing 
important, it can be conventionally called redundant. 


Let us also repeat that such branchings do not form a formal obstacle. We 
suggest their bypassing merely for the sake of the economy of a construction. 
Therefore, further concepts will be defined in a similar way as in Chapter Two, 
i.e. so that the tableau with or without redundant branches can be considered a 
complete tableau. Practically, we know that when we try to write or draw out a 
tableau proof, we endeavour to take account of all possibilities. If required, how- 
ever, the redundant branches can be bypassed. Let us now update the concept of 
redundant variant of branch for the current context. 


Definition 4.49 (Redundant variant of branch). Let ¢ and y be such branches 
that for some numbers i and i+ 1 that belong to their domains, it is the case that 
for any j < i, (j) = w(j), but 6(i+1) # w(i+1). We shall state that branch y is a 
redundant variant of branch ¢ iff: 


e there exists such rule R € Rss and such pair (X,Y) € R that X = (i) and Y = 


o(i+1) 
e there exists such rule R € Rgs and such triple (X, W, Z} € R that X = $(i) and: 


Tableaux for $5 121 


1. W=$(i+1) and Z=y(i+l) 
or 
2. Z=(i+1) and W=y(i+1). 


Let ©, Y be sets of branches and ® c Y. We shall state that Y is a redundant 
superset ® iff for any branch y € Y \ @ there exists such branch ¢ € ® that y is a 
redundant variant of ¢. 


Having adopted the concept of redundant superset of branches, we can pro- 
ceed to the definition of complete tableau. 


Definition 4.50 (Complete tableau). Let (X, A, ©) be a tableau. We shall state that 
(X,A,®) is complete iff: 


1. each branch contained in ® is maximal 
2. any set of branches ¥ such that: 
a Dc Y 
b. (X,A,¥) is a tableau 
is a redundant superset of ®. 


We shall state that a tableau is incomplete iff it is not complete. 


A complete tableau contains such set of branches that it is no longer possible 
to add any new branches to it, without causing the ordered triple to cease to be a 
tableau, or there appears a redundant variant of some branch. As we already know, 
in a complete tableau, all branches are maximal, not only the maximal ones in a 
given set. Thus, a complete tableau contains such set of maximal branches that 
any of its supersets does not anymore produce a tableau, or it features at least one 
redundant variant of some branch that already earlier belonged to the tableau. 

When constructing a complete tableau, we can face a situation in which all the 
branches are closed, meaning each branch ends with a set that is t-inconsistent. 
Such a tableau will be called a closed tableau. 


Definition 4.51 (Closed/open tableau). Let (X,A,@) be a tableau. We shall state 
that (X, A, ©®) is closed iff the below conditions are met: 


1. (X,A,®) is a complete tableau 
2. each branch contained in © is closed. 


We shall state that a tableau is open iff it is not closed. 


By the above definition of closed tableau, we get another conclusion on the 
relation of closed tableaux with complete ones. 


Corollary 4.52. Each closed tableau is a complete tableau. 
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4.5 Theorem on the completeness of the tableau system for S5 


Further, we will show that the concept of tableau is significantly helpful in deter- 
mining the occurrence of relation >, and that the existence of a closed tableau is 
equivalent to the occurrence of semantic consequence F. But before we move on 
to these problems, we must introduce a few definitions and determine a few facts. 

First, we will show that for any X £ Forss, A € Forss, if X = A, then X > A. Let 
us begin with the definition of closure under tableau rules. 


Definition 4.53 (Closure under tableau rules). Let X € Tess. We shall state that 
set Y c Tess is a closure of set X under tableau rules iff Y is a set that meets the 
following conditions: 


e XCY 
e forany rule Re Rss and any n-tuple (Z),Z2,...,Z,) € R, where ne N, ifX CZ, 
Y, then Zj € Y, for some 2 <j <n. 


If set Y is a closure of set X under tableau rules, then it will be denoted as X”. 
Sometimes, on set Y we will simply state that it is a closure. 


Obviously, each set of expressions X has its closure Y such that X £ Y £ Tess. 
Some sets can have more that one closure. Note that by definition of branch 4.27, 
the following fact occurs. 


Proposition 4.54. Each closure under tableau rules is a branch of length one. 


Making use of the concept of closure, we will now show a relationship between 
the existence of maximal and open branches originating from finite subsets of 
some set of expressions and the existence of closure of that set which is an open 
and maximal branch. 


Lemma 4.55 (On the existence of maximal and open branch). Let X © Forss 
and i€ N. If for any finite subset Y € X there exists an open and maximal branch 
beginning with set of expressions Y' = {(A,i):A € Y}, then there exists such closure 
Z of set of expressions X' = {(A,i): A € X} under tableau rules that Z is an open and 
maximal branch. 


Proof. Take any X £ Forss and i € N. Next, assume that (+) for any finite subset 
Y c X there exists open and maximal branch beginning with set of expressions 
Yi ={(A,i):AeY}. 
Now, we take the set of all maximal and open branches beginning with set 
Y' = {(A,i): A € Y}, for any finite subset Y € X. The set will be denoted as X. 
Next, we will define set X with the following conditions: 
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1. XcX 

2. for any two branches ¢ and y contained in X, if there exist such two numbers 
i,k €N that $(i) Uy(k) is a t-inconsistent set, then ¢ ¢ X or y £X 

3. X is a maximal set among subsets X that meet conditions 1 and 2. 


There exists at least one such set X that X ¢ X. Take one such set X and denote 
it as X. 

Consider set U{(1) : ø € X}. Note that (++) X! c U{¢(1) : ¢ e X}. If that was 
not the case, there would exist such x € X! that x £ U{#(1) : ¢ € X} and for each 
such branch y €X that x € y(1), w(1) € XÍ and y(1) is a finite set, it would be the 
case that y £X. And then, for some finite subset Y’ c X’ there would exist no max- 
imal and open branch beginning with set Y'u {x} which contradicts assumption 
(+), 


Now, using condition: 
U € X iff there exists such branch ¢ that pe X andU=U¢d 


we define set X. Further, we define set Z = UX. 

We claim that set Z is a closure of set of expressions X! = {(A,i) : A € X} under 
tableau rules, according to definition 4.53, and that Z is an open and maximal 
branch. 

First, we will show that Z is a closure of set of expressions X! = { (A,i) : A € X}. 
Thus, we will show that Z meets conditions of closure, according to definition 
4.53. 

Note that Xİ c Z, since by (++) X! c U{@(1) : ¢ € X}, and by construction of 
set Z, U{(1): ¢€ X} EZ. 

Now, take any rule R € Rss and any n-tuple (Uj, ..., Un) € R, for some n € N, 
and assume that X! c Uj; € Z. From the definition of tableau rules for $5 4.23, it 
follows that there exists such n-tuple (Uj, ..., Uj,) € R that: 


e foranyl<j<n, Uj is a minimal finite set such that if U; is not such a minimal 
finite set that (Uj, ..., Un) € R, then U; c Uj 
e for anyl<j<n,Uj\ =U; \ Uj. 


Therefore, assuming that U; ¢ Z, we must show that for some 1 <1 <n, U; € Z, 
since U; U U; = U}. Since for finite set of expressions Uj, it is the case that U[ ¢ Z, 
there exists such finite number of branches $1, ¢2,;...,¢0 in set X that for some 
k € N, Uj © $1(k) U $2(k) U -+U ho(k). So, set X contains branch y such that 
w(1) = $1(1) u ¢2(1) U-++ Ug o(1) and Uj € w(m), for certain m € N, since y is a 
maximal branch and ¢)(k)U¢2(k) U---U¢9(k) is a t-consistent set. But, from the 
fact that y is a maximal branch and from definition of maximal branch 4.40, it 
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follows that for certain 1 <1 <n, Uj © Uy, and thus Uj £ Z, since by construction 
Z,UWEZ, 

We will now show that Z is an open and maximal branch. 

By conclusion 4.54, set Z is a branch. By construction of set Z, Z is an open 
branch, that is none of the subsets of Z is t-inconsistent, by virtue of definition of 
set X. 

Let us now check if Z is a maximal branch. Making use of the definition of 
maximal branch 4.40, assume that there exists a tableau rule R € Rss and n-tuple 
(X1,...,Xn) €R, for some n € N, such that X; = Z. By definition of tableau rules 
4.23, there exists n-tuple (X7...,X;,) € R such that for any 1<j<n, Xj\X1=Xj\ Xj 
and X’ c Xj € Z. Since Z is a closure under tableau rules of set Xİ, so Xj C Z, for 
certain 1 < j < n, by definition 4.53. Therefore, also Xj € Z, since Xj = Xı UX; 3 
But then X; ¢ Xj, which by definition of tableau rules 4.23 is out of the question. 
Consequently, there exists no tableau rule and n-tuple (X;,...,X;,) € R such that 
X, =Z, for some n € N. Therefore, Z is a maximal branch, by definition of maximal 
branch 4.40 


Let us define the concept of model generated by branch. 


Definition 4.56 (Model generated by branch). Let ¢ be a branch. Let X be a 
non-empty subset of set of formulas Forss and {(A,k) : A € X} © UQ, for some 
ke N. We define function AT(¢) € Tess as follows, x € AT(¢) iff one of the below 
conditions is met: 

e xeUON {irj:ijeN} 

e xeUdn(VarxN). 


We shall state that model Mss = (W,R, V, w) is generated by branch ¢ iff: 


© W={i:i¢ x(AT(¢))}U {k} 

e for any ij éN, (i,j) € Riff irj¢ AT(¢) 

e V(x,i) =1iff (x,i) ¢ AT(¢) 

e w=k. 

Let model Mss be generated by ¢. Then, we shall state that ġ generates the model. 
From the definition of generated model, another conclusion results. 


Corollary 4.57. Let ġ be such an open branch that for certain non-empty set of 
formulas X and some index ie N, {(A,i): A€ X} CU. Then, ¢ generates model 
Mss = (W,R, V,i). 


Proof. By definition of open branch 4.30, definition of model 4.5 and definition 
of model generated by branch 4.56. 
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Lemma 4.58 (On generation of model). Let ¢ be an open and maximal branch. 
Then, for any non-empty X £ Forss and any index i such that {(A,i): AEX}CUd 
there exists model Mss such that for any formula A, if A € X, then Mss = A. 


Proof. Take any maximal and open branch ¢ such that for certain set X © Forss 
and certain index i, {(A,i): A ¢X}CU¢. Since ¢ is open, then according to con- 
clusion 4.57, there exists, generated by ¢, model Mss = (W,R, V, w), specified in 
accordance with definition 4.56, where w = i. 

We will carry out an inductive proof due to the construction of formulas, show- 
ing that for any formula E and any k € N, if (E, k) €U@, then Mss =(W,R,V,k) EE. 

Initial step. Take any x € Var and some index j € N. 

If (x,j) € U¢, then — according to the definition of generated model Mss — 
V(x,j) =1, thus by definition of truth in model 4.7, (W,R,V,j) = x. 

If (=x,j) € Ug, then since branch ¢ is open, (x,j) ¢ U@¢, and — according to 
the definition of generated model Mss — V(x,j) = 0, thus by definition of truth 
in model 4.7, (W,R, V,j) = 7x. 

Induction step. (+) Take any formula E € Forss and indices j,k € N and assume 
that for each tableau expression (D,), where D € Forss and n € N that belongs to 
set U¢ as a result of application of some tableau rule to set {(E,j)} © U¢ or set 
{(E,j), irk} SU 4, it is the case that (W,R,V,n) = D. 

Making use of the inductive assumption, let us consider all cases of 
construction of formula E. Take some index j € N. 


1. Let E = (BAC) and ((BAC),j) € Ug. Then, since ¢ is a maximal branch, 
due to rule R,, both (B,j) and (C,j) belong to U ¢. From assumption (+) and 
definition of truth in model 4.7, we get that (W,R,V,j) = (BAC). 

2. Let E= (Bv C) and ((BvC),j) € UQ. Then, since ¢ is a maximal branch, due 
to rule Ry, (B,j) or (C,j) belongs to U¢. From assumption (+) and definition 
of truth in model 4.7, we get that (W,R,V,j) = (BV C). 

3. Let E = (B > C) and ((B > C),j) € Ud. Then, since ¢ is a maximal branch, 
due to rule R, (=B,j) or (C,j) belongs to Ug. From assumption (+) and 
definition of truth in model 4.7, we get that (W,R,V,j) = (B > C). 

4. Let E= (B <+ C) and ((B< C),j) € U¢. Then, since ¢ is a maximal branch, 
due to rule Re, (B,j), (C,j) belong to U¢ or (-B,j), (=C,j) belong to U¢. 
From assumption (f) and definition of truth in model 4.7, we get that 
(W,R, Vj) = (BoC). 

5. Let E = —-B and (—=-B,j) € U¢. Then, since ¢ is a maximal branch, due to 
rule R__, (B,j) belongs to U¢. From assumption (+) and definition of truth 
in model 4.7, we get that (W,R, V, j) = =-B. 
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6. 


N 


11. 


12. 


13. 


Let E = ~(B ^ C) and (=(BAC),j) € Ug. Then, since ¢ is a maximal branch, 
due to rule R_,,, (=B,j) or (=C,j) belongs to U¢. From assumption (+) and 
definition of truth in model 4.7, we get that (W,R, V, j} = =(BAC). 
Let E = ~(B v C) and (=(Bv C),j) € U@. Then, since ¢ is a maximal branch, 
due to rule R- v, (=B,j) and (=C,j) belong to U ¢. From assumption (+) and 
definition of truth in model 4.7, we get that (W,R, V,j) = =(BvC). 


. Let E=-=(B-=> C) and (=(B=> C),j) € U¢. Then, since ¢ is a maximal branch, 


due to rule R_-,, (B,j) and (=C,j) belong to Ud. From assumption (+) and 
definition of truth in model 4.7, we get that (W,R, V,j) = -(B> C). 


. Let E==(B< C) and ((B< C), j} €U ¢. Then, since ¢ is a maximal branch, 


due to rule R_.,, (-=B,j), (C,j) belong to U¢ or (B,j), (4C,j) belong to 
Ug. From assumption (+) and definition of truth in model 4.7, we get that 
(W,R,V,j) = (BC). 


. Let E==0 Band (~ 0B,j) € Ud. Then, since ¢ is a maximal branch, due to 


rule Rag, (©-B,j) belongs to Ud. From ee dade (+) and definition of 
truth in model 4.7, we get that (W,R, V,j) = =~ 0B. 
Let E = ~ © B and (= B,j) € Ug. Then, since ¢ is a maximal branch, due 
to rule Ry, (O-B,j) belongs to U¢. From assumption (+) and definition of 
truth in model 4.7, we get that (W,R,V,j) = ~ ©B. 

Let E = OB and (OB,j) € Ud. We have theoretically two cases: either (i) for 
none l € N expression jrl belongs to U@, or (ii) there exists such | € N that 
expression jrl belongs to U ¢. However, case (i) does not hold, because by rule 
R,, expression jrj belongs to U¢ at least. In case (ii) we take set {1: jrle Ud} — 
by assumption, this set is non-empty. Since branch ¢ is maximal, by virtue of 
rule Ro for any me {1: jrl e Ug} set U¢ contains expression (B, m). Mae 
due to construction of model Mss and (+), we know that (W,R, V,m) = 
Therefore, by definition of truth in model 4.7, we get that (W,R, V,j) = is 
Let E = OB and (©B,j) € UQ. Since branch ¢ is maximal, due to rule Ro, 
there exists index | € N such that expressions (B,/) and jrl belong to U¢. 
From the construction of model Mss and (+), we know that le W, (j,1) € R 
and (W,R,V,1) = B. Therefore, by definition of truth in model 4.7, we get 
(W,R, V,j} FOB. 


Thus, we have proven that for any formula E and any index j, if (E, j} € UQ, 


then (W,R, V,j) = E. Therefore, there exists such model Pss that for any formula 


A, if A € X, then Mss = A since Mss = (W,R,V,i). 


The above concepts and facts allow us to demonstrate a partial relation- 


ship between the relation of semantic consequence and the relation of branch 
consequence in the tableau system for $5. 
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Lemma 4.59. For any X £ Forss, A € Forss, if X = A, then X > A. 


Proof. Take any X £ Forss and A € Forss. Assume that X # A. We must show 
that X # A. From the assumption and definition of >, 4.44, we know that there 
exists no such index i € N and such finite set Y £ X that each maximal branch 
beginning with set {(B,i) : B € YU {~A}} is closed. Therefore, for each index 
i€ N and each finite set Y € X, there exists a maximal branch beginning with 
set {(B,i) : Be YU {=A}} which is open. By lemma 4.55, for some index i € N, 
there exists such closure Z of set of expressions X! = { (B, i) : B€ XU{—A}} under 
tableau rules that Z is an open and maximal branch. Since Z = UZ and {(B,i) : 
BeXu{-A}} EZ, from lemma 4.58, we know that there exists model Mss such 
that Mss = Xu {~A}. Hence, by definition of =, 4.9, X # A. 


We will now proceed to the determination of relationship between the branch 
consequence relation and the existence of a closed tableau. However, this will 
require some introduction of another concepts. 

Let us now define the concept of R-branch, that is such branch that originated 
by the application of rules exclusively from set R £ Rss, for some R. 


Definition 4.60 (R-branch). Let R © Rss, let K =N or K = {1,2,...,n}, where 
n € N. Moreover, let X be a set of expressions. R-branch (or R-branch beginning 
with X) will be called any sequence ¢ : K — P(Tess5) that meets the following 
conditions: 


1. $(1) =X 
2. for any i € K, if i+1 e€ K, then there exists such rule R € R and such n-tuple 
(Yis... Yn) €R that ¢(i) = Yı and $(i+1) = Yp, for certain 1< k < n. 


Having established set R, the resultant branch will be then called R-branch. 
Definition of R-branch differs from definition of branch 4.27 in the fact that 
the applied rules come from a subset of set of tableau rules Rg5. In a special case 


when R = Rss, both definitions would be identical. But, since set R does not have 
to be identical with set Rs5, so we have a conclusion. 


Corollary 4.61. For any RC Rss, each R-branch is a branch. 


In a similar manner, we will define another auxiliary concept, namely the 
concept of quasi-maximal branch. 


Definition 4.62 (Quasi-maximal branch). Let R € Rss and let ¢: K — P(Tess) 
be a branch. We shall state that ¢ is a quasi-maximal branch iff it meets one of the 
below conditions: 
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1. ¢ is closed 

2. for any rule R €R, any n € N and any n-tuple (Xj,...,X,) €R, if 6(k) =X, for 
certain k € K, then for some j € K, there exist $(j) and such set of expressions 
W c Tess that for some 1<i<n, W is strongly similar to X; (according to R) 
and W € $(j). 


Having established set R, the resultant quasi-maximal branch will be called R- 
quasi-maximal branch. 


The provided definition of quasi-maximal branch also resembles the definition 
of maximal branch 4.40, while in a special case, when R = Rgs, both definitions 
would be identical. Again, the difference pertains to the reference to the set of 
rules which is some subset R € Rss, so possibly proper subset of tableau rules. 
Since a maximal branch must bea sequence closed under all rules, so the relation- 
ship that occurs between the quasi-maximal branches and maximal branches is 
one-directional. That relationship is expressed by another conclusion which fol- 
lows from the definition of maximal branch 4.40 and definition of quasi-maximal 
branch 4.62. 


Corollary 4.63. Each maximal branch is R-quasi-maximal branch, for any R © 
Rss. 


The next conclusion is consequential for further considerations. It follows di- 
rectly from the definition of quasi-maximal branch 4.62. In the proofs of further 
facts, the content of that conclusion shall be deemed self-evident. 


Corollary 4.64. For any R € Rss, each R-quasi-maximal branch is a branch. 
Let us now introduce the definition of addition of branches. 


Definition 4.65 (Addition of branches). Let ¢ : {1,...,1} —> P(Tes5) and y : 
M — P(Teéss) be branches, for some n € N and MCN, and let ¢(n) = y(1). The 
results of the operation ¢ © y is function ọ : K —> P(Tég5) defined as follows: 


1. if M = N, then K = N 
2. if |M| €N, then K = {1,...,n,n+1,n +2,...,n+|M|-1} 
3. for each i€ K 

a. ifl<i<n, ọ(i)=¢(i) 

b. ifi>n, then ọ(i)=y((i-n)+1). 


From definition of addition of branches 4.65, definition of tableau rules 4.23 
and definition of branches 4.27, another conclusion follows. 


Corollary 4.66. Let ¢: {1,...,n} — P(Tes5) and y: M — P(Tess ) be branches, 
for some ne N and M EN, and let $(n) = w(1). Then ¢ © y is also a branch. 
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Now, we have several facts concerning the relationship between the quasi- 
maximal branches and the finite sets of expressions. 


Proposition 4.67. Let Repr = {Ra, Ry, R>, Re, Ran, Ron, Rav, Ras, Roa}. 
Let X € Tes; be a finite set of tableau expressions. Then, there exists a Repr -quasi- 
maximal branch beginning with set X. 


Proof. Take set of rules Repr = {Ra Rv, R>, Ro, Ran Rain, Ray, Ras, Rie} 
and set of tableau expressions X € Tess. 

If set X is t-inconsistent, then — by definition 4.62 — one-element sequence 
(X) is a Rcpy-quasi-maximal branch beginning with set X. Then, assume that X 
is not t-inconsistent. 

Since X is a finite set, then +(X), that is a set of indices that appear in the 
expressions in set X (definition of function selecting indices 4.15), is also finite. 

If +(X) is an empty set, because X = Ø, then — by definition 4.62 — one- 
element sequence (X) is a Rcpy-quasi-maximal branch beginning with set X. 

Assume that +(X) is a non-empty set. By quasi-modal formula we will mean 
each such formula A of logic $5 that A is different from each following formula 
©B, OB, = © B, ~O B, where B is a formula of S5. The set of all quasi-modal 
formulas will be denoted with symbol Ford. We will divide set of propositional 
letters Var into two disjoint subsets Varı and Varz so that propositional letter 
x € Var, iff x = pj, for some i € N. From definitions of set Var it follows that both 
set Var, and Vary are infinite sets, plus their union equals to set Var. 

Since set Forss \ Ford and set of propositional letters Var, are infinite and 


countable sets, we can determine bijection e : Forgs 5 Ford, — Var, that assigns 
exactly one propositional letter to each formula which is not quasi-modal. 

Now, for each index i € +(X), we define set Xİ = {(A,i) : (A,i) € X and A is 
a quasi-modal formula}. Set XÍ contains all and only those expressions that be- 
long to set of expressions X which constitute an ordered pair: some quasi-modal 
formula A, i.e., in terms of structure, formula corresponding to some formula of 
CPL, and index i. Since set X is finite, so for any i, set X' is also finite. 

If for any i € +(X), set XÍ is an empty set, then initial set X does not comprise 
any subset to which we could apply one of rules Rcpz. Therefore — by definition 
4.62 — one-element sequence (X) is a Rcpy-quasi-maximal branch beginning 
with set X. 

Assume that it is not the case that for any i € +(X), set Xİ is an empty set. 
Now, note that set of rules Rcpz includes analogons of tableau rules from the set 
of tableau rules for CPL — from set Repu. In other words, rules for CPL “split” 
formulas into subformulas, and at the same time rules Rcpz for the expressions 
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constructed from quasi-modal formulas and index identically “split” formulas 
preserving the initial index in the new expression. 

For rules Rcepy, we have fact 2.34 stating that each finite set of formulas of 
the classical logic, that is non-modal formulas, is the first element of some such 
branch of a finite length ¢ that there does not exist super-branch ¢ c y. 

Now, for any formulas A, B and C, we will define substitution e : Fors; — 
Forss using the following conditions: 


1. if A € Var, then for any i € N: 
a. if A=p;andi=1, then e(A) =q 
b. if A = p; and i +1, then e(A) = qj, where j is the smallest odd number 
greater that index in e(p;-1) 
c. if A = qi, then e(A) = qj, where j =i-2 
d. if A =r;, then e(A) = rj 
2. if A = ~B, A is a quasi-modal formula and there is no such formula D that 
B=-—D, then e(A) = -e(B) 
3. in the other cases: 
. ifA= =-B, then e(A) = =-e(B) 
. if A= (BAC), then e(A) = (e(B) Ae(C)) 
. if A = (Bv C), then e(A) = (e(B) ve(C)) 
. if A = (B > C), then e(A) = (e(B) > e(C)) 
. if A = (B < C), then e(A) = (e(B)  e(C)) 
. if A= OB, then e(A) = e(B) 
if A = OB, then e(A) = e(OB) 
if A =~ ©B, then e(A) = e(= B) 
. if A=—0B, then e(A) = e(=0B). 


ye TR moans Pp 


Note that for any formula A, its images under function e, i.e. e(A) is a formula 
of CPL, that is e(A) € Forcpy. Let us define function e’ : Fors; — Forcpy with 
condition: for any formula A € Forss, e’(A) = e(A). 

Due to the fact that function e is a bijection and that function e is injective, 
function e’ is also a bijection. Hence, there exists inverse function e’~! such that 
for any formula A € Forss, e’1(e’(A)) =A. 

For any i € +(X), we now define set X= {e' (A) : (A, i) €X"}. 

Obviously, X! is, by virtue of the construction of set XÍ, a finite subset of for- 
mulas CPL. So, from the mentioned fact 2.34, it follows that there exists such a 
finite branch of length n beginning with set X that it cannot be anymore extended 
using the tableau rules for tableau system for CPL: 


(X, X$,- X. 
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Hence, there exists such finite Rcp;-branch of length n, beginning with set Xi: 
(AE K aia Re 


where for any 1 <j <n, Xi = {(A,i): A€ e1(X)}, that it cannot be anymore 
extended using the tableau rules from set Rcpz. If branch (2) was extendible by 
some of rules from set Rep, also branch (1) would be extendible by an equivalent 
of that rule from set Repu. But this would contradict fact 2.34. 

Note that branch: 


i i i 
Boe dae. 


is 4.62 quasi-maximal as it was created using rules that belonged to set of rules 
Rep, and no rule from set of rules Rep, can be applied to set X}. 

Now, take initial set of expressions X and branch Xj, XŻ, ..., X$, and for any 
index i € +(X) define branch: 


CY aux, Y =X OX Y =Y UX. 


Set Yi = Xİ U X, by definition of set Xİ, is equal to set X. So, the defined branch 
begins with set X. 

If for some index i € +(X), a branch defined with scheme (f) ends with a 
t-inconsistent set, then according to definition of quasi-maximality 4.62, that 
branch is quasi-maximal, while since Y/ is equal to set X, so there exists a 
Rcp,.-quasi-maximal branch beginning with set X. 

Let us assume, however, that for no index i € +(X), a branch defined with 
scheme (+) ends with a t-inconsistent set. 

As we know, set of indices i € +(X) is finite — assume it contains m indices. 

If set i € +(X) only includes one index, say index j € +(X), then according to 
definition of quasi-maximality 4.62 there exists a Rcpy-quasi-maximal branch 
beginning with set X, defined with scheme (+): 


j_ yj j -yi j _ yj 
YÍ =X UX, Yl =X UX,..., Y} = Y}ĻUX. 
Let us assume, however, that number of indices m that belong to set +(X), is 
greater than one. Let us arrange the indices that belong to set i € +(X) in sequence 
i,i2,...,im. For indices i, i2, we take two branches, as per scheme (t): 


(ay YP Wa yeast 


(pee T 
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and define the third branch, summing up each of sets of branches (b) and last 
element of branch (a), Y3: 

(OY Or Ove nat OY, 

Since y? = X, by definition of branch (t), YË u y? = YÄ, because X ¢ Yi! by 
definition of branch (t). Now, we will make use of fact on addition of branches 
4.66 and define a branch by adding together branches (a) and (c): 

(DE Yi Z= on Za =Y Zar YA UYA aes Zaa UYA, 


Branch (a)@(c) will be called i2-branch. Now, assume we have defined ig- 
branch for k < m, of length o € N: 


(d) Vik, YŠ, ..., YŠ, 
Next, we take a branch for index ig+1, as per scheme (t): 
(e) ye, yee, is yj 


and define the third branch, summing up each of sets of branches (e) and last 
element of branch (d), Y#: 


i i i i ik i 
(H) Veuve, Veuve, ..., YU, 


Since y = X, by definition of branch (t), Yiku ye = YÏ, because X c Y“ 
by definition of branch (t) and construction of i,-branch. Again, we make use of 
fact on addition of branches 4.66 and define a branch by adding branches (d) and 
(£): 


(d)@(F) Zi = Yt, Z2 = Y, ..., Zo = Y$, Zoi = Y U YI, ..., Zopn-1 = YU 


ik+1 
yie, 


Branch (d)®(f) will be called i, ;-branch. Carrying out the above actions m—1 
times, we get ij-branch, of length n, for some n € N: 


(D A Yaa VO 


We claim that branch (g) is — according to definition of quasi-maximality 
4.62 — quasi-maximal, and since Y;” is equal to set X, there exists a Rcpz-quasi- 
maximal branch beginning with set X. 
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Assume that branch (g) is not closed. Take any rule R € Rep; and any such 
ordered l-tuple (Xj,...,X;) € R that for some 1 < j < n, yr = Xj. Therefore, ac- 
cording to definition of tableau rules 4.23 and set of rules Rcpz, in set of tableau 
expressions Tess, there exist such expressions Aj, ..., A; that X2 \ X1 = {A2},..., 
X,\ X, = {Aj} and ({Aj},...,{A;}) €R. Since R € Rcpz, so expression A, is com- 
posed of some formula B € Forss and some index k € N, thus it has a structure of 
(B,k). 

We know that there exists Rcpz -quasi-maximal branch: 


(h) Zi = {(A,k) :(A,k) €X}... Zw 


for certain n’ € N. Since set Z; contains all expressions like (A, k} present in set X, 
so (B, k}, due to definition of rules Rcp;, belongs to some set Zo, where 1 < o < n’ 
such that Z, is the first set in branch (h) comprising expression (B, k). 

From the construction of branch (g), it follows that Zo € Yi”, And since branch 
(h) is quasi-maximal, so some of expressions A2, . .., A; belongs to some set Zo+0%» 
where o +0’ <n’. From the construction of branch (g), it follows that Zo+o7 E ga ja 


Due to the fact that y” cyim set yj" U {Ay} ¢ se where 2 < I’ < |. And 


jto” 
since by definition of strong similarity of sets of expressions 4.39, set y;" U{Ar} 
is strongly similar to set Xy, so from definition of quasi-maximal branch 4.62, it 
follows that (g) is Rcpy-quasi-maximal. 


Now, we expand the above fact into richer set of rules R € Rgs. 


Proposition 4.68. Let RcpL-6o-0 = Rori Y {R-6, R-n}. Let X € Tess be any 
finite set of tableau expressions. Then, there exists a RcpL ~o ~n-quasi-maximal 
branch beginning with set X. 


Proof. Let Rcpt.o-o = Ror U{R+6, R-n}. Take any and finite set of expres- 
sions X € Tess. 

From fact 4.67, we know that there exists a Rcpz-quasi-maximal branch 
beginning with set X: 


(a) Vases Yn 


where: 


1. Repz = {R,, Ry, R SRR sR WR vR sR gsi 
2. neN 
3. Yy =X. 
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If branch (a) is closed, then by definition 4.62, there exists Rcpy .o .g-quasi- 
maximal branch that begins with set X. Assume, however, that (a) is not a closed 
branch. 

The last element of branch (a), set Y,, contains a finite number of elements, 
due to the fact that branch (a) is finite and that for each 0 < i < n, set Yj+ is also 
finite, by definition of rules Rcpz. 

Since set Y, is finite, then for some m € N, it contains at most m of expressions 
like (~ © A, i), where A € Forss and i € N. 

Therefore, making use of rule Ro, we can define a branch beginning with set 
Y„ of length at most m +1. Take any such branch of a maximal length: 


(b) iia Y2 


where o € N and o < m +1. Branch (b) is R- -quasi-maximal, by definition 4.62. 
In view of the fact that the last element of branch (a) is the first element of 
branch (b), we can add both branches, by virtue of fact 4.66, to get branch (a)®(b): 


(c) Yi, e.” Yn+o-1 


of length n+0-1. 

If branch (b) is closed, then also branch (c) is closed, and — by definition 4.62 
— it is Repro sp-quasi-maximal, and moreover it begins with set X. Assume, 
however, that (c) is not a closed branch. 

The last element of branch (c), set Yn+o-1, features a finite number of elements, 
due to the fact that branch (c) is finite and that for each 0 <i<n+o0-1, set Yj+1 is 
also finite, by definition of rules Rep- 6. 

Since set Y„+o-1 is finite, then for some k e N, it contains at most k of 
expressions like (= A, i), where A € Forss and i € N. 

Therefore, making use of rule R-n, we can define a branch beginning with set 
Yn+o-1 of length at most k+1. Take any such branch of a maximal length: 


j 
Ypo 


(d) Y; 


nto-P *** 


where j € N and j < k+1. Branch (d) is R4-quasi-maximal, by definition 4.62. 
In view of the fact that the last element of branch (c) is the first element of 
branch (d), we can add both branches, by virtue of fact 4.66, to get branch (c) @(d): 


(e) Yi, ...5 Yn+o+j-2 


of length n+0+j-2. 
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If branch (d) is closed, then also branch (e) is closed, and — by definition 4.62 
— it is Repro so-quasi-maximal, and moreover it begins with set X. Assume, 
however, that (e) is not a closed branch. 

Now, take any rule R € Rcpro so and any ordered m-tuple (Z1,..., Zm) €R, 
for some m € N. Assume that set Z; is an element of branch (e). By the construction 
of branch (e), the sequence also includes such set U that for some 1 < i< m, Zi € U 
and U is an element of branch (a), (b) or (d), thus by the construction of branch 
(e), it is also an element of branch (e). And since set Z; by virtue of definition of 
strong similarity of sets of expressions 4.39 is strongly similar to Z;, due to def- 
inition of quasi-maximal branch 4.62, branch (e) is Rcp, 9 4g-quasi-maximal 
branch. 

Since branch (e) begins with set of expressions X, so there exists a Repro so- 
quasi-maximal branch beginning with set X. 


Again, we expand the above fact into richer set of rules RC Rgs. 


Proposition 4.69. Let R, = RcpL-6 -0 U {R,}. Let X € Tess be any finite set of 
tableau expressions. Then, there exists a R--quasi-maximal branch beginning with 
set X. 


Proof. Let R;=Rcp_io-o0U {R;}. Take any and finite set of expressions X £ Tess. 
From fact 4.68 we know that there exists a Rcpy ~ 6 .g-quasi-maximal branch 
beginning with set X: 


(a) Yesss Yn 


where: 


1. RcrL-6-0 = {Ra Ry, Rs, Re, Ro, Ross Rav, Raas Raa R R-n; 
Ro-Ro} 

2. neN 

3 NSX; 


If branch (a) is closed, then by definition 4.62, there exists R,-quasi-maximal 
branch that begins with set X. Assume, however, that (a) is not a closed branch. 
The last element of branch (a), set Y„, contains a finite number of elements, 
due to the fact that branch (a) is finite and that for each 0 < i < n, set Yj+ is also 
finite, by definition of rules Repro 
Since set Y, is finite, then for some m € eN, set +(Y„) contains at most m indices. 
Therefore, making use of rule R,, we can define a branch beginning with set 
Y,, of length at most of (m-m) +1, because by definition of rule R,, if indices i, j 


136 Tableau system for modal logic S5 


belong to given set +(Z), then that rule makes it possible to add set Z u {irj} in 
the branch, as long as irj ¢ Z. 
Take any branch maximal in length. 


DY Ye 


where o € N and o < (m-m) +1. Branch (b) is R,-quasi-maximal, by definition 
4.62. 

In view of the fact that the last element of branch (a) is the first element of 
branch (b), we can add both branches, by virtue of fact 4.66, to get branch (a)®(b): 


(6) assess Yaro 


of length n+ 0-1. 

If branch (b) is closed, then also branch (c) is closed, and — by definition 4.62 
— it is R,-quasi-maximal, and moreover it begins with set X. Assume, however, 
that (b) is not a closed branch. 

Now, take any rule R € R, and any ordered m-tuple (Z1,...,Zm) €R, for some 
m € N. Assume that set Z; is an element of branch (c). By the construction of 
branch (c), that sequence also includes such set U that for some 1 < i < m, Z; € U 
and U is an element of branch (a) or (b), thus by the construction of branch (c), 
it is also an element of branch (c). And since set Z; by virtue of by definition 
of strong similarity of sets of expressions 4.39 is strongly similar to Z;, due to 
definition of quasi-maximal branch 4.62, branch (c) is R--quasi-maximal branch. 

Since branch (c) begins with set of expressions X, so there exists a R,-quasi- 
maximal branch beginning with set X. 


In order to extend the latter fact onto further rules from set Rs5, we need ad- 
ditional definitions. Prior to expressing the definition of cycle of rules Ry, we will 
first explain the idea of cyclical application of that rule. 

Let X £ Tess be a finite set of tableau expressions. Let the following branch (a) 
X),..., Xn, where n € N and X = X, be R,-quasi-maximal. We specify two sets of 
expressions: 


X' = {irj:i,je N,irje Xi} 


X" = {(OA, i): 


A € Forss, i € N, and (DA, i) € X1}. 


Union X’u X” is a finite set because set X; is finite by assumption. Moreover, 
union X’UX" c X,, because X4 € Xp. 
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Set X’ UX” contains a finite number of such two-element subsets { (0A, i), irj} 
that if expression (A,j) does not belong to t-consistent set of tableau expres- 
sions Y, but set Y contains set {(OA,i),irj}, then pair (Y,Y u {(A,j)}) € Ro. 
Thus, in particular, if expression (A,j) does not belong to set X, and set X, is t- 
consistent, then pair (Xn,Xn U {(A,j)}) € Ro. Assume that the number of subsets 
{(GA,i), irj} CX’ UX" is l, for some l > 0. 

Now, we extend branch (a) by rule Rp, taking account of all / sets { (DA, i), irj} 
c X'u X”, in an arbitrary order. Thereby, we get a branch of length at most m < 
n+l: 


(b) Xi, Sic is Xn+1 =Xn U{(An+in+1)b cis Xin =Xm-1 U {(Amsim)} 


where for any n <j < m, if set Xj belongs to branch (b), then set Xj- is t-consistent 
and expression (Aj,i;) does not belong to set Xj-1. 

Ifset {(OA, k), kro} € X'UX” does not exist, for some indices k, o, such that pair 
(Xm>Xm+1U{A,0}) € Ro, then branch (b) cannot be anymore extended using rule 
Ro by applying it to some pair from set {{x,y} : x € X',y € X” } CX). This does not 
mean, of course, that there no new pairs appeared in the branch, in the subsequent 
elements of the branch to which we could apply rule Ry. Nevertheless, we have 
exhausted all the initial possibilities, closing a certain stage the result of which 
will be called the cycle of rule Ry. Let us now proceed to a formal definition. 


Definition 4.70 (Cycle of rule Ry). Let X bea finite set of expressions. Let branch 
$: X1,..., Xn be such branch that X; = X and n € N. Branch ¢ will be called a cycle 
of rule Ry iff the below conditions are met: 


1. for certain m < n, branch X),..., Xm is R--quasi-maximal 

2. for each m < l< n there exist such indices 0,k € N and formula A that X; = 
X,_,U{(A,o)} and {(GA,k), kro} € Xy 

3. there is no set {(0A,k),kro} € X1, for some indices k, o and formula A, such 
that pair (X, U { (DA, k), kro}, Xn U {(A,o)}) € Ro. 


Another fact follows from fact 4.69 and definition 4.70. 


Proposition 4.71. Let X € Tess be a finite set of tableau expressions. Then, there 
exists cycle of rule Rp. 


Now, we expand the concept of cycle onto rule Ro, which will make our con- 
siderations to cover all the rules from set of tableau rules Rs5. Prior to that, 
however, let us look into the issue in a similar way as the expansion onto rule Rp. 

Let X © Tess be a finite set of tableau expressions. Let branch (a) X1, ..., Xn, 
where n € N and X; = X, bea cycle of rule Ry. 
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We specify set X’ = { (QA, i) : A € Forgs,i¢ N and (A, i) € Xi}. 

Set X’ is a finite set because set X is finite by assumption. Moreover, XC X 
because X] € Xp. 

Set X’ contains a finite number of such expressions (©A,k) that if subset 
{(A,j),krj} is not contained in t-consistent set of tableau expressions Y and 
j¢*(Y), but (OA,k) €Y, then pair (Y, YU {(A,j), krj}) € Ro. Thus, in particular, 
if for any index j subset {(A,j),krj} is not contained in set X,, Xņ is t-consistent 
and j ¢ +(Xn), then pair (Xn,Xn U {(A,j), krj}) € Ro. Assume that the number of 
such expressions in set X’ is 1 > 0. 

Now, we extend branch (a) by rule Rọ, taking account of all / expressions 
(A,k) € X’, in an arbitrary order. Thereby, we get a branch of length at most 
m<n+l: 


(b) Xr ei Xm Xni = Xn U {(An+bin+1) kntinsi}, -> Xm = Xm- U 
{(Amsim) > km-1rim } 


where for any n <j < m, if set Xj belongs to branch (b), then Xj- is t-consistent, 
{(OAj,kj-1) } € Xj, set {(Aj, 0), kj-ıro} is not contained in set X;_; for any o € N, 
and o ¢ +(Xj-1). 

If there is no tableau expression (©A,k) € X’, for some index k, such that 
pair (Xin, Xm+1 U {(A,0),kro}) € Ro, for some index o, then branch (b) cannot 
be anymore extended using rule Rọ by applying it to the expressions from set 
Xı. Again, this does not mean, of course, that there no new pairs appeared in 
the branch, in the subsequent elements of the branch to which we could apply 
rule Ry. However, we have exhausted all the initial possibilities, closing a certain 
stage the result of which will be called the cycle, precisely. Let us now proceed to 
a formal definition of cycle. 


Definition 4.72 (Cycle). Let X bea finite set of expressions. Let branch ¢: Xj, ..., 
Xn be such branch that X; = X and n € N. Branch ¢ will be called a cycle iff the 
below conditions are met: 


1. for certain m < n, branch Xj, ..., Xm isa cycle of rule R 

2. for each m < l< n there exist such indices 0,k € N and formula A that X; = 
Xj, U {(A,0), kro} and {(A,k)} CX 

3. there is no set {(©A,k)} € Xj, for some index k and formula A, such that for 
some index o pair (X„ U {(OA,k)},Xn U {(OA,k), kro, (A,o0)$) €Ro. 


Another fact follows from fact 4.71 and definition 4.72. 


Proposition 4.73. Let X € Tess be a finite set of tableau expressions. Then, there 
exists a cycle. 
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Now, we will proceed to the principal fact from among those concerning quasi- 
maximal branches. We will show that for a finite set of expressions, there exists 
R-quasi-maximal branch that begins with that set, for R = Rss, thus by definition 
of maximal branch 4.40 and definition of quasi-maximal branch 4.62, a maximal 
branch. 


Proposition 4.74. Let X € Tess be a finite set of tableau expressions. Then, there 
exists a maximal branch beginning with set X. 


Proof. Take any finite set of expressions X C Tess. From fact 4.73, it follows that 
there exists cycle: 

(1) X}, ..., X} 
where: 


1. oeN 

2, Xl=X 

3. all elements of the sequence have originated by the rules applicable for set X} 
from set of tableau rules Rss. 


(+) For any n> 1, we now define the following cycle: 
(n) Xf... Xm 


where: 


1. meN 

2. X? =X}! and X?! is the last element of cycle (n — 1) which is k long, for 
certain ke N 

3. all elements of the sequence have originated through the rules applicable for 
set X? from set of tableau rules Rgs. 


There may exist an infinite number of cycles such that the last element of cycle 
(n) is the first element of cycle (n +1), and there exists at least one cycle like (1), 
that is such that the first element of that cycle is set of tableau expressions X. From 
the set of all cycles, we select the minimal set of cycles C such that: 


1. precisely one cycle like (1) belongs to C 
2. if cycle (n) belongs to C and set Z is the last element of cycle (n), then set C 
contains cycle (n +1) with set Z as the first element. 


So, in set C for each (n) there exists precisely one cycle. 

Now, assume that in set C there exists one-element cycle. Let it be cycle (k). 
Therefore by definition of cycle 4.72 and definition (+), for each i € N, each cycle 
(k+i) has one element, what is more, cycle (k) is identical to cycle (k +i). 
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In such case, on cycles from (1) to (k), making use k — 1 times of conclusion 
concerning addition of branches 4.66, we define branch: 


(+) (as (X1, ...,X1 @ X2, ...,X2,)@ «OXF 
— — _——_ kayat 
(1) (2) (k) 


where n,m,...,0 are the lengths of individual cycles. 

Assume that branch (+) is not closed. We claim that branch (+) is maximal. 
Because, take any rule R € Rss and any j-tuple (Z),...,Z;) € R such that set Z; is an 
element of branch (+). If there is no such element W of branch (+) that some set 
UC W is strongly similar, within the meaning of definition of strong similarity 
4.39, to set of expressions Z;, for some 1 <i <j, then from definition of tableau 
rules 4.23, it follows that rule R contains j-tuple (Z; UX‘... Zi UX*), where for 


any 1<i<j, Zi u xk is a set of expressions similar to set Z; u XE. What follows 
further, either (k) is not a one-element cycle or it is not a cycle. This, however, 
contradicts the construction of set of cycles C. 

Now, assume that in set C there does not exist one-element cycle. Then, each 
cycle contained in C has at least two elements. By definition of set C — as it is 
the minimal set of cycles — for each cycle (k), cycle (k +1) differs from it since 
at least its second element is a superset of the last element of cycle (k). 

Now, we will arrange all cycles from set C as per their numbers in the following 
sequence of sequences: 


ym he tv aa A ee 
> en aut antl — m 


a) (2) (k) 


where n,m,...,0,... are the lengths of individual cycles. 
Next, for any cycle (i), where 1< i, we remove set Xį — this element is identical 
to the last element of cycle (i- 1) — to get sequence: 


(C25 D TEE. GS. O. e O ¢ FETE. 6: are 
y etl en ae 


a) (2) (k) 


where n,m, ...,0,... are the lengths of individual cycles. 
That sequence is an infinite branch. It can also be defined as follows. Take 
function ¢ : N — P(Tess) specified by the below conditions: 


1. ¢(1) =X} 
2. for any i,j,0 € N, if ¢(i) = X?, then: 
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a. $(i+1) =X}, if element X?,; belongs to (Ft) 
b. $(i+1) = X91, otherwise. 


By definition of sequence (+++) and definition of branch 4.27, sequence ¢ is 
a branch since for any i € N, there exists such rule R € Rss and there exists such 
I-tuple (Yj,..., Yı) that 6(i) =X, i (i+ 1) = Yp, wherel <i, <1. 

As branch ¢ is infinite, so it is not closed, by fact 4.31. 

We claim that branch ¢ is maximal. Because, take any rule R € Rss and any n- 
tuple (Z1,..., Zn} € R such that set Z; is an element of branch ¢. So, by definition 
of branch ¢, set Z; is an element of some cycle (k). 

If there is no such element W of cycle (k) that for some set U € W, set U is 
strongly similar, within the meaning of definition of strong similarity 4.39, to set 
of expressions Z;, for some 1< i< n, then from definition of cycles (+) and defini- 
tion of tableau rules 4.23 it follows that rule R contains n-tuple (Z; ue, “eZ yU 
ae, where for any 1 < i < n, Z! u xkl is a set of expressions similar to set 
Z;UX*!, Thus, by definition of cycle 4.72, it follows that cycle (k +1) contains set 
of expressions W such that for some set U C W, set U is strongly similar, within 
the meaning of definition of strong similarity 4.39, to set of expressions Z;, for 
some 1 <i<n. 

From the arbitrariness of rule Rand set Z, it follows that branch ¢ is a maximal 
branch. 


The above concepts and facts let us show a partial relationship between the 
branch consequence relation and the existence of a closed tableau in the tableau 
system for S5. 


Lemma 4.75. For any X £ Forss, A € Forss, if X > A, then there exists finite subset 
Y CX and closed tableau (Y,A,©). 


Proof. Take any X £ Forss and A € Forgs. Assume that X > A. Therefore, by defini- 
tion of >, there exists such finite set Y € X and such index i € N that each maximal 
branch beginning with set { (B, i) : B€ Y U {~A }} is closed. Thus, by fact 4.74 and 
by definition of complete tableau 4.50, there exists such non-empty subset ® of 
set of branches beginning with set {(B,i): Be YU{=A}} that (Y,A,®) is a closed 
tableau. 


We will now proceed to the description of dependencies between the existence 
of a closed tableau and the semantic consequence in the $5. However, this will 
require a determination of several more fundamental facts. 
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Lemma 4.76. Let X © Forss be a finite set of formulas, A € Forss and i€ N. If there 
exists a maximal and open branch beginning with set {(B,i): Be X U{A}}, then 
each complete tableau (X,A,®) is open. 


Proof. Take finite set X c Forss, any formula ~A € Forss and index i € N such 
that there exists a maximal and open branch beginning with set X! = {(B,i): Be 
XU{-=A}}. We will denote that branch with letter ¢. 

(+) Since branch ¢ is open, so no element ¢ is a t-inconsistent set, by definition 
4.30. 

(+*+) Since branch ¢ is maximal and open, so for any rule R € Rss, any ne N 
and any element Y € ¢, if (Y, Y1,..., Yn) € R, then there exists some element Z € ¢ 
such that some subsist W £ Z is a set strongly similar to set Y;, for certain 1< i< n, 
by definition of maximal branch 4.40. 

Now, we indirectly assume that there exists complete and closed tableau 
(X,A,¥). 

Since tableau (X,A,‘¥) is complete, so ¥ is such a minimal subset of set of all 
maximal branches that (X,A,‘¥) is a complete tableau, by definition of complete 
tableau 4.50. 

Since tableau (X,A,'‘¥) is closed, so each branch that belongs to Y, is closed, 
by definition of closed tableau 4.51. For certain k € N, each of these branches: 


e begins with set X* = { (B, k) : Be XU {~A }}, by definition of tableau 4.47, 
e and its last element is a t-inconsistent set of expressions, by definition of closed 
tableau 4.51. 


We intend to show that there exists some branch y such that y ¢ ¥ and 
(X,A,¥ u {x}) is a tableau, which contradicts the assumption that (X,A,) is 
a complete tableau if y is not a redundant variant of any branch which belongs to 
Od. 

To this end, we will apply the induction through the branch length in order to 
construct infinite branches beginning with set X*. The construction method for 
such branches will be denoted as (+). 

Consider the first element of each branch contained in set of branches Y. It is 
set Xı = X* = {(B,k): Be XU{=A}}. X1 is a similar set of expressions — within 
the meaning of definition of similarity 4.16 — to set Xİ = {(B,i): Be XU {AA}}. 
Since X! € ¢ and branch ¢ is open, so XÍ and X; are t-consistent, by conclusion 
4.19. 

Nevertheless, due to the fact that Y is a set of closed branches and the con- 
sidered tableau (X, A, ¥} is complete, there must exist a tableau rule R € Rgs such 
that (X1, Z2.. ., Z1) € R, where 1< l, and for each 1< j < I there exists such branch 
in set Y that Z; belongs to that branch, by definition of complete tableau 4.50. 
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Nonetheless, certain set Zm — for 1 < m < l — must be t-consistent. As due to 
definition of tableau rules 4.23, there exists such /-tuple that (Y,,..., Y;) € R, where 
Zm is a similar set — in the sense of definition of similarity 4.16 — to some set 
Wim E Ym and it is t-consistent since Ym ¢ U € ¢, for certain U € Tess, by the fact 
that ¢ is an (+) open and (++) maximal branch. Set Z,, will be denoted as X2, 
while element W, as X3. 

Therefore, for number 1 there exist such branches y, y2 € ¥ that: 


e Xey 

e set X> originated by the application of certain rule R € Rss to set Xj, ultimately 
producing a second element of branch y2 € ¥ 

e X% ep 

e X3 isa t-consistent set 

° Xı C X2 

e for some j€ N, set XS E Xj € ġ, moreover set X3 is similar, within the meaning 
of definition of similarity 4.16 — to set X2. 


Now, assume that for certain n € N there exist such branches y1, ..., Wn € ¥ 
that: 


e forany1<j<n, set X; originated through the application of certain rule R € Rg5 
to set X;-1, ultimately producing j-th element of branch y; € Y 

© XnEWn 

e X, isa t-consistent set 

è Xj CX2C...CXy 

e for some i€ N, set X} € X; €¢, moreover X% is similar, within the meaning of 
definition of similarity 4.16 — to set Xj. 


Nevertheless, due to the fact that Y is a set of closed branches, the considered 
tableau (X,A,V) is complete and set X, is a t-consistent set, there must exist a 
tableau rule R € Rss such that (Xy,Z2,...,Z)) € R, where 1</, and for each1<j <1 
there exists such branch in set Y that Z; belongs to that branch, by definition of 
complete tableau 4.50. 

Nonetheless, certain set Zm — for 1 < m < l — must be t-consistent. As due 
to definition of tableau rules 4.23, there exists such /-tuple that (Yj,...,Y)) € R, 
where Zm is a similar set — within the meaning of definition of similarity 4.16 — 
to some set W, © Ym and it is t-consistent since Ym & U € @, for certain UC Tess, 
by virtue of the fact that ¢ is an (+) open and (++) maximal branch. Set Zm will 
be denoted as X„+1, while element W,, as X7,,. 
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Thus, fo any n € N, there exist such branches y1, ...; Wns Yn+1 € ¥ that: 


e for any 1<j<n+l, set Xj originated through the application of certain rule 
Re Rss to set X;-1, ultimately producing j-th element of branch yj € Y 

e Xn+1€ Wnt 

e X,+41 is a t-consistent set 

e XyCXQC...CXy, CX ys] 

e for some ic N, set X;,,¢X;€, moreover X>; is similar, within the meaning 
of definition of similarity 4.16 — to set X41. 


Set of all sets that originate this way X1 € X2 ¢...c Xn C Xy41 € ... will be de- 
noted as X. Set X contains at least one branch y such that for any i € N, if X; € y, 
then there exists set X; € X. 

Branch y can be defined through the specification of such minimal subset of 
X, set X’ that: 


1. X eX’ 
2. for any i €N, if X; € X’, then exactly one Xi; € X’. 


Branch y is infinite, and as a consequence of conclusion 4.31 it is an open 
branch. 

Since set Xj, the first element of branch y, is equal to set X*, and moreover for 
any element X; € y, where i > 1, there exists such rule R € Rss and such n-tuple 
(Yi... Yn) €R that: 


e Yi=Xi 

e Xi=Yņ, for certainl<k<n 

e foreach1<j<n,ifj# k, then there exists branch y’ € ¥ such that for some Z;, 
where 1< l, Z€ y, Z, = Y; and Zj, = Yj; 


so (X,A, ¥ U{w}) by virtue of definition of tableau 4.47 is a tableau for pair (X, A). 

However, branch y does not belong to set ¥ because tableau (X, A, ¥}, contrary 
to the assumption, would not be a closed tableau. 

Let us now consider the question whether or not set Y u {y} is a redundant 
superset of set Y, in the light of definition of redundant variant of branch 4.49. 
Let us now carry out the following argument. 

(++) Assume that branch y is a redundant variant of some branch y” € ¥. Thus, 
for certain minimal 1 < i € N there exist two such rules R, R’ € Rss, ordered couple 
(Uj, Uz) € R and ordered triple (W1, W2, W3) € R’, such that: 


e U,=X;ewand U,=Yjiew’ 
° U2 = W3 or U2 = W3 
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© (a) if U2 = Wo, then U2 = Y;+ı and Xj4 = W3 
e (b) if Uz = W3, then U2 = Yj41 and Xj4) = W2. 


No matter which case occurs, (a) or (b), since branch ¢ is open and maximal 
(assumptions (+) and (*»)), so also element Y;,, that belongs to y’ is t-consistent 
because it is similar to certain set of expressions W included in certain element 
of branch ¢. 

Therefore, we can construct another infinite and open branch Zi, ..., Zj+1, 
.... making use of construction (+) for which, by virtue of reasoning analogous 
to (tt), there exists such subsequent element U;+2 that Z1, ...Zj41, Ujis2 is a t- 
consistent branch and is not a redundant variant of any sub-branch of any branch 
from set Y. 

So, by application of inductive reasoning and steps (t) and (tt) we get an 
infinite branch — call it y — and, consequently, open which is not a redundant 
variant of any branch that belongs to set of branches Y and begins with set X1. 

Since ¥, by assumption, contains closed branches, y ¢ ¥. Since set Xj, the first 
element of branch y, is equal to set XK, and moreover for any element X; € y, 
where i> 1, there exists such rule R € Rgs and such n-tuple (Yj,...Y,) € R that: 


e Yi=Xi 

e X,;=Yj, for certain 1<k <n 

e for each 1<j<n, ifj#k, then there exists branch y” € ¥ such that for some Z;, 
where 1< l, Z1 € y, Zı = Yı and Z},; = Yj; 


so (X,A, ¥ U {y}) by virtue of definition of tableau 4.47 is a tableau for pair (X, A}. 
Thus, (X, A, ¥) is not a complete tableau which contradicts the initial assump- 
tion. 


In the next fact, we will take up the relationship between the rules from set Rss 
and models. That fact states that rules have the following property: for any model, 
if the model is appropriate for the input set of the rule, then it is also appropriate 
for at least one output set of that rule. 


Proposition 4.77. Let X © Tess, Mss be a model and rule R € Rss. If 
(X,X1,...,Xn) €R, where 1<n < 2, and model Ms; is appropriate for set X, then 
Mss is appropriate for some set Xi, where l<i<n. 


Proof. Take any: X € Tess, model Mss = (W,Q, V,w), rule R € Rss, and n+1-tuple 
(X,X1,...,Xn) €R, for some l<n< 2. 

From definition of model appropriate for the set of expressions 4.20, we know 
that model Mss is appropriate for X iff there exists such function f : N — W that 
for any A € Forss and i,j € N: 
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© if (A,i) €X, then (W,QV,f(i)) =A 
e if irj ¢X, then f(i)Qf(j/). 
Let us consider all possible cases of rule R, and n + 1-tuples (X, X1,..., Xn) € R, 


where 1< n < 2. Take any two formulas A, B € Forss, any indices i,j € N and any 
set of expressions Y c X. 


1. Assume that R = R, and X = Y u {((AAB),i)}, X1 = X u {(A,i),(B,i)}. 
Assume that model tss is appropriate for set X. Since model Mss = 
(W,Q,V,w) is appropriate for set X, there exists such function f : N — W 
that (W,Q, V,f(i)) = (A A^ B). Therefore, by definition of truth in model 4.7, 
(W,Q, V,f(i)) = A and (W,Q,V,f(i)) = B. Since model Mss is appropriate 
for Xj, it is appropriate for some set X;, where 1< i< n. 

2. Assume that R = Ry and X = Y u {((AvB),i)}, Xı = XU {(A,i)} and X? = 
Xu {(B,i)}. Assume that model 25 is appropriate for set X. Since model 
Mss =(W,Q, V, w) is appropriate for set X, there exists such function f : N — 
W that (W,Q, V,f(i)) = (A v B). Therefore, by definition of truth in model 
4.7,(W,Q, V,f (i))=A or (W,Q, V,f (i)) = B. Since model Mss is appropriate 
for Xj or X2, it is appropriate for some set X;, where 1< i< n. 

3. Assume that R=R-_, andX=Yu{((A > B),i)},Xı=Xu{(-A,i)}}andX2 =Xu 
{(B,i)}. Assume that model Mss is appropriate for set X. Since model Mss = 
(W,Q, V,w) is appropriate for set X, there exists such function f : N — W 
that (W, Q, V,f(i)) = (A > B). Therefore, by definition of truth in model 4.7, 
(W,Q,V.f(i)) = AA or (W,Q, Vf (i)) = B. Since model Mss is appropriate 
for Xj or X2, it is appropriate for some set X;, where 1<i<n. 

4. Assume that R = Re and X = Yu{((A © B),i)}, Xi = Xu {(A,i), (B,i)} 
and X? = X U {(-A,i),(-B,i)}. Assume that model Mss is appropriate for 
set X. Since model Mss = (W,Q,V,w) is appropriate for set X, there ex- 
ists such function f : N — W that (W,Q,V,f(i)) = (A < B). Therefore, 
by definition of truth in model 4.7, (W,Q, V,f(i)) = A and (W,Q,V,f(i)) = 
B or (W,QV,f(i)) = AA and (W,Q,V,f(i)) = ~B. Since model Mss is 
appropriate for X; or X3, it is appropriate for some set X;, where 1 <i<n. 

5. Assume that R= R~~ and X = Yu {(-—A,i)}, Xı = Xu {(A,i)}. Assume that 
model Mss is appropriate for set X. Since model Mss = (W, Q, V, w) is appro- 
priate for set X, there exists such function f : N — W that (W,Q,V,f(i)) = 
~~A . Therefore, by definition of truth in model 4.7, (W,Q, V,f(i)) # A, and 
consequently (W,Q,V,f(i)) = A . Since model Mss is appropriate for Xj, it 
is appropriate for some set X;, where 1 <i<n. 

6. Assume that R = R-an and X = Yu {(~(A ^ B),i)}, X = Xu {(5A,i)} and 
X2 = XU {(=B,i)}. Assume that model tgs is appropriate for set X. Since 


Ko) 


N 


1l. 


j= 
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model tgs = (W,Q, V, w) is appropriate for set X, there exists such function 
f:N— W that (W,Q, V,f(i)) = -(AAB). Therefore, by definition of truth in 
model 4.7, (W,Q, V,f(i)) FA or (W,Q, V.f(i)) ¥ B, so (W,Q, V,f(i)) = =A 
or (W,Q,V,f(i)) = AB. Since model Dss is appropriate for X; or Xp, it is 
appropriate for some set X;, where 1<i<n. 

Assume that R = Ry and X = Yu {(=(A v B),i)}, X = Xu {(=A,i), 
(=B,i)}. Assume that model ss is appropriate for set X. Since model 
Mss = (W,Q,V,w) is appropriate for set X, there exists such function f : 
N — W that (W,Q,V,f(i)) = =(A v B). Therefore, by definition of truth 
in model 4.7, (W,Q,V,f(i)) # A and (W,Q,V,f(i)) # B, and consequently 
(W,Q,V,f(i)) EAA and (W,Q, V,f(i)) = AB. Since model Mss is appropri- 
ate for Xj, it is appropriate for some set X;, where 1 < i< n. 


. Assume that R= R_-, and X = YU {(A(A > B),i)}, Xı = Xu {(A, i), (-B,i)}. 


Assume that model SJts5 is appropriate for set X. Since model Mts5 = 
(W,Q,V,w) is appropriate for set X, there exists such function f : N — 
W that (W,Q,V,f(i)) = =(A > B). Therefore, by definition of truth in 
model 4.7, we get: (W,Q,V,f(i)) # (A > B), and thus (W,Q,V,f(i)) = A 
and (W,Q,V,f(i)) # B, hence (W,Q, V,f(i)) = =B. Since model Mss is 
appropriate for Xj, it is appropriate for some set X;, where 1<i<n. 


. Assume that R= R_., and X = Yu {(=(A © B),i)}, Xı = Xu {(AA, i), (B,i)} 


and X2 = Xu {(A,i),(=B,i)}. Assume that model Mss is appropriate for set 
X. Since model Mss = (W,Q, V, w) is appropriate for set X, there exists such 
function f : N — W that (W,Q,V,f(i)) = «(A < B). Therefore, by defini- 
tion of truth in model 4.7, either (W,Q, V,f(i)) FA and (W,Q, V,f(i)) E B, 
or (W,Q,V,f(i)) =A and (W,Q,V,f(i)) # B, and thus (W,Q,V,f(i)) = =A 
and (W,Q,V,f(i)) = Bor (W,Q,V,f(i)) =A and (W,Q,V,f(i)) = AB. Since 
model Mss is appropriate for X; or X2, it is appropriate for some set X;, where 
l<i<n. 


. Assume that R = Rig and X = Yu {(=0A,i)}, X = X u {(O54,i)}. 


Assume that model Mss is appropriate for set X. Since model Ms5 = 
(W,Q,V,w) is appropriate for set X, there exists such function f : N — W 
that (W,Q,V,f(i)) = ~ 0A. Therefore, by definition of truth in model 4.7, 
(W,Q,V,f(i)) # GA, and consequently there exists such u € W that f(i)Qu 
& (W,Q,V,u) $ A, so f(i)Qu&(W,Q,V,u) = AA, and thus (W,Q,V,f(i)) 
= AA. Since model tgs is appropriate for Xj, it is appropriate for some set 
Xi, where 1 <i<n. 

Assume that R = R,g and X = YU {(A © A,i)}, Xı = X u {(0-4A,i)}. 
Assume that model Mss is appropriate for set X. Since model Mss = 
(W,Q,V,w) is appropriate for set X, there exists such function f : N — W 
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12. 


13. 


that (W,Q,V,f(i)) = 1 © A . Therefore, by definition of truth in model 
4.7, (W,Q,V,f(i)) # OA, and consequently there is no such u € W that 
f()Qu&(W,Q,V,u) = A, so for any u € W, if f(i)Qu, then (W,Q,V, 
u) # A, that is for any u € W, if f(i)Qu, then (W,Q,V,u) = A, and thus 
(W,Q,V,f(i)) = GAA. Since model Mss is appropriate for Xj, it is also 
appropriate for some set X;, where 1<i<n. 

Assume that R= Ry and X = YU { (DA, i}, irj}, Xı = Xu {(A,j)}. Assume that 
model Mss is appropriate for set X. Since model Mss = (W, Q, V, w) is appro- 
priate for set X, there exists such function f : N — W that (W,Q,V,f(i)) = 
A and f(i)Qf(j). Therefore, by definition of truth in model 4.7, for any 
u€ W, if f(i) Qu, then (W,Q,V,u) = A, so (W,Q,V,f(j)) = A. Since model 
Mss is appropriate for X}, thus it is appropriate for some set X;, where 1<i<n. 
Assume that R= Ro and X = YU{(OA,i)}, X= Xu {irj, (A,j)}. Assume that 
model Mss is appropriate for set X. Since model Mss = (W, Q, V, w) is appro- 
priate for set X, there exists such function f : N — W that (W,Q,V,f(i)) = 
A. Therefore, by definition of truth in model 4.7, there exists such u € W that 
f(D) Qu&(W,Q, V,u) FA. By definition of rule Ro, index j ¢ +(X). So, we de- 
fine new function f’ : N — W, so that for any k £ j, f’ (k) = f(k), whereas 
f'(j) =u. Then, for any k + j and l £j, if (A,k) € Xı, then (W,Q, V,f’(k)) EA, 
and if krl € X4, then f’(k) Qf’ (I). Moreover, f’ (i) Qf’ (j) &(W,Q Vf’ (j)) =A, 
since f’(j) = u. Hence, from the above and from definition of model appropri- 
ate for the set of expressions 4.20, model Nts is appropriate for set X;. While 
since model Ntg5 is appropriate for Xj, it is also appropriate for some set X;, 
where 1<i<n. 


. Assume that R = R, and Xj = X U {irj}, where i, j € +(X). Assume that 


model Mss = (W,Q,V,w) is appropriate for set X, thus there exists func- 
tion f : N — W that meets the conditions from definition of appropriate 
model 4.20 and f (i), f (j) € W. Since relation R in model Mss = (W, Q, V, w) 
is universal, f (i) Qf (j). Thus model Mss is appropriate for Xj, thus it is also 
appropriate for some set X;, where 1<i<n. 


The above fact 4.77 will be used for the proof of another lemma. This lemma 


determines the relationship between the finite sets of formulas and the existence 
of maximal and open branches. 


Lemma 4.78. Let X c Forss be a finite set of formulas, i € N and let Wss be a 
model. If Ngs5 = X, then there exists a maximal and open branch beginning with set 
{(A,i): A eX}. 
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Proof. Take any finite set of formulas X £ Forss, any index i € N and any model 
Mss = (W,Q,V,w), and then assume that Mss = X. Let us define set {(A,i): A € 
X}. Set {(A,i): A € X} will be denoted as X’. 

Now, we take any function f : N — W such that f(i) = w. By definition of 
model appropriate for the set of expressions 4.20, model Mss is appropriate for 
set XÍ, since for any formula A € Forss and any index j € N, if (A,j) € XÍ, then j =i. 
While due to the fact that f (i) = w and the assumption that Mss = X, we get a 
constitution that if (A,i) € XÍ, then (W,Q, V,f(i)) = A. Moreover no expression 
krl, where k,l € N, belongs to set Xİ, so there also holds the second condition of 
definition of model appropriate for the set of expressions 4.20. 

Now, indirectly assume that each maximal branch beginning with set X' = 
{(A,i): A €X} is closed. 

As ®(X') we will denote the set of all maximal branches beginning with set 
Xİ. From fact 4.74, we know that for each finite set of tableau expressions Y there 
exists a maximal branch beginning with set Y. Thus, set ®(X') is non-empty. 

Since set (X") is a set of all maximal branches beginning with set XÍ, so it 
also has the following property. Assume that it contains branch y. Let for certain 
n € N exist such rule R € Rss and such triple (Z1,Z2,Z3) € R that y(n) = Zı and 
x(n +1) =Z2 or y(n +1) = Z3. Note that then both Z2 and Z3 are finite sets of 
expressions because each rule extends set to add at most two tableau expressions 
(by definition of tableau rules 4.23), branch y begins with finite set X’ and we 
consider its n-th element. Thus, from fact 4.74 we know that: 


e there exists maximal branch ¢ beginning with set X’ such that ¢(n +1) = Z2 
e there exists maximal branch y beginning with set X’ such that y(n +1) = Z3. 


(+) Thus, for any n e€ N, if there exist: such rule R € Rss, and such l-tuple 
(Zis... Z1) € R, where 1 < 1 < 3, branch y € ®(X') such that y(n) = Zı and 
y(n+1) = Z or x(n+1) = Z3, then there exist branches y € ®(X') and ¢ € ®(X') 
such that y(n) = Z), y(n +1) = Z2 and ¢(n) = Zi, 6(n +1) = Zs, if] =3. 

(++) By assumption, each branch that belongs to set ®(X') is closed, thus by 
fact 4.31, each branch that belongs to set ®(X') has a finite length of m, for some 
meN. 

From the initial assumption, we know that each of branches in set ®(X‘) 
begins with set Xİ. 

Since model Mss is appropriate for set of expressions XÍ, by virtue of fact 
4.21, which says that for a t-inconsistent set of expressions there is no appropriate 
model, set XÍ is not t-inconsistent. Hence, we have a conclusion that in set ® (X i) 
there is no branch of length of one as a one long branch would be open. 
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Due to fact 4.77 which states that for any rule R € Rgs any /-tuple — where 2 < 1< 
3 — (Zj,...Z)) €R, if model Mss is appropriate for set Z4, then it is appropriate for 
some set Z;, where 2 < i< 3, and (+), there exists branch y€ ®(X') such that model 
Mss is appropriate for set y(2) and y(1) = Xİ. The set of those branches that 
belong to ®(X‘), and at the same time model Mss is appropriate for their k-th 
element, will be denoted as ®(X'),. So, we have ®(X') = ®(X'), 2 ®(X')2 + Ø. 

Now, assume that for some n € N, where n > 1, set O(X'),-1 2 O(X')y + Ø. 
Since set ®(X'),, is non-empty, so take some branch y € ®(X') y. 

By assumption, model Mss is appropriate for set of expressions y(n). Since 
model tss is appropriate for set of expressions y(n), so by virtue of fact 4.21, 
which says that for a t-inconsistent set of expressions there is no appropriate 
model, set of expressions y(n) is not t-inconsistent. Thus, branch y is longer that 
n because otherwise it would be an open branch. Due to fact 4.77 which states 
that for any rule R € Rss any /-tuple — where 2 < 1< 3 — (Zj,...Z)) € R, if model 
Mss is appropriate for set Z1, then it is appropriate for some set Z;, where 2 <i < 3, 
and (+), there exists branch ø € ®(X'); such that model Mss is appropriate for 
set 6(n+1) and  ¢ O(X'),. Thus, ®(X"), 2 B(X') p41 and ®(X') n41 + Ø. 

Therefore, for each k € N, D(X’) #@ and 


(X) = (Xİ 2 P(X 2---2 O(X'), 2... 


Next, we take the intersection of all those sets ®(X');,, where k € N. Intersection 
M{@(X'),:k e N} = ® is non-empty as for each k, subset ©(X'), is also non- 
empty. So, set ® includes at least one branch y. That branch is maximal and begins 
with set X! since ® c O(X'). 

But, branch y is infinite which contradicts conclusion (*»*). 


We can now move on to the last lemma of this chapter. 


Lemma 4.79. For any X © Forss, A € FOrss, if there exists finite set Y € X and 
closed tableau (Y,A,®), then X = A. 


Proof. Take any X £ Forss and A € Forss. Assume that X # A. So, by definition of 
relation of semantic consequence 4.9, there exists such model tgs that Dss = X 
and Mss # A. Therefore, by definition of truth in model 4.7, we have Mss = AA, 
and consequently Mss = Xu {=A}. Thus for any finite set Y € X, also Mss = 
Yu{RA}. 

Take any finite subset Y’ € X. From lemma 4.78 we get a conclusion that for any 
ie N there exists maximal and open branch beginning with set {(B,i) : B € Y’U 
{=A}}. And from the above, and from lemma 4.76 we know that each complete 
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tableau (Y’, A, ®) is open. Since Y’ was an arbitrary finite subset of set of formulas 
X, so there is no finite set Y € X and closed tableau (Y’,A,®). 


To sum up the lemmas we have presented so far, we move on to the theorem 
on completeness for the tableau system we have discussed. 


Theorem 4.80 (Theorem on the completeness of tableau system of $5). For any 
X c Forss, A € Forss, the below statements are equivalent. 


e XEA 
e XDA 
o there exists finite set Y € X and closed tableau (Y,A,®) 


Proof. Take any X £ Forss and A € Forss. For the theorem proof, it is sufficient 
to show the occurrence of three implications: 


(a)XFA>XDA 
(b) X > A => there exists finite Y € X and closed tableau (Y, A, ®) 
(c) there exists finite set Y € X and closed tableau (Y,A,®) > XE A. 


Implication (a) results from lemma 4.59. Implication (b) results from lemma 
4.75. Implication (c) results from lemma 4.79. 


5 Metatheory of tableau systems 
for propositional logic and term logic 


5.1 Introductory remarks 


In this chapter, we establish general tableau concepts for systems constructed 
using the method described in the book. These concepts make it possible to ut- 
ter and justify a number of basic facts, the specific cases of which we have been 
proving in the previous chapters. 

Using the further defined general concepts of the tableau systems, we will be 
able to utter and prove a general theorem on the relationship between the tableau 
systems and the semantics adopted for them. The construction of the tableau 
system, which is adequate in terms of the adopted semantics, will boil down to 
defining the basic concepts of this system in such a way that they are special cases 
of the general concepts and meet certain general conditions which we will de- 
fine further. In this way, we will shorten the definition of the tableau systems to 
a minimal — in comparison to the previous chapters — number of procedures 
that describe the features of the considered system that distinguish it from other 
tableau systems. 


5.2 Language and semantics 


By set For we mean any set of formulas of some language. We call its elements 
formulas. 


Remark 5.1. For our considerations, we adopt any but fixed such set of formulas 
For that |For| is an even number or For is an infinite set. Set For will remain 
unchanged until the end of this chapter. 


We will now look at the issue of interpretation of formulas. In the cases 
presented in the previous chapters, the interpretations were the valuations of for- 
mulas or models. However, we will deliberately use the concept of interpretation 
in order to cover all those cases. We intend to describe in general the concept of 
interpretation which will be applicable in the presented metatheory of the con- 
struction of tableau systems that will allow us to draw conclusions on the general 
relationships between the semantic form ofa given logic and its tableau approach. 

In our considerations, we will make use of the fact that we only look into such 
logics whose interpretations assign exactly one of the two logical values to each 
formula. So, a given interpretation divides a set of formulas in an unambiguous, 
disjoint and exhaustive way into a subset of true formulas and a subset of false 
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formulas under this interpretation. This division coincides with some division of 
the set of formulas into mutually contradictory formulas, because for any formula, 
a formula is true in a given interpretation if and only if the formula contradicting 
it is false in that interpretation. 

The interpretation of a set of formulas can therefore be identified with the 

segment of the logical division of a set of formulas in terms of the contradiction 
of formulas which contains exactly all the formulas that are true in this interpre- 
tation. The starting point, however, will be a function that assigns a contradictory 
formula to each formula, thus always dividing the set of formulas into two seg- 
ments of the logical division. At least one of those segments may correspond to 
some interpretation of a set of formulas in which all and only those formulas 
that belong to this segment of the division are true. We will illustrate this with an 
example. 
Example 5.2. Let us consider the case of TL discussed in Chapter Three. Function 
o (definition 3.12) assigns a contradictory formula to each formula from set Forrr 
(fact 3.13). Let us now divide set of formulas Forry into the following pairs of sets: 
X’ and complement of X’ to set of formulas Foryy, i.e. X” = Forr \ X’, as per 
the principle of division, for each formula A € Forry: 


(+) A eX” iff (A) £X". 


The division of set of formulas Fory; into sets X’ and X” is a logical division as 
X'nX" = @ and X’UX" = Foryy, and what is more, sets X’ and X” are non-empty. 

Let us denote the set of all models INyy, for TL as Mru, while the set of all such 
segments of division by function o that meet equivalence (t) as Xo. 

Let Mri be any model. We define subset of formulas Mhr = {A € 
Forry: Mrz = A}. A complement of set Mp, to set Foryy is set Forrr \ Mhz, Le. 
set Ti = {A € Forrr: Mr # A}. 

Function o assigns a contradictory formula to each formula from set ForrL 
(fact 3.13), since for any model try, for TL and for any formula A € Forry it is 
the case that: 


(tt) MTL EA iff MIL # o(A). 


Since sets Why, and M4, are disjoint, exhaustive and non-empty, so they make 
up one of many logical divisions of set Forry by function o according to principle 
(t), for any formula A € Fory: 


(ttt) A e My iff 0(A) £ My. 


and belong to set Xo. 
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So with function o we can unambiguously identify each model Wry (and more 
precisely the set of all formulas that are true in this model) with some segment 
of the logical division of the set of formulas by the contradiction of formulas, 
determined by function o with equivalence (tt). 

For each trp € Mru, there exists precisely one set X € Xo such that My, =X. 
Therefore, we can identify set of all models Mr; with some subset of set Xo, that 
is with some subset of set of all subsets of set of formulas P(Foryy). 

However, the opposite dependence does not occur. The segments of logical 
division that belong to X, may correspond to many models that vary in terms of 
the domain cardinality, but not formulas which are true in them. 

In some cases, a segment of logical division that belongs to Xo may not be 
determined by any models. If, for instance, we take such segments of division Y’ 
and Y” that belong to X, that for certain name letters P, Q € Ln, PeP € Y’ and 
PiQ € Y’, then there is no such model Mrz € Mr that Dtr = Y’, since the truth 
of set of formulas Y’ would require the denotation of letter P to be an empty set 
and non-empty one at the same time. Further, we will also provide an example 
for CPL (example 5.6). 

Therefore, models/valuations, that is the set of interpretations should be iden- 
tified with a certain subset of the set of logical divisions of the set of formulas 
determined by a certain function that assigns a contradictory formula to each 
formula. Whether or not it is a proper subset, may vary from one case to another 
(see example 5.7). 


In the definition of interpretation of formulas, we will employ a reference to 
the sets of formulas that are true in a given model or valuation, because in the 
general approach to the tableau metatheory we cannot penetrate the structure 
of particular types of interpretations for different logics. At the same time, we 
must retain the general aspects, in particular those that correspond to the tableau 
proof, i.e. adopting in the proof a formula that is contradictory to the formula we 
are proving. 

We will now propose the general definition of set of divisions of set of formulas 
For. There is a function in this definition that implicitly assigns a contradictory 
formula to each formula. In many cases, however, even if this function is well 
established, we will identify a set of initial valuations/models with a proper subset 
of some sort of a set of all divisions. 


Definition 5.3. Let f : For — For be an injective function and X £ For. We shall 
state that X is a division of For iff for any formula A € For the following condition 
is met: A € X iff f(A) £X. 

By set X; we will mean a set of all divisions of set of formulas For determined 
by the established function f. 
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Remark 5.4. In some cases, function f may result in the non-existence of any 
division X c For, and then, consequently, set of all divisions X+ is empty. It is 
the case for instance when for some formula A € For f(A) = A. Thus, not each 
function f is suitable for the definition of set X;. 

In some cases, such function may fail to determine divisions corresponding to 
all models/valuations (example 5.7). For these cases, the specified method cannot 
be used to define a tableau system. 

Function f is determined by default by the way of adopting an equivalent of 

formula contradictory to the formula being proved. So, function f can correspond 
to negation — it does in the case of CPL and S5 !. Moreover, it may not correspond 
to any functor from the language — as it does not in the event of the tableau 
system for TL, where it could be identified with function o 3.13 (example 5.2) that 
assigns a contradictory formula to each formula. Generally speaking, function f, 
to each formula, assigns such formula that for any division X it is the case that 
exactly one of those formulas belongs to X. 
Remark 5.5. For our considerations, we adopt any but fixed and non-empty set 
of all divisions X;, for some function f : For — For that meets the conditions of 
the last definition 5.3. The set will remain unchanged until the end of this chapter. 
We will, on the other hand, refer to function f. 

As stated in example 5.2, for a given set of all valuations/models and given 
function f, it does not have to be the case that each element of set Xs corresponds 
to some valuation/model. Below, we provide an example for CPL (example 5.6). 
Example 5.6. Take set of formulas of CPL Forcpy. We will define function f as 
follows f(A) = —A, for any formula A € Forcpy. Function f meets the condition 
from definition of division of set of formulas 5.8, i.e. it is an injective function. 
Now, let X+ be a set of all divisions of set of formulas determined by function f. 

The set contains such division X that (p ^q) € X, ap € X and ~q € X. Obviously, 
no valuation of formulas V corresponds to set X, since for each V, if V((pAq)) =1, 
then V(-=p) = 0. Therefore, there does not exist such valuation V that V’ = {A € 
For: V(A) =1} and V’=X. 

Moreover, no valuation corresponds to set Forcpr \ X, since for each V, if 
V(=(p A q)) =1, then V(--p) = 0 or V(--q) = 0, and V(p) = 0 or V(q) = 0. 
Therefore, there does not exist such valuation V that V’ = {A e For: V(A) =1} 
and V’ = Forcp \ X. 


1 However, function f does not have to imply the addition of negation to the formula. For 
we could, for instance, assign a contradictory formula to each formula of CPL which 
would not be a negation of the initial formula. In the same way, we could also define a 
complete tableau system. 
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On the other hand, however, for each valuation V there exists such set V’ = {A € 
For: V(A) =1} that for some division Y € X¢, V’ = Y, because for each formula 
A€Forepry it is the case that A € V’ iff A ¢ V”. 

By virtue of the above, we can identify the set of all valuations of formulas with 
a proper subset of set of all divisions X+ by function f. 


In some cases and for some functions f it may be the case that the set of divi- 
sions corresponding to all models/valuations is identical to given set Xş (example 
5.7). 


Example 5.7. Consider two similar cases. In the first one, function f cannot be 
established in such a way that each model has a corresponding division that de- 
termines f. In the second case, for each division by function f there exists at least 
one corresponding model. 

Take such subset X of set of all formulas Forrı that X = {P'aQ!, P'eQ!}. 
Consider set of all models Mx for a new, more sparing language. They will be 
analogous to the models for TL, but their denotation sets will only be assigned to 
two name letters that occur in a new, more sparing language — letters P! and Q!. 

Next, in a usual manner we will define the relation of semantic consequence 
determined on set P(X) x X (in a sense truncating the relation of semantic con- 
sequence of TL to set X) and denote it as =’. Only four arguments are correct in 
such logic: 


{P'aQ', P'eQ'} +’ P!aQ! 
{PlaQ', P'eQ'} F’ P'eQ! 
{P'aQ'} =" P!aQ! 
{P'eQ'} F’ PleQ! 

since: 
{P!aQ’} #’ P'eQ' 
{PleQ'} #' PiaQ! 


due to the fact that in Mx there exist models in which the denotation of letters P! 
is a non-empty set. In the event when that set is contained in the set of denota- 
tions Q! proposition P!aQ! is true, while proposition P!eQ! is not true. Instead, 
in the event when the set of denotations of name letter P! is disjoint with the set 
of denotations of letter Q', proposition P'eQ! is true, while proposition P'aQ! is 
not true. 
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In turn, due to the fact that in My there exist models in which the denota- 
tion of letter P! is an empty set, set X = {P'aQ', PleQ'} is not a contradictory set. 
Therefore, we are unable to establish function f in such a way that each model has 
a division of set X determined by function f. For there exists only one injective 
function f : X — X such that for any y € X f(y) + y. It is defined as follows: 

f(PlaQ’) = PreQ’ 
f(P'eQ!) = P'aQ!. 

Now, take any division Y of set X by function f. It meets condition: A € Y 
iff f(A) ¢ Y, for any A € X. If P'aQ! € Y, then f(P'aQ') ¢ Y, i.e. PheQ! ¢ Y, thus 
P'eQ! € Xx Y.If,in turn, P!aQ' £ Y, then f(P!aQ!) € Y, i.e. P'eQ! € Y, thus P'eQ! ¢ 
X NY. An analogous sequence of implications occurs for the other formula. Thus, 
for model in which set of formulas X = {P'aQ!, P'eQ'} is true, there does not 
exist any corresponding division of set X by function f. So, for such relation of 
consequence like +H’, we will not construct a tableau system using the provided 
method’. 

On the other hand, take such subset Y of set of all formulas Foryy, that Y = 
{P'aQ', P'oQ!}, and set of all models My (which is identical to set Mx, as we 
still have the same letters in the alphabet), and then define in a usual manner 
the relation of semantic consequence on set P(Y) x Y (in a sense truncating the 
relation of semantic consequence of TL to set Y) and denote it as =”. In such 
logic, there occur analogous implications like for relation EK’. However, in My 
there does not exist model such that set Y = {P!aQ!, P'oQ'} is true in it, because 
formulas P!aQ!, P!oQ! are contradictory. We establish function f : Y — Y as 
follows: f (P'aQ') = P!oQ! and f(P'0Q') = P'aQ!. We only get two divisions of 
set Y by function f, Y’ = {P'aQ'} and Y” = {P'oQ!} °. 

Note that for each model Pty there exists division Z of set Y by function f such 
that Mt = {A € Y : My H” A} = Z. On the other hand, for each division Z of set 
Y by function f there exists model Mty such that Mt, = {A € Y : My H” A} =Z. 


2 Perhaps for relation +’ it is impossible at all to define a tableau system in a standard 
way, as it is not the case that for each formula there exists a contradictory formula. We 
can, however, expand the provided method, requiring the adoption at the beginning 
of proof of suitable auxiliary expressions instead of the contradictory formula, when 
it does not exist. In the discussed case, for instance for formula P'aq! it would be set 
{P| ,,Q! |}, for some ie N. 

3 ‘The example shown is interesting insomuch that in the tableau system for it, the set of 
tableau rules could be empty. For each branch and tableau would be one-step, because 
having adopted a set of premises in the very first step, we would receive a t-inconsistent 
set, with the natural assumption that {A,f(A)} is a t-inconsistent set. 
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For the reasons we mentioned, in further semantic considerations we will refer 
to some established set I € X;. So, let us proceed to the definition. 


Definition 5.8 (Interpretation of formulas). A set of interpretations determined 
by function f (for short: interpretations) is each subset I € Xy. The elements of 
set I will be called interpretations of formulas (or for short: interpretations) and 
denoted by letter 3, possibly with indices. 


Denotation 5.9. Let I€ X¢. Let J €I be any interpretation of formulas. Let us adopt 
the following denotations: 


e for any formula A € For, the fact that A € J will be put as J = A, whereas the 
fact that A £ J will be put as T# A 

e for any subset of formulas X £ For, J = X iff for any formula A € X, J = A; while 
JX iffit is not the case that J = X. 


We will now proceed to the concept of relation of semantic consequence. 


Definition 5.10 (Semantic consequence). Let I € Xș be a set of interpretations. 
Let X £ For and A € For. 


e Formula A follows from X under I (for short: X =; A) iff for any interpretation 
Jel, if T= X, then J A. Whereas formula A does not follow from X under I 
(for short: X #1 A) iff it is not the case that X F1 A. 

e When set I is fixed, we apply notation X = A and respectively X A. 

e Relation = will be called a relation of semantic consequence (defined by set of 
interpretations I). 


With an established relation = we can proceed to the concept of semantically 
defined logic. 


Definition 5.11. Let set I € X+ be a set of interpretations of formulas For. Pair 
(For,1) will be called a semantically defined logic. 


Another fact says that two relations of consequence defined on set of formulas 
For are identical iff they are defined with the same set of interpretations IC Xf, so 
when speaking of relation =, we do not have to refer to set I, as it is unambiguously 
determined by relation =. 


Proposition 5.12. Let I, € X¢ and In © X; be sets of interpretations of formulas 
For. Let pairs (For,&1,) and (For,1, ) be semantically defined logics. In such case 
FL=FL iff I, =f. 

Proof. Take any sets of interpretations of formulas I, € Xf, LE Xf, and logics 


(For,&y, ) and (For, =1, ) they semantically defined. Assume that I, + I}. We have 
two cases: 
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(1) there exists such interpretation J € I; that J £ I2 
or 
(2) there exists such interpretation J € I, that J ¢h. 


Let us only consider case (1) as case (2) is analogous. 

Now, take any such interpretation J € I; that J ¢ I}. 

Assume that Iz is an empty set. By definition of relation of semantic conse- 
quence 5.10, =r, = P(For) x For. On the other hand, since 3 € Ij, so by definition 
5.3, for certain formula A, J = A and J # f(A), so by definition of relation of 
semantic consequence 5.10, {A} #1, f(A), thus Fy, #F1,. 

(+) Now, assume that Iz is not an empty set. 

Since J ¢ In, then by definition 5.3 for each interpretation J’ € I; there exists 
such formula B € For that: 


(a) I'= Band J¥B 
or 
(b) J' Band JE B. 


Take any interpretation J’ € Iz and such formula B € For that there occurs case 
(a) J' = Band J # B. It is the case when and only when — by definition 5.3 — (a)’ 
3’ ¢ f(B) and J = f (B), thus there exists such formula C € For that f (B) = C and 
(a) Y # Cand JKC. 

Now, we define set of formulas X £ For as follows: for any formula A, A € X iff 
there exists such interpretation J’ € Iz that 3’# A and J = A. 

From (+), (a)”, (b) it follows that set X is non-empty and for each interpretation 
J’ € Iz, there exists such formula D € X that J’ 4 D. What is more, for each formula 
DeX, JED, so FFX. 

Therefore, there does not exist such interpretation J’ € Iz that J’ = X. From the 
above and from definition of relation of semantic consequence 5.10, we get that 
X =;, D, for any formula D € For, since J $X, for any interpretation of formulas 
au € Iz. 

While since J = X, so J 4 f (E), for each E € X, by definition 5.3. From the above 
and from definition of semantic consequence 5.10, X #1, f (E), for certain E € X. 
And at the same time X Fy, f (E), since X Fy, D, for any formula D € For, thus 
Fy, #Fy, 

Now, assume that I, = I}. Then obviously Fy,=y,, since Er, =E. 


Remark 5.13. For our considerations, we adopt any, but fixed set of interpretations 
Ic Xf. The set will remain unchanged until the end of this chapter. We will, on 
the other hand, refer to function f. 
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Remark 5.14. For our considerations, we adopt any, but fixed, semantically de- 
fined logic (For, =}. Due to fact 5.12, since relation of consequence H determines 
exactly one set of interpretations of formulas I € Xp, we do not have to include a 
reference to set I in the notation. Logic (For,) will remain unchanged until the 
end of this chapter. On the other hand, we will from time to time refer to the set 
of interpretations of formulas I determined by E. 


5.3 Basic concepts of the tableau system 


Now, we will define the set of conditions that should be satisfied by the tableau 
expressions. 


Definition 5.15 (Tableau expressions). The set of tableau expressions will be called 
any set Te that meets the following conditions: 


1. there exists such injective function g : For — P(Te) that for any formula 
A ¢ For, g(A) is a countable subset of set Te and for any formula B € For, if 
A#B, then g(A) ng(B) =@ 

2. there exists at least one distinguished and finite set Te’ c Te such that for 
any subset X c For, if there exists interpretation of formulas J € I such that 
J X, then Te’ ¢ U{g(A) :A € X} (the set of all such distinguished sets will 
be specified as Te”). 


The elements of set Te will be called tableau expressions or simply expressions. 


Making use of condition 2 of definition of set of tableau expressions 5.15, we 
will now introduce the general concept of t-inconsistent set (and concept of t- 
consistent set). 


Definition 5.16. Let Te be a set of tableau expressions and let Te” ¢ Te. Set Te” 
will be called tableau inconsistent (for short: t-inconsistent) iff there exists such 
Te’ € Te” that Te’ c Te”. Set Te” will be called tableau consistent (for short: 
t-consistent) iff Te” is not t-inconsistent. 


Remark 5.17. For any set of expressions Te we assume that the values of func- 
tion g : For —> P(Te) are sets of indexed Arment er set Te, ie. for any 
jon A e For, there exists such countable set {x!,x”,x°,...} € Te that g(A) = 
fie ae? ..}. At the same time, we do not assume that Be any xÍ, x) € g(A), 
if i + j, iheni x! + xÍ. The numbers visible in the indices of tableau expressions 


x! x?,x3,... will be called indices. 


Remark 5.18. As we remember, in the case for CPL considered in the book, the 
set of expressions was identical to the set of formulas. In this case, we would adopt 
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Te={A':A€Forcpz, i€ N}4. Ina more complex case, i.e. TL, set {AŻ : A e Fort, 
ic N} c Te. In both those cases, we associate a little artificially with each formula 
an infinite set of expressions that correspond to it, whereas for each formula A, if 
g(A) = ian x. ... }, then for any indices i, j we would have: xX =d, 

In the case of S5 such association is more natural, as the elements of set along 
with indices {AŻ : A € Forss, i€ N} c Te would correspond to the ordered couples 
(A, i) we use in the proofs. 

In both latter cases (TL, S5), in order to obtain entire set Te we would have 
to still define additional auxiliary expressions. Our definition does not specify 
what these expressions would be, but in order to get a complete tableau system, 
they would have to meet further conditions that we will provide. This reservation 
also applies to the concept of an inconsistent set of expressions, which in some 
cases could even contain one element. This is the case in those systems where the 
branch containing certain expressions (considered to be inconsistent) is closed 
with a special sign by means of an additional rule or rules, e.g. x (refer for example 
[23]) and only then the branch is considered closed. 

Ultimately, however, the role of these expressions which, through function g 
represent formulas in a tableau proof, could be fulfilled by any other symbols, not 
structurally (graphically) related to formulas, yet meeting the conditions from 
definition of set of tableau expressions 5.15. 


New denotations will be useful for further work. 


Denotation 5.19. Let us adopt the following denotations: 


e for any formula A € For and any i € N, A! =<! iff x! € g(A) 
e for any subset X £ For, X'= {A1 : Ae X}. 


Remark 5.20. For our considerations, we adopt any, but fixed set of tableau ex- 
pressions Te and included in Te at least one tableau contradictory set Te’. These 
arrangements will remain unchanged until the end of this chapter. 


Remark 5.21. Wealso assume the option of inclusion in set Te of auxiliary expres- 
sions which correspond to expressions such as irj in case of the described tableau 
system for S5, or such as expressions P_; and P4; in case of the described tableau 
system for TL, for any i, j € N and any name letter P € Ln. The auxiliary expressions 
also feature indices. 

Such expressions will be specified by means of set TeA, subset of Cartesian 
product {a ,2,a3,...} x {B1, P2» B3,... }, where for any i,j €N, if (æi, B;,) € TeA, 


4 In Chapter Two, we adopted the simplest variant. We could have, however, adopted 
the set of tableau expressions for CPL different from the set of formulas. 
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then £j is an ordered n-tuple (kj,k2,...,kn) of indices present in that sequence in 
expression «;, for some n,ky,k,...,kn €N. 

Set TeA c Te, moreover TeA may be empty, because the construction of 
tableau proof for a given logic may not require at all a richer set than what 
is required by definition 5.15, or its definition uses a different set of auxiliary 
expressions than TeA. 


Definition 5.22 (Function selecting indices). Function selecting indices will be 
called function + : P(Te) — P(N) defined for any i,j € N with conditions: 


e for any formula A € For, +({A'}) = {i} 
e for any (ai, pj} € TeA, *+({ (œi, pj} }) = {k: k is an element of B;} 
e forany X CTe, if |X| >1, then +(X) =U{*({y}) :yeX}. 


Therefore, for any subset of set {A' : A € For,i € N} c Te function + selects all 
indices present in the expressions from that set. 

We will now proceed to the general conditions that specify the relation of sim- 
ilarity between the sets of expressions, regardless of whether or not set TeA is 
non-empty and set Te contains any other specific auxiliary expressions. There- 
fore, in the definition of similarity we assume the condition of having the same 
cardinality. 


Definition 5.23 (Similar set of expressions). Let X, Y c Te. We shall state that X 
is similar to Y iff: 


e X is t-consistent iff Y is t-consistent 
e X and Y have the same cardinality 
e there exists such bijection h: +(X) — *(Y) that: 
- for any formula A € For and i€ N, A‘e X iff A" eY. 
- for any i,n,ky, k2,..., kn €N, there exist such j € N, (a, pj} € TeA that (a;, B;) 
€ X and fj = (ki, k2, ..., kn) iff there exist such l€ N, (aj, 8) € TeA that 
(aibi) € Y and By = (h(k), h(k2), EEES h(kn)). 


From definition of similarity 5.23 the following conclusion results. 
Corollary 5.24. Let X,Y £ Te. If X is similar to Y, then Y is similar to X. 


For further work, we need a definition of relation that occurs between inter- 
pretation of formulas J and subset of tableau expressions {A’: A € For,ie N} € 
Te. 


Definition 5.25. Let i¢ N. By i+; we mean any such relation specified on Cartesian 
product I x For that for any formula A € For and any interpretation J € I: 
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e if JE A, then Jit; A. 
e Jit; A iffit is not the case that Ti+; f(A) (for short: J 1}; A). 
e if for certain j € N, Ti+; A, then J ir; A. 


By i- we will mean set { (J,A) : J € I,A € For and for some i € N J iF; A}. 


Remark 5.26. For our considerations, we adopt any, but fixed relation i. It will 
remain unchanged until the end of this chapter. 


Remark 5.27. Intuitively, relation |r is in a sense expansion of relation + onto set of 
tableau expressions {A' : A e For, i€ N} c Te. We used “in a sense”, because in the 
cases of CPL and TL we can identify it with relation =, as for each formula A, of 
one of these logics, AŻ =A, for any i € N. On the other hand, in the event of modal 
logic (e.g. $5), notation J i+; A may indicate that if based on model WM, that we 
identify with interpretation J, we construct model W, where the distinguished 
world will be corresponded by index i, then WY = A. 


We will now specify the general conditions describing the interpretation 
appropriate for set of expressions. 


Definition 5.28 (Interpretation appropriate for set of expressions). Let J € I be 
an interpretation, and let X c Te bea set of tableau expressions. We shall state that 
interpretation J is appropriate for set X iff: 


1. X is t-consistent 
2. for any i¢ N and any A € For, if A’ € X, then Jit; A. 


5.4 Tableau rules 


Now, we will proceed to the conditions that should be satisfied by the tableau 
rules. So, let us define the general concept of rule. 


Definition 5.29 (Rule). Assume that P(Te) is a set of all subsets of set Te. Let 
P(Te)” be n-element of Cartesian product P(Te) x --- x P(Te), for some n € N, 
— m 
n 
whereas Unen P(Te)” be a union of all n-ary products such that n > 2. 


e Rule will be called any subset R © Unen P(Te)” such that if (X1,..., Xn) € R, 

then the following conditions are satisfied: 

- X,c Xj, foranyl<i<n 

— Xj, isa t-consistent set 

- ifk+l, then X% + Xj, for anyl<kl<n 

- (Closure under similarity) for any set of expressions Y such that Yj is simi- 
lar to Xj, there exist such sets of expressions Y2,..., Y, that (Y1,..., Yn} € R 
and for any 1<i<n, Y; is similar to X; 
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— (Existence of core of rule) for some finite set Y € X; there exists ordered 
n-tuple (Z1, ..., Zn} € R such that: 
I. Z,=Y 
2. for anyl<i<n, Zj=Z,U(X;\ Xj) 
3. there does not exist proper subset U; c Y and n-tuple (Uj, ..., Un) € R 

- (Closure under expansion) for any t-consistent set of expressions Z1, such 
that X; c Z; and for each 1< i < n, X; is not similar to any subset Z; containing 
Xj, there exist such set of expressions Z2, ..., Zn that (Z1, ..., Zn} € R and 
for any 1<i<n, X; is similar to X1 U (Z; \ Z1) 

— (Closure under finite sets) if X; is a finite set, then for each 1< i< n, X; is a 
finite set 

- (Closure under subsets) for any subset X’ € X4, if for certain set Y € Xj there 
exists such n-tuple (Wj,..., Wn) € R that: 


1. Wi=Y 
2. for anyl<i<n, Wi = W,U(X;\X1) 
3. Wc Xx’ 


then there exist such sets of expressions Z,..., Zņ that: 
l. (Zi, Suey Lyn) eR 
2. 22x! 
3. for anyl<i<n, Zj=Z,U(Xj\ X). 
e We shall state that rule R has been applied to set X; iff for certain 1 < i < n, 
exactly one set X; was selected from certain n-tuple (X1, ..., Xn} € R. 


Remark 5.30. Note that the general concept of rule we have introduced with def- 
inition 5.29, is in a way less general than the general concepts of rules used in the 
previous chapters — since we have added several additional conditions that were 
not present before. For we will not use a specific set of rules in further proofs, but 
we will define another conditions that should be jointly met by the set of tableau 
rules selected for axiomatization of the tableau system. 

However, in some respects, definition 5.29 is more general than the definitions 
of rules in the previous chapters. In those cases, the rule was to be a subset of 
Cartesian product R € P(Te)”, where n > 2. And here, the rule is defined as a 
subset of the union under Cartesian products R € Unen P(Te)”, where n > 2. Of 
course, the rules that meet the first condition also meet the second one. The more 
general condition was provided for a number of reasons. 

First of all, even in the case of structural definition of tableau rules — as we have 
done so far — there may bea situation in which ordered pairs of different numbers 
of elements belong to a single rule. An example is a logic with relating connectives, 
in which we sometimes have to describe relationships between propositional 
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letters when distributing expressions in tableaux. In this case, the number of ele- 
ments in a given n-tuple may depend on the number of propositional letters in a 
given formula.’ 

Secondly, even if we define the tableau rules structurally, it is also possible to 
define them for some system in a more complex way. We could, for example, sum 
up some (or even all) of the rules described in the chapter on the tableau system 
for CPL, to get for instance rule R’ = R- U Ry. That rule would consist of two 
types of n-tuples: ordered pairs and ordered triples. 

Finally, we can build tableau systems for non-classical reasoning (inferences), 
in which we draw conclusions in a non-deductive way. In such systems, there 
may occur a need for unstructured definition of tableau rules, e.g. in such a way 
that from a given structurally described set of premises it is possible to move 
in the tableau to one or more branches, depending on which subformulas the 
premises are composed of. Excluding certain conditions from definition 5.29, that 
definition may be useful in such cases. 


We will now frame a general definition of the core of rule in a given set. 


Definition 5.31 (Core of rule). Let R be a rule and n € N. Let (X),...,X,)¢€R 
and (Zj,...,Zn) € R. We shall state that (Z1, ..., Zn} € R is a core of rule R in set 
(Xo... Xn) iff 


l. ZEX 

2. there do not exist proper subset U; c Zı and n-tuple (U;,...,U,) such that 
(Uj,...,Un) €R and Uj \ Ui = Zi N Z, for anyl<i<n 

3. for any 1<i<n,Z;=Z,U(X;\ X). 


By definition of rule 5.29 (Existence of core of rule), we get the following 
conclusion. 


5 Although the book does not directly consider logics with relating connectives, the re- 
sults of this chapter also apply to the tableau systems for such logics. An introduction 
to relating logics was presented inter alia in [12], [7] and [11]. The simplest example of a 
tableau system of logic with relating connectives is described in paper [10]. In turn, the 
issue of rules containing various n-tuples appears in those logics with relating connec- 
tives for which the semantic structure is constrained by various conditions motivated 
by philosophically oriented interpretation of connectives. Such an approach to tableau 
methods for logics with relating connectives in the context of causality can be found 
in [11] as well as connexivity in [12], [13]. It is worth noting that in the case of [13] in 
a sense relating logics were combined with modal ones and two tableau approaches 
were joined. 
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Corollary 5.32. Let R be a rule and n €N. If n-tuple (X1, ..., Xn) €R, then there 
exists n-tuple (Yq,...,Yn) € R such that (Y1,...,Yn) is the core of rule R in set 
(Siow Xn). 


We will now define two additional technical concepts that will allow us to 
frame a general definition of a set of tableau rules. 

Let X £ Te be a set of tableau expressions and let R be a set of rules. By Rx we 
will mean a set of all and only such rules from set R that are applicable to set X. 
Formally, R € Rx iff R € R and there exists such n-tuple (Yj,..., Yn) € R that Yı = X. 

Let R € Rx, by Ry we will mean a set of all and only such n-tuples from R that 
their first element equals X, and if some of the remaining elements of two n-tuples 
that belong to Rx differ, then these two n-tuples have different input sets of the 
core of rule. Formally, for any n € N, (Y1,..., Yn) € Rx iff: 


e (Yis... Yn} €Rand Yı =X 
e for any set of expressions Z1, ..., Zm Zb <--> Zio Yi, .-.» Y3 c Te, if: 
= (Zie yee 
= (Yrs... Yn) #(Z1---Zn) 
- (Y... a vis thecoteal nile Rin sel Yn was Ya) 
- (Zj,...,Z)) is the core of rule R in set (Z),...,Zn) 


then Y{ 4 Zi. 


The limitations in the definition of set Ry are the results of the fact that some 
rules, e.g. Ro in the described tableau system for $5, may introduce completely 
new expressions that are absent in any form in the previous portions of the proof. 

In the case of rule Ro, we can introduce to the branch some set {(A, i), irj}, 
where A € Forss and i,j € N, selected from among many such sets. Usually, there 
exist multiple such n-tuples that belong to Rg which are applicable to set X, if 
(A, i) € X, after even one application we cannot apply rule Ro to set X anymore 
due to expression (QA, i) € X, because of the limitations in the application of this 
rule (see example 4.24). So, we want set Rx to include only one such n-tuple, since 
we can only use one. 

With the above concepts, we can proceed to the definition of set of tableau 
rules. 


Definition 5.33 (Tableau rules). Let R be a set of rules. We shall state that R is a 
set of tableau rules iff 


1. Risa finite set 
2. for any X £ Te, if X is a finite set, then for any rule R € Rx, each set Rx is a 
finite set. 
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So, set of tableau rules R must include a finite number of rules, and what is 
more, for any finite set of expressions, each of rules R that belong to R can be ap- 
plied a finite number of times — taking account of the set of n-tuples that belong 
to Rx. 


Remark 5.34. We adopt any, but fixed set of tableau rules R. That set will remain 
unchanged until the end of this chapter. It is worth noting again that all further 
tableau concepts: branches and tableaux of different types will depend on set R. 


5.4.1 Branches 


Conventionally, another concept in our theory that will be discussed is the con- 
cept of branch. It is a concept that depends on the notion of the tableau rule 
because branches are created by applying rules. Branches — as mentioned be- 
fore — are setwise objects consisting of sets. The below definition corresponds to 
all the definitions of branch used so far, only that it depends on the general notion 
of set of tableau rules R. 


Definition 5.35 (Branch). Let K = N or K = {1,2,...,n}, where n € N. Let X be 
any set of expressions. A branch (or a branch beginning with X) will be called any 
sequence ¢ : K — P(Te) that meets the following conditions: 


1. $(1) =X 
2. for any i€ K: if i+1é€ K, then there exists such rule R € R and such n-tuple 
(Y1,...Yn) € R that $(i) = Yı and $(i+1) = Yp, for somel<k<n. 


Having two branches ¢, y such that ¢ c y we shall state that: 


e is a sub-branch of y 
e yis asuper-branch of ¢. 


Denotation 5.36. From now on — when speaking of the branches constructed by 
the application of rules from set R — for the sake of convenience, we will use the 
following notations or denotations: 


1. Xis... Xn, where n>1 

2. (Xi... Xn}, where n>1 

3. abbreviations: fy (where M is a domain ¢, ie. 6: M — P(Te)) 
4. or — to denote branches — small Greek letters: ¢, y, etc. 


The sets of branches, in turn, we shall denote with capital Greek letters: ®, Y, etc. 
Furthermore, the domain cardinality of a given branch K we shall sometimes call 
a length of that branch. 
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All the so far considered branches have been specific cases of the above 
concept, assuming an appropriate set of rules R. 
Let us now introduce the general definition of addition of branches. 


Definition 5.37 (Addition of branches). Let #: {1,...,n} —> P(Te) and y: M — 
P(Te) be branches, for some n € N and MCN, and let ¢(n) = y(1). The results of 
the operation ¢ @ y is function g : K —> P(Te) defined as follows: 


1. if M =N, then K=N 
2. if|M| eN, then K = {1,...,n,n+1,n+2,...,n+|M|-1} 
3. for each i€ K 
a. ifl<i<n, ọ(i)=¢(i) 
b. ifi>n, then g(i) = w((i-n) +1). 
From definition of branch 5.35 and definition of addition of branches 5.37, 
follows an analogous conclusion as in the case of the tableau system for logic $5. 


Corollary 5.38. Let ¢: {1,...,n} —> P(Te) and y: M —> P(Te) be branches, for 
some n €N and MCN, and let $(n) = w(1). Then ¢ © y is also a branch. 


5.4.2 Closed and open branches 


An important classification of branches is the division into closed and open 
branches. A branch is closed when, applying the rules in subsequent steps, we 
have reached a t-inconsistent set. Below, we present the definition which is 
directly based on set of tableau rules R, as it refers to definition of branch 5.35. 


Definition 5.39 (Closed/open branch). Branch ¢ : K — P(Te) will be called 
closed iff $(i) is a t-inconsistent set for some i € K. A branch will be called open 
iff it is not closed. 


From the above definition 5.39, definition of tableau rules 5.33 and definition 
of branch 5.35, the following conclusion results. 


Corollary 5.40. If branch  : K —> P(Te) is closed, then |K| € N. 


Again, in the case of a closed branch, the t-inconsistent sequence element is 
the last element and no rule can be applied to it anymore to extend the branch. 
For the tableau rules have been defined in such a way that they cannot be applied 
to t-inconsistent sets. 


5.4.3 Maximal branches 


One more important concept in the construction of a tableau system is the con- 
cept of a maximal branch. The definition of maximal branch is based on the 
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concept of strong similarity. As we already know from the previous chapter, the 
concept of strong similarity of sets of expressions is a special case of the similarity 
of sets. Below, we provide its version that is generalized to the context of rules 
from set R. 


Definition 5.41 (Strong similarity). Let rule R € R and let (Xj,...,Xn) € R, for 
some n € N. On any set of expressions W c Te we will state that it is strongly 
similar to set X;, where 1 <i< n, iff 


1. W is similar to X; 
2. for certain n-tuple (Y1,..., Yn}, which is the core of rule R in set (Xj,...,Xn), 
the following conditions are satisfied: 
a. for certain W’ € W, Yı c W’ 
b. W’ is similar to Y1 U (X; ` X1). 


Having adopted the concept of strong similarity, we can proceed to the concept 
of maximal branch in the general version, also referred to set of tableau rules R. 


Definition 5.42 (Maximal branch). Let ġ : K —> P(Te) be a branch. We shall 
state that ¢ is maximal iff it meets one of the below conditions: 


1. ¢ is closed 

2. for any rule R €R, any n € N and any n-tuple (Xj,...,Xn) €R, if 6(k) =X, for 
certain k € K, then for some j € K, there exist 6(j) and such set of expressions 
W c Te that for some 1< i< n, W is strongly similar to X; and W € ¢(j). 


Remark 5.43. We will repeat here the remark from the previous chapter. Accord- 
ing to the above definition, a maximal branch is closed or, in a sense, closed under 
effect of rules (both conditions do not necessarily have to be mutually exclusive). 
Closure under rules means that if a branch is not closed and it was possible to 
apply some rule to one of its elements, then some of the branch elements includes 
a set strongly similar to the one that could have been a result of application of 
that rule. Set W is to be contained in one of the elements of branch ¢(j), and not 
necessarily be identical to it, since we applied the rule to set 6(j—1), which can be 
a proper superset of set X, and consequently we obtained more expressions, and 
what is more, those elements could have been obtained as a result of application 
of another rule. 


Maximal branches as defined by the definition 5.42 can be either finite or infi- 
nite. There occurs an analogous case here as in the considerations on logic $5: if 
the branch is finite and there does not exist super-branch, then it is also a maximal 
branch. 
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Corollary 5.44. If branch ¢ is finite in length, and there does not exist such branch 
y that $c y, then ġ is a maximal branch. 


Proof. Take any branch ¢ which is finite and there does not exist such branch 
y that ¢ c y. Now, assume that ¢ is not closed. If it does not meet the second 
conditions of definition 5.44, then since ¢ is finite, so there exists branch y such 
that ¢ c y, which obviously contradicts the assumption. 


So we have a general definition of maximal branch, which includes both finite 
cases — especially in systems that feature the finite branch property, and infinite 
cases, such as those that occur, for example, in modal logics. 

The described concepts, therefore, apply to systems in which, by building a 
tableau proof using tableau tools and looking for maximal branches, we may be 
dealing with infinite branches. This is the case when a branch cannot be closed or 
certain rule application sequences are repeated. 

From definitions 5.39 and 5.42 we get the following conclusion again. 


Corollary 5.45. Each closed branch is maximal. 


5.4.4 Branch consequence relation 


We will now move on to the general concept of branch consequence which we 
will define using the following concepts: branch, maximal branch, closed branch, 
and denotation 5.19. 


Definition 5.46 (Branch consequence). Let X c For and A € For. We shall state 
that A is branch consequence of X (for short: X > A) iff there exists such finite set 
Y © X and such index i € N that each maximal branch beginning with set Y' u 
{f(A)'} is closed. By X # A, we mean that A is not branch consequence X. 


The general concept of branch consequence relation corresponds to the so 
far defined concepts of branch consequence relation, taking account of remark 
5.18. This remark is valid for all tableau concepts defined hereafter. So, when con- 
structing a branch or tableau for some set of formulas X U {A}, we begin with set 
X'u{f(A)'}, for some index i € N. 


5.5 Tableaux 


In this subchapter, we will move on to the general definition of tableau and 
various variants of tableaux. However, we will start with an auxiliary concept 
of maximality in set of branches which we already have used in the previous 
chapters. 
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Definition 5.47 (Maximal branch in the set of branches). Let ® be a set of 
branches and let branch y € ®. We shall state that y is maximal in set ® (for 
short: ®-maximal) iff there is no such branch ¢ € ® that yc ¢. 


We can now move on to the general concept of tableau. 


Definition 5.48 (Tableau). Let X £ For, A e Fora ® bea set of branches. Ordered 
triple (X,A,®) will be called a tableau for (X,A) (or for short: tableau) iff the 
below conditions are met: 


1. ® is a non-empty subset of set of branches beginning with set X’ u {f(A)'}, 
for some index i € N (i.e. if y € ®, then y(1) = X'u {f(A)'}) 
2. each branch contained in ® is O-maximal 
3. for any n,i € N and any branches y1, ..., Wn € ®, if: 
e iandi+1 belong to domains of functions y1, ..., Wn 
e foranyl<k<nandanyo<i, yı(0)=wy(0) 
then there exists such rule R € R and such ordered m-tuple (Yj, ..., Ym) € R, 
where 1 < m, that for any 1 < k <n: 
e yk(i)=Yı 
e and there exists such 1< 1< m that w,(i+1) = Y}. 


The above concept of tableau covers all notions of tableau considered so far in 
a book, with a properly defined set of tableau rules R. 

When considering the tableaux in general, we can also generalize the concept 
of redundant branch which is useful for the definition of complete tableau. 


Definition 5.49 (Redundant variant of branch). Let ¢ and y be such branches 
that for some numbers i and i+1 that belong to their domains, it is the case that 
for any j < i, (j) = w(j), but ¢(i+1) # w(i+1). We shall state that branch y is a 
redundant variant of branch ¢ iff: 


e there exists such rule R € R and such n-tuple (Xj,...,X,) €R that $(i) = Xı and 
o(i+1) = Xj, for certainl<j<n 
e there exists rule R € R and such m-tuple (Y1,..., Ym) € R, where m > n, that 
X= y(i) = Yi and: 
1. y(i+1) = Yj, for certain 1< k < m 
2. for any 1< 1< n there exists such 1< o < m that o $ k and X; = Yo. 


Let ®, Y be sets of branches and ® c Y. We shall state that Y is a redundant 
superset © iff for any branch y € ¥ \ © there exists such branch ¢ € Ọ that y is a 
redundant variant of ¢. 


Making use of the general concept of redundant superset of branches we can 
define the general concept of complete tableau. 
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Definition 5.50 (Complete tableau). Let (X, A, ©) bea tableau. We shall state that 
(X,A,®) is complete iff: 


1. each branch contained in ® is maximal 
2. any set of branches such that: 
a Oc 
b. (X,A,'¥) is a tableau 
is a redundant superset of ®. 


A tableau is incomplete iff the tableau is not complete. 
Now we can define the general concept of closed and open tableaux. 


Definition 5.51 (Closed/open tableau). Let (X,A,®) be a tableau. We shall state 
that (X, A, ®) is closed iff the below conditions are met: 


1. (X,A,®) is a complete tableau 
2. each branch contained in © is closed. 


A tableau is open iff the tableau is not closed. 


By virtue of the above definitions of closed tableau and complete tableau, we 
get a conclusion which makes up a generalization of the analogous conclusions 
from the preceding chapters. 


Corollary 5.52. Each closed tableau is a complete tableau. 


5.6 Completeness theorem 


In this chapter, we will define several general concepts and establish facts that will 
allow us to prove a claim from which we can deduce the theorem on completeness 
for the tableau system that meets the conditions given below. 

In the first place, we will address the concepts used to demonstrate the rela- 
tionship between relation = and >. We will begin with the definition of branch 
generating interpretation. 


Definition 5.53 (Branch generating interpretation). Let ® be a set of all open 
and maximal branches that contain some tableau equivalents of formulas and let 
J be an interpretation of formulas. We shall state that branch ¢ € ® generates 
interpretation J iff there exists such function >: ® — I that > (¢) =3. 


Remark 5.54. The general definition of generating interpretation of formulas by 
branch is purely auxiliary and redundant in nature. For it is difficult to generally 
establish a definition of function >. However, in the case of specific logics or whole 
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classes of logics, this concept takes on a very specific meaning — we can then 
describe the transition from the open and maximal branch to the construction of 
interpretation. We will present this issue in the next chapter, describing examples 
of application. 


Another important concept is the concept of set of interpretations good for 
rules. 


Definition 5.55 (Interpretations good for rules). Let 


+ R be a set of tableau rules 

e ġ bean open and maximal branch 

e Xİ c Ug, for some non-empty X £ For and some i € N 
e I bea set of interpretations of formulas. 


We shall state that set I is good for set of rules R iff branch ¢ generates such 
interpretation J that: 


e Jel 
e JEX. 


We will now define the general concept of closure under rules. 


Definition 5.56 (Closure under rules). Let X ¢ Te. We shall state that Y £ Te is 
a closure of set X under rules R iff Y is a set that meets the following conditions: 


e XCY 
e forany rule R €R and any n-tuple (Z1, Z2,... Zn) €R, where ne N, ifX CZ, CY, 
then Zj ¢ Y, for some 2<j<n. 


On set Y we will also state that is a closure. 


For any set of expressions, there exists at least one closure, at times there may exist 
more closures. 

Using the above concept of closure, we can move on to the verbalization and 
proof of the following lemma. 


Lemma 5.57 (On the existence of open and maximal branch). Let X c For and 
ie N. If for each finite Y € X, there exists a maximal and open branch beginning 
with Y', then there exists a closure of set X' under rules R which is an open and 
maximal branch. 


Proof. Take any X £ For, i € N, and assume that (+) for each finite Y € X there 
exists an open and maximal branch beginning with set Y’. 

Next, we specify the set of all maximal and open branches that begin with set 
Y', for some finite Y c X — we will denote that set as X. 
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We define set X, through the following conditions: 


1. Xcx 

2. for any two branches ¢ and y contained in X, if there exist such i,k € N that 
$(i) Uw(k) is a t-inconsistent set, then  ¢ X or y £X 

3. X is a maximal set among those subsets X that meet conditions 1 and 2. 


There exists at least one set X such that X £ X. We take one of such sets X and 
denote it as X. 

Consider set U{(1) : 6 € X}. Note that (++) Xt c U{#(1) :¢ € X}. For when 
Xİ ¢U{ (1): Ø € X}, there would exist such x € X’ that x ¢ U{¢(1) : Ø €X} and, 
consequently, for any such branch y € X that x € w(1), w(1) € XÍ and y(1) is a 
finite set, it would be the case that y £X. Then, however, for some finite set Y’ c X’ 
there would exist no maximal and open branch beginning with set YU {x} which 
would contradict assumption (+). 

We define the condition that specifies new set X: 

U €X iff there exists such branch ¢ that ¢¢ X and U =U ¢ 
Now, we can define set Z = UX. 

We claim that Z is a closure of set X' under tableau rules R (definition 5.56), 
and that Z is an open and maximal branch. 

First, we will show that Z is a closure of set X', thus that it meets conditions of 
definition of closure 5.56. 

Note that Xİ ¢ Z, since (++) X' c U{#(1) : ¢ € X}, and by definition of set Z, 
U{ (1): pX} SZ. 

Now, take any rule R € R and any n-tuple (Uj, ..., Un) € R, for some n € N, 
and assume that XÍ c U} € Z. From definition 5.33, it follows that there exists such 
n-tuple (Uj, ..., Uj,) € R that: 


e for eachl<j<n, U; is such a minimal and finite set that if U; is not such a 
minimal and finite set such that (Uj, ..., U,) € R, then U; cU; 
e for anyl<j<n,Uj\ =U; \ Uj. 


Consequently, assuming that Uj € Z, we must show that for certain 1< 1< n, U| € Z, 
since Uj U U; = U}. Since Uj € Z and Uy is a finite set, thus there exists a finite 
number of such branches $1, $2,...,@ in set X that for certain ke N, Uj € $i (k)U 
$2(k) U-++U ġo(k). So, set X contains such branch y that w(1) = ¢1(1) U d2(1) U 
---Ugo(1) and Uj © y(m), for certain m € N, and since $)(k) Ug2(k)U-+-U¢o(k) is 
a t-consistent set, so set X contains such maximal branch y” that — by definition 
5.42 — for certain 1<1<n, U; € Uy’. Finally, Uj £ Z, since by construction Z, 
UyeZ. 


176 Metatheory of tableau systems for PL and TL 


We will now move on to showing that Z is an open and maximal branch. 

From the definition of branch — 5.35 — it follows that Z is a branch. 

Whereas by construction of Z, Z is an open branch, ie. no subset Z is 
t-inconsistent, by definition X. 

Let us now check if Z is a maximal branch. According to definition 5.42, we 
assume that there exists such rule R € R and such n-tuple (Xj,...,Xn) € R, for 
some n € N that X; = Z. By definition of tableau rules 5.33 (Existence if core) and 
(Closure under subsets), there exists such n-tuple (X]...,X/,) € R that for any 1 < 
jsn, XiNXi =X; SXi and XÍ c X} CZ. Since Zisa closure XÍ, so Xj c Z, for certain 
1<j<n, by definition 5.56. Therefore, X; € Z, since Xj = Xj UX}. But then X; ¢ Xj, 
which by definition 5.33 is out of the question. Consequently, there exists no such 
tableau rule R and n-tuple (Xj,...,X,) € R that X; = Z, for some n € N. Therefore, 
Z is a maximal branch, by definition 5.42. 


Now, we will verbalize and prove a fact that is needed to demonstrate the 
relationship between relation > and the existence of a closed tableau. 


Proposition 5.58. Let X c Te. If X is a finite set, then there exists such maximal 
branch ¢ that $(1) =X. 


Proof. Take any subset X c Te. The set of all branches beginning with set of ex- 
pressions X will be denoted as X. Set X is non-empty as by definition of branch 
5.35, such mapping y : {1} —> P(Te) that y(1) =X, is a branch. 

We have two options: (1) there exists a closed branch in set X, or (2) there does 
not exist any closed branch in set X. 

If case (1) occurs, then by definition of maximal branch 5.42, there exists such 
maximal branch ¢ that (1) =X. 

Assume that case (1) does not occur. 

Let Y c Te be any finite set of expressions. By definition 5.33, the number of 
tableau rules that belong to set Ry is finite and different from zero. Now, assume 
there is j of them, for some j € N. We assign to each number from range 1 <i <j 
exactly one of rules that belong to set Ry, to obtain the sequence of all rules from 
set Ry: R',..., Rİ. 

By definition of tableau rules 5.33, for each rule RÍ € Ry, there exists a finite 
number of n-tuples (Y,X1,...,Xn-1) in set R4. Therefore, each set R4, where R' € 
Ry, is finite — contains at most k of ordered n-tuples, for some k > 1. We take 
account of some sets R}, ..., Ris one for each RÝ € Ry. 

We assign to each number from range 1 < i < k exactly one n-tuple from set Ri, 
and denote given n-tuple as r; to obtain the sequence of all n-tuples from set R4: 
Ty «2+ Uke 
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Consequently, in any Ri, there exists a finite number of ordered n-tuples 
(Y,X,. x Xni) that we can arrange in sequence: i, Kia Po for certain k > 1. 

Next, we define a list of all n-tuples r; from each R}, imposing a kind of 
lexicographical order on that list: 

ri, ‘Meats ae an r, _..97), where 1< M,N, ...50. 

ny Ve 
Rl Ry RI . 

Such defined list of ordered n-tuples from set of expressions Y will be called 
Y-list and denoted as Ly. Of course, there may exist multiple Y-lists. Still, there 
exists at least one Y-list that can be empty. 

Let Ly be Y-list and let r; € Ly. We know that r; € RY c RÉ, for some k <j. Let 
rj = (Xj,...,Xn). We shall state that ordered n-tuple (Z1,..., Zn} is an expansion 
of ři iff: 


@ (Zi... Zn) eR” 

e for each 1< [1< n the following conditions are satisfied: 
l X] Cc Zi. 
2. X; isa set that is similar to Xj U (Z; ` Z1). 


If (Z;,...,Z,) is the considered expansion r;, instead of (Z1, ..., Zn} we will 
write r’. 

(+) From definition of rules 5.29 (Closure under expansion), (Existence of core 
of rule), we know that for any r; = (Xj,...,Xn) that belongs to rule R and for any 
t-consistent set of expressions Z4, such that X; c Z; and for each 1 <i <n, X; is 
not similar to any subset Z that contains Xj, there exists such rj € R that rj is an 
expansion of r;, where rj = (Z1,...,Zn), for some Z2,...Zn E Te. 

Let Ly be certain Y-list. By induction we define the closure of set Y under Ly. 
Ly(Y) isa maximally long sequence of sets of expressions Z1,. . ., Zo, such that for 
some o € N and for any 1<n<o: 


1. ifn=1, then Z, = Y 
2. ifn =2, then Zn = Xj, where: 
a. rı is the first n-tuple in Ly 
b. 7, =(Y,X1,...,Xn), forn>1 
C Xj = Xı 
3. if n> 2, then 
a. Zn-1 belongs to sequence Ly (Y) 
b. Z„-ı is a consequence of expansion of certain m-tuple r; € Ly applied to 
Zn-2, thus ri = (Zn-2, Wis... Wm), for m 21, and Zn- = Wi 


and Z, = Xj; where: 
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a. there exists r),,,, for some m >1, and it is the first element after r; in Ly 
such that: 

b. n „m iS an expansion of 17, 

C. fiim = (Zn-bXb.----Xiþfori21 

d. Xj=X. 


By definition of branch 5.35, each closure Ly (Y) :=Z1,...,Zn, for some n € N, is a 
branch. 

Now, let us investigate the initial set of expressions X. By virtue of the previous 
findings, we conclude: 


e X is a finite set, so we have such branch L} (X) := X1, ...,Xp for some X-list 
and some k € N that: 

e Xçņ is a finite set of expressions as set of tableau rules R is closed under finite 
sets 5.29 (Closure under finite sets). 


Let us investigate a sequence of closures under some number of lists LÍ — 
where j € N — and assume that the last set from the last closure Xo is a finite 
set: 


PAS aie for some k >1, where ke N 
Ly, (Xk) = Xp... X1 for some l> k, where k € N 
ty (Xam) = Xs es en for some n and m € N, where 

: n>l+m 
Dy (Kra) = Ka Xo for some o > n, where o € N. 


Since set of expressions Xo is finite, so we can define another branch eia (Xo) 
:= Xo»... Xn for some X, -list and certain r € N such that: 


1. by definition of addition of branches 5.37 and conclusion on addition 
of branches 5.38, (((...(L4(X) ® LX, (X,)) ©...) ® Ly. (Xitm)) ® 
D, (Xa)) ery (Xo) is a branch. 

2. X; is a finite set of expressions as set of tableau rules R is closed under finite 
sets by definition of tableau rules 5.29 (Closure under finite sets). 


Consequently, for any j € N there exists such branch Tg, (Xm) that Te (Xı) = 
Xp..-Xm L&(X) = X1»... Xp and for some k<- <1< meN, XEXE EXE 
Xm. We can extract all those branches: 
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bee. ao Xe Xes Xi CHS, CONE 
eer C C 
1} (X) Ly (Xe) A) 


After removal of all duplicates of elements, we get a branch — let us call it y — 
which begins with initial set X. We claim that branch y is a maximal branch. There 
exist two options: 


1. branch y is finite in length 
2. branch y is infinite. 


If the first option occurs, then from the construction of branch y we know 
that there does not exist super-branch y. And from conclusion 5.44 we deduce 
that branch y is maximal. 

Assume that the second case occurs — so branch y is infinite in length. Let 
us investigate if y is a maximal branch. Taking account of definition of maximal 
branch 5.42, assume that there exists such tableau rule R € R and such sets of 
expressions Yj,... Y„ € Te, for some 1< n € N, that: 


e (Yeas eR 
e for some 1<i, Xj; = Yı and X; € y. 


We must demonstrate that there exists such index j € N that for certainl<k<n, 
some subset W of element of branch Xj € y is strongly similar to set Yx. 

From the construction of branch y we know that X; € i. (Xm), for some k>1 
and m<i. 

By definition of tableau rules 5.33 and construction of branch y two cases are 
possible: 


(a)i=m and R €Rx, 
(b) i> m and there exist: 


1. some l eN, where m <1 
2. subsequent sequence L (X) and R € Rx, 


Assume the first case, meaning i = m and R € Ry,,. By virtue of construction of 
branch y we have three options: 


1. Xi+ı = Yp for somel<k<n 

2. there exist: n-tuple (W1,..., Wn) € R which is an expansion of the initial n- 
tuple (Y1,..., Yn), and such element of branch y Xi+o = Wi, for some o > 1 
that Xi+o+1 = Wx and additionally certain subset W; is strongly similar to set 
of expressions Y;, for somel<k<n 
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3. there exist: set of expressions Xj+ € y, for some o > 1, and such rule Re Rx,, 
that certain ordered n-tuple (Xj+o-1, Y2, ..., Yn) € R’, for some n € N, Xi+o = 
Ym» for some 1< n; < n, and certain subset X;+o is strongly similar to Y,, for 
somel<k<n. 


Case (b) consists of similar options, only that we consider such expansion of 
n-tuple (Y1,..., Yn) €R that the first set of that expansion contains set X}. 
Therefore, y is a maximal branch. 


We still need a few additional concepts for the proof of the theorem on com- 
pleteness. We will utilize them for demonstration of relationship between the 
existence of closed tableau an relation =. 

Now, we will define a successive concept relevant for the general theorem on 
completeness. 


Definition 5.59 (Rules good for interpretations). We shall state that set of rules 
R is good for set of interpretations I iff for any sets Xj,...,X; © Te (where 1 < i), 
any interpretation J € I and any rule R €R, if: 


° (Xie: . Xj) eR 
e Jis appropriate for X, 


then J is appropriate for X;, for some 1 <j <i. 


We will use the above definition 5.59 for the proof of another lemma, assuming 
the property it defines. This lemma determines the relationship between the finite 
sets of formulas and the existence of maximal and open branches. 


Lemma 5.60. Let X c For be a finite set of formulas, i € N and let J € I be an 
interpretation of formulas. If set of rules R is good for set of interpretations I and 
JEX, then there exists a maximal and open branch beginning with set {A': A €X}. 


Proof. Take any finite set of formulas X c For, any index i € N and any inter- 
pretation of formulas 3, and then assume that set of rules R is good for set 
of interpretations I and J = X. We define the following set {A': A € X}. Set 
{A' : A € X} will be denoted as X’. 

Since J = X, so from definition of relation |+; 5.25 it follows that J i- X. 
Moreover, by definition of tableau expressions 5.15, set X is t-consistent. 

Consequently, due to definition 5.28, interpretation J is appropriate for set X'. 

Now, indirectly assume that each maximal branch beginning with set X' is 
closed. 

As ®(X') we will denote the set of all maximal branches beginning with set 
Xİ. From fact 5.58, we know that for each finite set of tableau expressions Y there 
exists a maximal branch beginning with set Y. Thus, set ®(X') is non-empty. 
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Since set (X") is a set of all maximal branches beginning with set XÍ, so it 
has the following property. 

Now, assume that for some branch y € ®(X’). Let for certain n € N exist such 
rule R € Rand such m-tuple (Z},...,Zm) €R that y(n) = Zı and y(n +1) = Zj, for 
some 1<j<m. 

Note that each set Z; is a finite set of expressions since each rule expands the 
finite input set to the finite output set (by definition of tableau rules 5.29 (Closure 
under finite sets)), branch y begins with finite set XÍ, and we investigate its n-th 
element. Thus, from fact 5.58 we know that: 


e for each set Zj there exists maximal branch ¢; beginning with set X’ such that 
gi(n ae 1) =Z ij 


(+) Consequently, set P(XŻ) contains such branches x, $2, ..., bm that x= ¢;, for 
some 1<j<m. 

Thus for any n € N, if there exist: such rule R € R, such m-tuple (Zj,...,Zm) €R, 
and branch y € ®(X") such that y(n) = Zı and y(n +1) = Zj, then there exists 
branch y € ®(X') such that y(n +1) = Z; and for any k<n+1, x(k) = p(k). 

(+*+) By assumption, each branch that belongs to set D(X’) is closed, thus by 
virtue of fact 5.40, each branch that belongs to set ®(X') has a finite length of m, 
for some me N. 

From the initial assumption, we know that each of branches in set ®(X') 
begins with set Xİ. 

Since interpretation J is appropriate for set of expressions XÍ, so due to the 
definition of interpretation appropriate for set of expressions 5.28, set X! is not 
t-inconsistent. Hence, we get a conclusion that there are no branches of length 
one in set 0(X’'). 

Due to the assumption that set of rules R is good for set of interpretations I and 
definition 5.59, for any rule R € R and any /-tuple (Z1, ... Z1) € R, if interpretation 
of formulas J is appropriate for set Z4, then it is also appropriate for some set 
Zj, where 1 <j < l, and by virtue of (+), there exists branch y € ®(XŻ) such that 
interpretation of formulas J is appropriate for set y(2) and y(1) =X’. 

The set of those branches that belong to ®(X'), and simultaneously inter- 
pretation of formulas J is appropriate for their k-th element, will be denoted as 
D(X’). 

So, we have ®(X') = ®(X'); 2 O(X')2 + Ø. 

Now, assume that for some n € N, where n > 1, set O(X')n-1 2 O(X')y + Ø. 
Since set ®(X'),, is non-empty, so take some branch y € O(X"),. 
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By assumption, interpretation of formulas 3 is appropriate for set of expres- 
sions y(n), so due to the definition of interpretation appropriate for set of 
expressions 5.28, set y(n) is not t-inconsistent. 

Due to the assumption that set of rules R is good for set of interpretations I and 
definition 5.59 which claims that for any rule R € R and any l-tuple (Z1, ... Z1) €R, 
if interpretation of formulas J is appropriate for set Z1, then it is also appropriate 
for some set Zj, where 1< j < l, and (+), there exists branch ¢ € ®(X'),41 such that 
interpretation J is appropriate for set 6(n +1) and ¢ € O(X"),. Thus, ®(X’), 2 
O(X!) ni and O(X!) ny + Ø. 

Therefore, for each k € N: 


(X!) = (Xi) 2 O(X')2 2-2 O(X'), 2... 


We take the intersection of all those sets ®(X‘);,, where k € N. Intersection 
M{@(X'),:k e N} = ® is non-empty as for each k, subset ©(X'), is also non- 
empty. So, set © includes at least one branch y. That branch is maximal and begins 
with set X! since ® c @(X'). 

But, branch y is infinite which contradicts conclusion (*»*). 


We will now move on to the final, auxiliary relationship between the tableau 
concepts. 


Lemma 5.61. Let X c For be a finite set of formulas, A € For and i € N. If there 
exists a maximal and open branch beginning with set {B': Be Xu {f(A)}}, then 
each complete tableau (X,A,®) is open. 


Proof. Take finite set X c For, any formula A € For and index i € N such that there 
exists a maximal and open branch beginning with set {B': Be Xu {f(A)}}. We 
will denote that branch by letter ¢, and set {B': B € Xu {f(A)}}, for simplicity, 
will be denoted by X’. 

(+) Since branch ¢ is open, so no element ¢ is a t-inconsistent set, by definition 
5.39. 

(+*) Since branch ¢ is maximal and open, so for any rule R € R, any n € N and 
any element Y € ¢, if (Y, Yi,..., Yn) € R, then there exists some element Z € ġ such 
that some subset W € Z is a set strongly similar to set Y;, for certain 1 < i < n, by 
definition of maximal branch 5.42. 

Now, we indirectly assume that there exists complete and closed tableau 
(X,A,P). 

Since tableau (X,A,‘¥) is complete, so ¥ is such subset of set of all maximal 
branches that (X, A, ¥) is a complete tableau, by definition of complete tableau 
5.50. 
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Since tableau (X,A,'‘¥) is closed, so each branch that belongs to Y, is closed, 
by definition of closed tableau 5.51. For certain k € N, each of these branches: 


+ begins with set X* = {Bk : Be Xu {f(A)}}, by definition of tableau 5.48 
e and its last element is a t-inconsistent set of expressions, by definition of closed 
tableau 5.51. 


We intend to show that there exists some open branch y in set of branches Y, 
which contradicts the assumption that (X, A, V) is a closed tableau. To this end, we 
will apply the induction through the branch length in order to construct infinite 
branches beginning with set X*. The construction method for such branches will 
be denoted as (+). 

Consider the first element of each branch contained in set of branches Y. It is 
set Xı = X* = {BE : Be Xu{f(A)}}. Xı is a set of expressions similar — within the 
meaning of definition of similarity 5.23 — to set X' = {B': Be XU{f(A)}}. Since 
XÍ € ¢ and branch ¢ is open, so X' and X; are t-consistent, by definition 5.23. 

Nevertheless, due to the fact that Y is a set of closed branches and the consid- 
ered tableau (X,A,‘¥) is complete, there must exist a tableau rule R € R such that 
(X1,Z2,...,Z1) € R, where / <1, and for each 1< j < l there exists such branch in set 
Y that Zj belongs to that branch, by definition of complete tableau 5.50. 

Nonetheless, certain set Zm — for 1 < m < l — must be t-consistent. Because 
due to definition of tableau rules 5.29, there exists such /-tuple that (Y),...,¥7) € R, 
where Zm is a similar set — within the meaning of definition of similarity 5.23 — 
to some set Wm © Ym and it is t-consistent, since Y,, S U € @, for certain UC Te, 
by virtue of the fact that ¢ is an open, by (+), and maximal branch, by (*»*). Set 
Zm Will be denoted as X2, while element W,, as X3. 

Therefore, for number 1 there exist such branches y1, y2 € Y that: 


e XIE yı 

e set X2 originated by the application of certain rule R €R to set Xj, ultimately 
producing a second element of branch y2 € ¥ 

e X€ W2 

e X3 isa t-consistent set 

° Xı C X2 

e for some j €N, set X3 € Xj € ¢, where set X3 is similar, in the sense of definition 
of similarity 4.16, to set X2. 


Now, assume that for certain n € N there exist such branches y1, ..., Wn € ¥ 
that: 


e forany1<j<n, set X; originated by the application of certain rule R € R to set 
Xj-1ı ultimately producing j-th element of branch y; € ¥ 
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e Xn€é Wn 

e X, is a t-consistent set 

© XjcX2c...cXy 

e for some ie N, set X} £ X; € 6, where X; is similar, in the sense of definition of 
similarity 4.16, to set Xp. 


Nevertheless, due to the fact that Y is a set of closed branches, the considered 
tableau (X,A,) is complete and set X, is a t-consistent set, there must exist a 
tableau rule R € R such that (Xy,,Z2,...,Z;) € R, where l> 1, and for each 1<j<l 
there exists such branch in set Y that Z; belongs to that branch, by definition of 
complete tableau 5.50. 

Nonetheless, certain set Zm — for 1< m < l — must be t-consistent. Because 
due to definition of tableau rules 5.29, there exists such /-tuple that (Y1,..., Yj) €R, 
where Zm is a similar set — within the meaning of definition of similarity 5.23 — 
to some set Win © Ym and it is t-consistent since Y, E U € @, for certain UC Te, 
by virtue of the fact that ¢ is an open (+) and maximal branch (**). Set Zm will 
be denoted as X„+1, while element W, as X* 


n+l’ 
Thus, for any n € N, there exist such branches y1, ..., Was Yn+1 € Y that: 


1. for any 1<j<n+l1, set Xj originated by the application of certain rule R €R to 
set Xj-ı, ultimately producing j-th element of branch y; € ¥ 

. Xn+1 E Wn+1 

. Xn+1 is a t-consistent set 

CATERI E aC Xa CXar 

. for some i€ N, set X7,, E X; € ¢, where X% is similar, within the meaning of 


definition of similarity 5.23 — to set Xn41. 


ne UUN 


Set of all sets that originate this way X1 € X2 ¢...c Xn C Xy41 € ... will be de- 
noted as X. Set X contains at least one branch y such that for any i € N, if X; € y, 
then there exists set X; € X. 

Branch y can be defined through the specification of such minimal subset of 
X, set X’ that: 


e X,¢X’ 
e forany iéN, if X; € X', then exactly one Xj41 € X’. 


Branch y is infinite, and as a consequence of conclusion 5.40 it is an open 
branch. 

Since set Xj, the first element of branch y, is equal to set X*, and moreover for 
any element X; € y, where i > 1, there exist rule R € Rss and n-tuple (Yj,...Y,)€R 
such that: 
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e Yy=Xj-1 

e X,;=Yj, for certainl<k<n 

e for each 1<j<n, ifj#k, then there exists branch y” € ¥ such that for some Zy, 
where 1< 1, Z€ y’, Z1 = Yı and Ziy = Yj, 


so (X,A,¥ u {w}) by definition of tableau 5.48 is a tableau for pair (X,A). 

However, branch y does not belong to set ¥ because tableau (X, A, ¥}, contrary 
to the assumption, would not be a closed tableau. 

Let us now consider the question whether or not set Y u {y} is a redundant 
superset of set Y, in the light of definition of redundant variant of branch 5.49. 
Let us now carry out the following argument. 

(+t) Assume that branch y is a redundant variant of some branch y’ € Y 
different from y. For a certain minimal 1 < i € N: 


e there exists such rule R € R and such n-tuple (Xj,...,X,) € R that y’(i) = Xı 
and y’(i+1) = Xj, for certainl<j<n 
e there exists rule R € R and such m-tuple (Y,..., Ym) € R’, where n < m, that 
Xı= y(i) = Yi and: 
1. y(i+1)= Y, for certain 1 < k < m 
2. for any 1< 1< n there exists such 1< o < m that o# k and X; = Y, and there 
exists such branch y” € Y that y” (i+1) = Yo. 


But since branch ¢ is open and maximal (assumptions (+) and (**)), so also 
some element X; = y” (i+1) for some branch y” € ® is t-consistent because it is 
similar to some set of expressions W included in some element of branch ¢. 

Therefore, we can construct yet another infinite and open branch Xj,..., X jt] 
making use of construction (+) which again, for at least successive element, i.e. 
Xj+1 = Xp by virtue of reasoning analogous to (tt) is t-consistent and it is not a 
redundant variant of any sub-branch of any branch from set Y. 

So, by application of induction and steps (+) and (tt) we get an infinite branch 
— call it y — and, consequently, open which is not a redundant variant of any 
branch that belongs to set of branches ¥ and begins with set X1. 

Since Y, by assumption, contains closed branches, so y ¢ ¥. Since set Xj, the 
first element of branch y, is equal to set X*, and moreover for any element X; € y, 
where i> 1, there exists such rule R € R and such n-tuple (Y1,... Yn) € R that: 


e Yy=Xj-1 

e X;=Y,, for certainl<k<n 

e for each 1<j<n, ifj#k, then there exists branch y € ¥ such that for some Zy, 
where 1< l, Z; € y, Z; = Yı and Z),; = Yj; 


so (X,A,¥ U {y}) by virtue of definition of tableau 5.48 is a tableau for pair (X, A}. 
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Thus, (X,A, ¥) is not a complete tableau which contradicts the initial assump- 
tion. 


Summing up the definitions, lemmas and facts that we have presented so far, 
we move on to the general theorem on completeness for the tableau systems 
constructed using the method presented in the book. 


Theorem 5.62 (General theorem on completeness). If: 


1. set of interpretations I is good for set of tableau rules R 
2. set of tableau rules R is good for set of interpretations I 


then for any X £ For, A € For the below statements are equivalent: 


e XEA 
e XDA 
o there exists finite subset Y € X and closed tableau (Y,A,®). 


Proof. We assume 1., 2. and take any X £ For, A € For. We must prove three 
implications. 


(a) X= A= XDA. 


Assume that X ¢ A. Hence, for any finite Y € X there exists an open and max- 
imal branch beginning with set Y' f(A)! — for some i € N — by definition of 
branch consequence 5.46. By lemma 5.57 (On the existence of open and maximal 
branch), there exists a closure of set X’ f(A)! under rules R which constitutes a 
maximal and open branch y. 

By assumption 1, we know that there exists interpretation J € I generated by y 
and J = Xu {f(A)}. Therefore J = X and J # A, by definition 5.8. Consequently 
X#A. 


(b) X > A = there exists finite subset Y £ X and closed tableau (Y,A,®). 


(+) Assume that for each finite subset Y € X all tableaux (Y,A,®) are open. 

Take any finite subset Y € X. Note that from fact 5.58 (+) it follows that for 
any finite set of tableau expressions there exists a maximal branch which begins 
with that set. Therefore for any index i € N there exists maximal branch beginning 
with set Y'u {f(A)'}. 

Take any index i € N. So, set of maximal branches ©! beginning with set Y'u 
{f(A)'} is non-empty. What is more, by (++) set ©’ contains at least one such 
subset ® that ordered triple (Y,A,®) is a complete tableau. 
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Due to assumption (+) tableau (Y,A,®) is open. 

Since (Y,A,®) is open and complete, so ® contains maximal and open branch 
¢ which begins with set Y'u {f(A)'}. 

Since Y is any finite subset X and i is any index, so for any finite subset Y € X 
and any index i € N, there exists some maximal and open branch y beginning with 
set Y'u{f(A)'}. 

Consequently, there does not exist such finite subset Y € X and such index ie N 
that each maximal branch beginning with Ytu {f(A)'} is closed. Therefore — by 
definition 5.46 — XP A. 


(c) there exists finite set Y € X and closed tableau (Y,A,®) —> XE A. 


Assume that X # A. So, by definition of relation of semantic consequence 5.10, 
there exists such interpretation of formulas J that J = X and J ¥ A. Thus JE f(A), 
and consequently J = XU {f(A)}. 

Hence, for any finite subset Y £ X, also TE YU{f(A)}. 

Take any finite subset Y’ c X. From lemma 5.60 and assumption 2 (set of 
tableau rules R is good for set of interpretations I), we get a conclusion that 
for any i € N there exists maximal and open branch beginning with set {B' : B € 
Y!uff(A)}}. 

And from lemma 5.61 we know that each complete tableau (Y’,A,®) is open. 
Since Y’ was an arbitrary finite subset of set of formulas X, so there is no finite set 
Y CX and closed tableau (Y,A,®). 


6 Examples of applications 


6.1 Introductory remarks 


In this chapter, we will show exemplary applications of the general tableau 
concepts we defined in Chapter Five. Thanks to the general concepts we have 
at our command, and their interrelationships we have demonstrated, we can 
significantly shorten the construction of a complete tableau system. 

We already have the general concepts: 


set of tableau rules 

e branches 

e closed/open branch 

e relation of branch consequence 
e tableau 

e open/closed tableau. 


We also know that there exists a general connection between a properly defined 
set of tableau rules R and properly defined semantics. Further work on the con- 
struction of the complete tableau system must therefore focus solely on defining 
the detailed concepts of tableau system in such a way that the general conditions 
are met — if that is the case, then we get a tableau system that is complete in terms 
of the initial semantics. 

In the next four subchapters, we will describe three different applications. The 
first one will be of a detailed nature. We will consider an example of the logic of 
categorical propositions with modalities de re. We will define the basic concepts 
and then show that they meet the sufficient conditions for the general theorem on 
completeness 5.62, which will allow us to reach the conclusion that the defined 
tableau system is adequate to the initial semantics. This kind of application of the 
general theorem on completeness can be considered paradigmatic, because the 
theorem is intended primarily to shorten the construction of complete tableau 
systems when we want to construct a tableau system for a logic that is already 
semantically defined. 

The second application, described in subsequent subchapter, has a general 
character. In this subchapter, we describe how to apply the general tableau con- 
cepts and general tableau theorem to the entire class of logics defined with the 
same type of semantics. Using an example of modal logics specified with the se- 
mantics of possible worlds, we will show how to obtain a less general theorem on 
completeness, specified for this class of logics. It allows even simpler proof of the 
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completeness of specific tableau systems, because some more general properties 
are fulfilled by the entire class of modal logics specified with the semantics of pos- 
sible worlds. Similar general applications can occur in all cases where we consider 
the classes of logic defined with a common type of semantics. 

The next subchapter is devoted to the concept of a tableau system. We will try 
to define the general concept of tableau system and show what benefits to the 
investigation of dependencies between tableau systems brings the way the book 
describes tableau systems. 

In the last subchapter, we will outline the transition between the formalised 
tableaux and standard tableaux/trees. Therefore, we will try to show that the ap- 
proach presented in the book corresponds to the standard approach, as to the 
practical construction of proof itself, while at the same time emphasizing the 
general nature of concepts that the standard approach does not bear. 


6.2 Tableau system for Modal Term Logic de re 


We will now turn to the logic of categorical propositions de re.' It is an extension of 
logic TL with new categorical propositions with modalities in the interpretation 
de re. This logic will be called Modal Term Logic de re, for short MTL. 

When defining set of formulas of MTL on the right hand side we will provide 
schemes of propositions in English which correspond to particular formulas and 
may occur in the reasonings described by MTL. 


6.2.1 Language 


Let us begin with the alphabet of MTL. 


Definition 6.1 (Alphabet of MTL). Alphabet of Modal Term Logic is made up 
by the sum of the following sets: 


e set of logical constants Lc = {a,i,e,0,a°, i, e, o, a7, iP, eE, o } 
e set of name letters Ln = {P!,Q!, R!, P?,Q?,R’,...}. 


Even though the set of name letters is infinite and contains indexed letters, 
practicably we will use a finite number of the following letters: P, Q, R, S, T, U, 
treating them as metavariables ranging over set Ln. 

Let us now proceed to the definition of formula of MTL. Modal Term Logic is 
defined on the following set of formulas. 


1 The idea for the system presented here was offered first in [14]. A simplified and better 
developed in some respects version of this material is presented in [22]. Also other 
variants of syllogistic are studied there. 
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Definition 6.2 (Formula of MTL). Set of formulas of MTL is the smallest set 
containing the following expressions. 


e PaQ Each P is Q. 
e PiQ Some P is Q. 
e PeQ No P is Q. 
e PoQ Some P is not Q. 

e Pa-Q Each P must be Q. 
Each P is necessarily Q. 

e Pi-Q Some P must be Q. 
Some P is necessarily Q. 

e Pe“Q No P may be Q. 
No P is possibly Q. 

e Po-Q Some P must not be Q. 

Some P is not possibly Q. 

e Pal Q Each P may be Q. 

Each P is possibly Q. 
e PiLQ Some P may be Q. 
Some P is possibly Q. 

e Pe?Q No P must be Q. 
No P is necessarily Q. 

e Po?Q Some P may not be Q. 


Some P is not necessarily Q. 
where P,QeLn. 
We specify set of formulas as Foryrr, and its elements will be called formulas. 
6.2.2 Semantics 


Let us define the concept of model. We will use semantics without possible worlds. 


Definition 6.3 (Model for language of MTL). Model will be called ordered 
quadruple Myr = (D,d",d, dÊ), where: 


1. Disa set 
2. dP, d, dÊ are such functions from set of name letters Ln in set P(D) that for 
any name letter Pe Ln, d7(P) ¢ d(P) € dÊ (P). 


Remark 6.4. The proposed concept of model expresses the following intuitions. 
Functions d°,d,d° assign to each name letter P those sets of objects that are 
— respectively — necessarily P-s, are P-s, and can be P-s. The objects that are 
necessarily P-s, are also simply P-s and are contained in the set of those objects 
that can be P-s. Hence, we have a chain of inclusions: dP (P) € d(P) € dÊ (P). 
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Now, we proceed to the concept of truth in model. 


Definition 6.5 (Truth in model). Let trp = (Dd wha) be a model and 
let A € Foryry. We shall state that formula A is true in model Nyy, (for short 
Mert E A) iff for some name letters P, Q € Ln, one of the below conditions is 
met: 

. A= PaQand d(P) € d(Q) 

. A=PiQand d(P)nd(Q)#@ 

. A= PeQand d(P)nd(Q)=2 

. A= PoQ and d(P) ¢ d(Q) 

A= Pa" Qand d(P)¢d"7(Q) 

A=Pi- Qand d(P)nd"(Q)#@ 

. A= Pe"Qand d(P)ndÊ (Q) =Ø 

. A= Po"Qand d(P) ¢d°(Q) 

. A= Pa? Qand d(P) € dÊ (Q) 

. A= Pi? Qand d(P) nd? (Q) +Ø 

. A=Pe® Qand d(P)nd7(Q)=@ 

12. A=Po° Qand d(P) ¢ d? (Q). 
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If for any propositional letters P, Q € Ln none of the conditions is met, then we 
shall state that formula A is false in model Myra (for short Mmr # A). 

Let X £ Foryry. We shall state that set of formulas X is true in model Wyr (for 
short: MMTL F X) iff for any formula A € X, Ptmraı = A. We shall state that set 
of formulas X is false in model Mmr (for short: Mmr # X) iff it is not the case 
that MMTL F X. 


Remark 6.6. The semantics for modal syllogistic we offer in this study refers to 
the semantics presented in studies of F. Johnson [16] and S. K. Thomason [26] i 
[27]. 

In [16] Johnson introduced model in form (W, V°, V4, V$, V£) where V°, V”, 
Vé, and V£ are functions that assign subsets of set W to name letters, where W 
is treated as a set of all objects (“world”); V° (S) is a set of objects that essentially 
are S-s; V° (S) is a set of objects that accidentally are S-s; V£ (S) is a set of objects 
that essentially are non-S-s; V? (S) is a set of objects that accidentally are non-S-s. 
Furthermore, an auxiliary function V was adopted as V (S) = V° (S) UV“(S), that 
is V (S) is a set of all S-s. Therefore, our D, d, and d” are Johnson's W, V, and V° 


2 The application of this type of semantics was launched in [14]. 
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respectively. Moreover, our function dÊ can be defined with formula dÊ (S) := 
W\ Vé(S); set of all those objects that are not essentially non-S-s, i.e. can be S-s.° 
Our interpretation of proposition Sa” P corresponds to the interpretation of 
Johnson: V(S) ¢ V°(P); and for Se“ P we have: d(S) nd° (P) =Ø, i.e. V(S)A(W\ 
Vé(P)) = @ iff V(S) € VE(P). For the other propositions [16] adopted different 
interpretation that ours, in order to reproduce the modal syllogistic of Aristotle.4 
In [26] Thomason used a semantics based on the ordered quadruples in form 
(W, Ext, Ext*, Ext"), where W is a set of objects and Ext, Ext*, and Ext™ are 
functions that assign subsets of set W to name letters and meet the following 
conditions: Ø + Ext* (x) € Ext(x) and Ext” (x) n Ext(x) + Ø, for each letter x. 
Thomason’s W, Ext and Ext* correspond to our D, d and d”. Furthermore, his 
Ext” (S) is a set of objects that cannot be S-s. We can express that set through our 
D\ d°(S). We have Ext(S) € (W \ Ext” (S)), that is d(S) ¢ d (S). Obviously, 
Ext, Ext* and Ext correspond to functions V, V°, and V£ from [16]. 
Denotation 6.7. Let è € {0, © }. Let us adopt denotation: if è = o, then e’ = ©, and 
if e = ©, then o’ = 


Now, we will define a function that assigns a contradictory formula to each 
formula. 


Definition 6.8 (Contradictory formulas). Let o: Foryr, —> Formry be a func- 
tion specified for any P, Q € Ln and e € {0, ©} with the following conditions: 


1. o(PaQ) = PoQ 

. 0(PiQ) = PeQ 

o(PeQ) = PiQ 

o(PoQ) = PaQ 

o(Pa®Q) = Po” Q 

o(Pi°Q) = Pe* Q 

o(Pe®Q) = Pi” Q 

o(Po°Q) = Pa” Q. 

Directly from definition of truth in model 6.5 and definition of function o 6.8 we 
get a conclusion. 


SN DAM PWN, 


Corollary 6.9. For any model Myrz and any formula A, Mutt FA iff Murr F 
0(A) 


3 Function V? is superfluous in this semantics. This is also evident in studies of 
Thomason [26] and [27] who disregards that function. 
4 For instance, propositions Si- P and Pi- S are to be equivalent in this semantics. 
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Note that each model tyr can be identified with interpretation J — in ac- 
cordance with definition of general interpretation of formulas 5.8. Take any model 
Mmr and define set of formulas X yry = {A € FOrmry: Pmr A}. Function o 
is injective and for any formula B, B € Xon wry iff o(B) ¢ Xonyq_> by conclusion 6.9. 

We define conventionally the relation of semantic consequence. 


Definition 6.10 (Semantic consequence relation). Let set X c Formry and A € 
Form. We shall state that formula A follows from set of formulas X (for short: 
X = A) iff for any model Nyt, if Mmr = X, then Mtmrı F A. We shall state 
that from set of formulas X does not follow formula A (for short: X # A) iff it is 
not the case that XE A. 


Pair (Formrz,&) is a semantically defined logic, in accordance with general 
definition 5.11. This implies that relation of semantic consequence + both is un- 
ambiguously determined by set of all models Ptr for Formrry of set of formulas 
MTL, and unambiguously determines set of all models Mmr for Foryry of set 
of formulas MTL, by fact 5.12. 


6.2.3 Tableau expression 


Before we move on to the definition of Te — set of tableau expression for MTL 
in accordance with general definition of tableau expression 5.15 — let us define 
several auxiliary concepts. 


Definition 6.11 (Expressions). Set of expressions Ex is the union of the following 
sets. 


° {AŻ : A e FormrLi cN} 

e {P4;:PeLn,ic N} 

e {P_;:PeLn,ie N} 

e {P§,:PeLn,ie N}, where ec {0,0} 
e {P°;:PeLn,ic N}, where e c {0,o}. 


By virtue of definition 6.11, the following conclusion occurs 


Corollary 6.12. There exists function g : FOrmr, —> P(Ex), defined with con- 
dition: for any formula A € Foryry, g(A) = {Al A’, A?,... }, where TALA? AF, 
aa GEX. 


Remark 6.13. Practically, in the case of MTL, each A’ € g(A) will be sim- 
ply identified with formula A, since in the tableau proof each formula will be 
self-represented. 
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Next, based on set Ex we define the concept of inconsistent set of expres- 
sions that ultimately will correspond to the concept of tableau inconsistent set 
of expressions. 


Definition 6.14 (Inconsistent set of expressions). Let X c Ex. We shall state 
that set X is an inconsistent set of expressions iff X meets one of the following 
conditions: 


1. A€X and 0(A) €X, for some A € Forty 
2. Ps; €X and P; € X, for some P € Ln and some ie N 
3. PS, €X and P®; €X, for some P € Ln, some ie N and e € {0,0}. 


We shall state that set X is a consistent set of expressions iff X is not an 
inconsistent set of expressions. 


Based on definition of model 6.3, conclusion 6.9 and definition 6.14, we get 
another conclusion. 


Corollary 6.15. Let X c Foryry and i€ N. If there exists model Nyy such that 
Murr =X, then set {x':x €g(A),A € X} is a consistent set of expressions. 


Based on definition of set of expressions 6.11, conclusion 6.12, definition of 
inconsistent set of expressions 6.14 and conclusion 6.15 we get the following fact. 


Proposition 6.16. Set of expressions Ex meets the conditions of general definition 
of tableau expressions 5.15. 


Due to the above fact, set Ex will be denoted as Tez, while its elements 
will be called expressions or tableau expressions. In turn, the inconsistent sets of 
expressions will be called tableau inconsistent (t-inconsistent), while the consistent 
sets of expressions will be called tableau consistent (t-consistent). 

Now, we define the function selecting indices. 


Definition 6.17 (Function selecting indices). Let +»: TemrL — N be such func- 
tion that for any name letter P € Ln, any i € N, any e € {0, ©} and any formula 
A€Formtt: 


1l. ¥(A') =i 
2. *(P4i) =i 
3. *(P_j) =i 
4. *(P§;) =i 
5. +(P?;) =i. 


Denotation 6.18. Let x€ Teyry and +(x) = i. We adopt denotation x’. 
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Now, we will define binary relation = specified on the Cartesian product 
P(Temrtt) x P(Temrr) that will correspond to the general definition of similarity 
of sets of expressions (definition 5.23). 


Definition 6.19. Let X, Y c Terry. We define relation = with condition: X = Y iff 
there exists bijection h : +(X) — +(Y) such that for any expression x! € Terr: 
xe Xiffx'® ey, 


From definition 6.19 results the following conclusion. 


Corollary 6.20. Let X, Y € Terr. If X = Y, then: 


e X is t-consistent iff Y is t-consistent 
e sets X and Y have the same cardinality. 


By conclusion 6.20 and definition of relation = 6.19, we claim that relation = 
meets the conditions of general definition of similarity of sets of expressions 5.23. 


Proposition 6.21. Relation = is the relation of similarity of sets in accordance with 
the general definition of similarity of sets of expressions 5.23. 


We will now define the concept that establishes the relation between the 
models and sets of expressions. 


Definition 6.22. Let X be a set of expressions, while Nypry = (D, dP, d, dÊ } bea 
model. We shall state that WMmri is appropriate for set X iff the below conditions 
are met: 


1. MmMTL = XA Formtrr 
2. there exists function y : N — D such that for each name letter P € Ln, each i 
c Nand for any e € {0,0}: 
if P4; € X, then y(i) € d(P) 
if P_; €X, then y(j) ¢d(P) 
) 
) 


if P$; €X, then y(i) € d° (P) 
if P°; €X, then y(j) d° (P). 


AA ge 


From definition of inconsistent set of expressions 6.14 and definition of model 
appropriate for the set of expressions 6.22 follows a condition concerning the re- 
lationship between the inconsistent sets of expressions and the appropriateness 
of models. 


Corollary 6.23. For any X € Teyrr; if X is t-inconsistent, then there exists no 
model Wuri appropriate for X. 
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Next, note that relation = for MTL meets the conditions of relation I+- (defini- 
tion 5.25). Thus, by conclusion 6.23 and definition of appropriate model 6.22 we 
have the fact. 


Proposition 6.24. The notion of model appropriate for set of expressions meets the 
general conditions of interpretation appropriate for the set of expressions described 
in definition 5.28. 


Thus, we have demonstrated that the presented concepts for the tableau sys- 
tem for MTL are special cases of the general concepts described in the previous 
chapter. 


6.2.4 Rules for the tableau system for logic MTL 


We can proceed to the rules. On each rule, we conventionally assume that each 
of its input sets is t-consistent and that each input set is basically contained in the 
output set. 


Definition 6.25 (Tableau rules for MTL). Tableau rules for system MTL are the 
following rules: 


Classical rules 


XU{PaQP,;} 
Ra,: XPa P nAn) 
oe XU{PeQ,P,j} 
= Xu{ PeQ,P+;,Q-;} 
Xu{PiQ} 


Ri: Xu! PiO P.O.) [PiQ, Py, da) , where: 


Hl, jg +(X X FormTL) 
2. for any k € N, {Pk Qik} EX. 


Xu{PoQ} 
Xu! PoO P OL) TPoQ, Py, omy , where: 


1. i¢ +(X \ Formt.) 
2. for any ke N, {Pi 4,Q 4} £X. 


Ro: 


Rules for © 


© ; 
K3 Xu{Pa QP.) 
Xuf{Pa? QP; Q7) 
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ae Xu{Pe° Q,P,;} 

“= XU Pe Q Ppa} 
Xu{Pi? 

iC 2i 1 Q) , where: 


 XU{PIC QPAR} 


1. j *(X\ Form) 
2. for any k € N, {Pr Q} ¢xX. 


Xu{Po? Qi } where: 


 XU{P0O QPF 


Ro 


1. jé +(X ~ FormtL) 
2. for any k € N, {Pp Q9; EX. 


Rules for 
Xu{ Pa Q,P4;} 
Ras’ XOTPa QP.) 
Xu{PeQ,P. j} 
Re- : ef AP FH AOA. 
XU{PeQP+j,Q*i} 
Xul Pi 
Ri { : Q) , where: 


` XU{Pi GPa) 


1. j *(X\ Form) 
2. for any k € N, {P4k QF} EX. 


____Xu{Po"Q} 
` Xu{Po OPa Y 


1. j *(X\ Form) 
2. for any k € N, {Pio Q) ¢xX. 


where: 


Ro 


Bridging rules 


l Xu{Py i} 
** KUP Psi} 
f Xu {P+} 
` Xu{P4;,PC} 


R 


R+ 
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Xu{PS} 
~ * Xu{PS,P_j} 
R: XU{P_;} 
= XU{P-;PI;) 
Set of rules for MTL will be denoted as Ryyty. 


Note that set RMTI meets both the general conditions of rule (definition 5.29), 
and the general conditions of set of tableau rules 5.33 — the cores of each rule 
from Rutt (definition 6.25) are any ordered pairs in which set X is empty. 


6.2.5 Branches and tableaux for MTL 
We accept all general definitions from the previous chapter: 


e branch 5.35 

e closed/open branch 5.39 
e maximal branch 5.42 

e tableau 5.48 

e complete tableau 5.50 

e closed/open tableau 5.51 
e branch consequence 5.46 


assuming that these concepts are dependent on set of tableau rules RMTL. 


6.2.6 Theorem on the completeness of the tableau system for MTL 


In order to demonstrate that for the tableau system for MTL the theorem on 
completeness holds, we must show that the assumptions of general theorem 5.62 
are met. So, we must demonstrate that: 


e set of models for language of MTL is good for set of tableau rules RMTL 
(according to general definition 5.55) 

e set of tableau rules Rutt is good for model for language of MTL (according 
to general definition 5.59). 


Let us first define the concept of model defined by a branch. 


Definition 6.26 (Model generated by branch). Let ¢ be any branch. We define 
the following function AT(¢) =U¢n (Tem ` Formrt). 
We shall state that model Mmr = (D, d?,d, dÊ ) is generated by branch ¢ iff: 


1. D={xeN:xex(At(¢))} 
2. for any name letter P € Ln: 
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a. x€d(P) iff Px € At(¢) 
b. for any e € {0,0}, xe d° (P) iff P? € At(¢). 


From this definition, we get the following conclusion. 


Corollary 6.27. Let $ be an open and maximal branch. Then, there exists a model 
generated by ¢. 


Proof. Take any open and maximal branch ¢. From definition of open branch 
5.39 and definition of model generated by branch 6.26 we get ordered quadruple 
(D,d°,d,d°). 

We must investigate if for any name letter P € Ln occurs d® (P) € d(P) € dÊ (P). 
Since branch ¢ is maximal and open, so by virtue of bridging rules from definition 
of tableau rules Rutz (definition 6.25), for any i€ N and for any name letter Pe Ln: 


e ified" (P), then ie d(P), due to rule RẸ 
e ified(P), then i€dÊ (P), due to rule R+. 


Thus, from definition of model 6.3 we get a conclusion that (D, d9, d, dÊ} is a 
model. 


As we can see, the general definition of branch generating model 5.53 gains 
content in the context of the tableau system of MTL. We might define a function 
assigning models to open and maximal branches, but we will refrain from doing 
so and instead directly use conclusion 6.27. While on model MMTL generated by 
branch ¢ we shall state that branch ¢ generates model tur. 

We will now show that set of models of MTL is good for tableau rules Ruri 
(according to general definition 5.55). The following lemma will be useful for that. 


Lemma 6.28. Let ¢ be an open and maximal branch. Let X' € Ud, for some X € 
Formr and i¢eN. Then branch ¢ generates such model Nyrrz that Mur € X. 


Proof. Take any open and maximal branch ¢. Take any set X' c Ud, for some 
X c Formry and i € N. Note that in the case of MTL set X' is simply a set of 
formulas (remark 6.13). 

Since branch ¢ is open and maximal, so by virtue of the previous conclusion 
6.27 there exists model Mrz = (dP, d, dÊ) generated by ¢. 

We will now show that for any formula A contained in U 4, it is the case that 
Muri A, ie. Muri F Ud Formr. This implies that Mmr F X. 

The proof will be carried out by consideration of all the possible cases of con- 
struction of formula A. Assume that A € U ¢. By definition of formula, for some 
name letters P, Q € Ln, there must occur one of the following cases. 
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1. A= PaQ. Take any object i € D such that i € d(P). By definition of generated 
model 6.26, set U¢ contains tableau expression P+;. Since ¢ is a maximal 
and open branch, so by virtue of tableau rule Ra, U¢ also contains tableau 
expression Q,;. By definition of model generated 6.26, i€ d(Q). Hence, d(P) £ 
d(Q), and by definition of truth in model 6.5, we thus get that Ntyrp = PaQ. 
In turn, if there exists no such i € D that i € d(P), then Ø = d(P) € d(Q), so by 
definition of truth in model 6.5, we get Murti = PaQ. 

2. A = PiQ. Since ¢ is a maximal and open branch, so by tableau rule Ri, set 
U¢ also contains tableau expressions P+;, Q+;, for some i € N. By definition 
of model generated 6.26, i € d(P) and i € d(Q). Since d(P) n d(Q) £ Ø, so by 
definition of truth in model 6.5, we get that Ityrt E PiQ. 

3. A = PeQ. Take any object i € D such that i € d(P). By definition of model 
generated 6.26, set U¢ contains tableau expression P,;. Since ¢ is a maximal 
and open branch, so by virtue of tableau rule Re_, U¢ also contains tableau 
expression Q_;. Since branch ¢ is open, so expression Q+; ¢ U@, and conse- 
quently, by definition of model generated 6.26, i¢ d(Q). Thus, d(P) nd(Q)=2 
and by definition of truth in model 6.5, we get Mtr F PeQ. In turn, if there 
exists no object i € D such that į € d(P), then d(P) nd(Q) = Ø, so by definition 
of truth in model 6.5, we get that DtmT1 = PeQ. 

4. A= PoQ. Since ¢ is a maximal and open branch, so by virtue of tableau rule 
Ro, set U¢ also contains tableau expressions P,;, Q-;, for some i€ N. By 
definition of model generated 6.26, i € d(P) and — since branch ¢ is open 
and, consequently, expression Q+; £U $ —i¢d(Q), so d(P) ¢ d(Q). Thus, by 
definition of truth in model 6.5, we get Mtr = POQ. 


The remaining eight cases of the possible construction of formula A will be 
reduced to four cases as both rules that we apply to them and conditions of truth 
that define their truth are analogous. So, take e € {0, ©}. We have four cases. 


1. A = Pa®Q. Take any object i € D such that i € d(P). By definition of model 
generated 6.26, set Ud contains tableau expression P,;. Since ¢ is a max- 
imal and open branch, so by virtue of tableau rule Raf, U¢ also contains 
tableau expression Q$,. By definition of model generated 6.26, i € d°(Q). 
Hence, d(P) € d° (Q), and by definition of truth in model 6.5, we thus get 
that Mmr = Pa? Q. In turn, if there exists no such i€ D that į € d(P), then 
Ø = d(P) € d° (Q), so by definition of truth in model 6.5, we get Murr F 
Pa®Q. 
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2. A =Pi°Q. Since ¢ is a maximal and open branch, so by virtue of tableau rule 
Ri’, set U ¢ also contains tableau expressions P+;, Q$ ;, for some i € N. By defi- 
nition of model generated 6.26, i€ d(P) andie d° (Q). Since d(P)nd? (Q) +Ø, 
so by definition of truth in model 6.5, we get that Mmr F Pi? Q. 

3. A = Pe®Q. Take any object i € D such that i € d(P). By definition of model 
generated 6.26, set U ¢ contains tableau expression P+;. Since ¢ is a max- 
imal and open branch, so by virtue of tableau rule Re®, U¢ also contains 
tableau expression Ors Since branch ¢ is open, so expression Qe. éU¢, and 
consequently, by definition of model generated 6.26, i ¢ d(Q) * Thus, d (P)n 
d” (Q) = Ø and by definition of truth in model 6.5, we get Mmr = PeQ. In 
turn, if there exists no object i € D such that i € d(P), then d(P)n d” (Q) =ø, 
so by definition of truth in model 6.5, we get that Dtmri = Pe’ Q. 

4. A= Po°Q. Since ¢ is a maximal and open branch, so by virtue of tableau rule 
Ro°, set Ud¢ also contains tableau expressions P4;, Or: for some i€ N. By 
definition of model generated 6.26, i € d(P) and — since branch ¢ is open 
and, consequently, expression (are ¢Uo—i¢ d” (Q), so d(P)¢ d” (Q). Thus, 
by definition of truth in model 6.5, we get tri = Po? Q. 


From lemma 6.28 and definition 5.55 applied to the set of models for the 
language of MTL we get a conclusion. 


Corollary 6.29. Set of models for language of MTL is good for set of tableau rules 
Ry tt. 


We will now proceed to the demonstration of an opposite dependence between 
rules and models. 


Lemma 6.30. Let Mmr be any model, X, Y © Teyrrz, and let R € Ry. Then, 
if (X,Y) € R and Myr is appropriate for set of expressions X, then Mmr is 
appropriate for Y. 


Proof. Inthe proof, we will make use of definition of model appropriate for the set 
of expressions 6.22. Let Mrz = (D, d?, d, dÊ ) be any model and X, Y c Temrtt. 
We will consider all cases of rules R € Rut, assuming that (X, Y } € Rand Mtr is 
appropriate for set of expressions X, and showing that then Myrz is appropriate 
for Y. 

We have four cases of rules for the classical functors. 


1. Let R= Ra,, then (X,Y) = (ZU {PaQ,P,;}, ZU{PaQ,P,;, Q,;}), for some Z € 
Temtu, P, Qe LnandieN; since Dyra is appropriate for set of expressions X, 
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so by definition 6.22, Mmr F PaQ and there exists function y : N — D such 
that for each name letter S € Ln and each j € N: if S4; € X, then y(j) € d(S) and 
if S_j € X, then y(j) ¢ d(S); due to the fact that P4; € X, also y(i) € d(P), while 
since MyrL F PaQ, hence by definition of truth in model 6.5, y(i) € d(Q), 
since d(P) € d(Q); consequently, by definition of model appropriate for the 
set of expressions 6.22, model Ntyrz is appropriate for set of expressions Y = 
Zu {PaQ,P+i, Qui} 

. Let R= Ri, then (X, Y) = (ZU {PiQ}, Zu { PiQ, P+;,Q+;}), for some Z € TeMmTI, 
P, Q€ Ln and i € N; since Myra is appropriate for set of expressions X, so by 
definition 6.22, Dtmrı = PiQ and there exists function y : N — D such that 
for each name letter S € Ln and each j € N: if S4; € X, then y(j) €d(S) and ifS_j¢ 
X, then y(j) £ d(S); however, rule Ri enriches set X with expressions P4+;, Q+i 
and index iis new, it has not occurred in any expression from set X, while since 
Mur = PiQ, so by definition of truth in model 6.5, in the domain there exists 
certain object x such that x € d(P)nd(Q); we define function y’ : N — D such 
that for any k € N, if k £ i, then y’(k) = y(k) and y’(i) = x, consequently, by 
definition of model appropriate for the set of expressions 6.22, model tri 
is appropriate for set of expressions Y = ZU { PiQ, P.;,Q,;}. 

. Let R= Re_, then (X,Y) = (ZU {PeQ, P,;},ZU {PeQ, P;, Q_i}), for some Z € 
Temt, P, Qe LnandieN; since Nmrz is appropriate for set of expressions X, 
so by definition 6.22, MmrL F PeQ and there exists function y : N — D such 
that for each name letter S € Ln and each j € N: if S4; € X, then y(j) € d(S) and 
if S-j € X, then y(j) ¢ d(S); due to the fact that P+; € X, also y(i) € d(P), while 
since Mmr = PeQ, hence by definition of truth in model 6.5 y(i) ¢ d(Q), 
since d(P) n d(Q) = Ø; consequently, by definition of model appropriate for 
the set of expressions 6.22, model Myr is appropriate for set of expressions 
Y=Zu {PeQ, P4i, Q_j}. 

. Let R = Ro, then (X,Y) = (Z u {PoQ},ZU {PoQ,P+;, Q-i}), for some Z € 
Temra, P, Qe Ln and i € N; since Dmr is appropriate for set of expressions 
X, so by definition 6.22, Dmr F PoQ and there exists function y : N — D 
such that for each name letter S € Ln and each j € N: if S+; € X, then y(j) € 
d(S) and if S_; € X, then y(j) ¢ d(S); however, rule Ro enriches set X with 
expressions P,;,Q_; and index i is new, it has not occurred in any expression 
from set X, while since Dtmri F PoQ, so by definition of truth in model 6.5, 
in the domain there exists certain object x such that x € d(P), but x ¢d(Q); we 
define function y’ : N — D such that for any k € N, if k #i, then y’(k) = y(k) 
and y’(i) = x, consequently, by definition of model appropriate for the set 
of expressions 6.22, model Itwrx is appropriate for set of expressions Y = 
Zu {PoQ, Psi Qi}. 
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We have eight rules for formulas with modal functors. However, we will restrict 
our considerations to four cases as they are analogous in terms of application. So, 
take ee {0, ©}. 


1. Let R= Raf, then (X,Y) = (ZU {Pa°Q, Pi}, ZU{Pa°Q, Pri, Q$; }), for some 
Z c Temmi, P, Q € Ln and ie N; since Mymri is appropriate for set of ex- 
pressions X, so by definition 6.22, MmrTL F Pa*Q and there exists function 
y :N — Di.a. such that for each name letter S € Ln and each j € N: if S,; € X, 
then y(j) € a(S) and if S$; € X, then y(j) € d° (S); due to the fact that P4; € X, 
also y(i) € d(P), while since Dimri F Pa? Q, hence by definition of truth in 
model 6.5, y(i) € d° (Q), since d(P) € d° (Q); consequently, by definition of 
model appropriate for the set of expressions 6.22, model INwrz is appropriate 
for set of expressions Y = ZU {Pa°Q, Pj, QS ;}. 

2. Let R = Ri’, then (X,Y) = (ZU {Pi°Q}, Z u {Pi°Q, Pj, QS;}), for some 
Z c Temmi, P, Qe Ln and i € N; since Mmr is appropriate for set of ex- 
pressions X, so by definition 6.22, Mmr = Pi°Q and there exists function 
y : N — D i.a. such that for each name letter S € Ln and each j € N: if S4; € X, 
then y(j) € d(S) and if S$; € X, then y(j) € d° (S); however, rule Ri? enriches 
set X with expressions P,j;,Q% and index i is new, it has not occurred in 
any of expressions from set X, while since tyr F Pi? Q, so by definition 
of truth in model 6.5, in the domain there exists certain object x such that 
x € d(P) nd°(Q); we define function y’: N — D such that for any k € N, if 
k # i, then y’(k) = y(k) and y’(i) =x, consequently, by definition of model 
appropriate for the set of expressions 6.22, model My rz is appropriate for 
set of expressions Y = ZU {Pi° Q, P,;,Q$;}. 

3. Let R= Re®, then (X,Y) = (Zu {Pe°Q, P4;}, ZU {Pe°Q, Pi, Qy), for some 
Z c Temmi, P, Qe Ln and i € N; since Mmr is appropriate for set of ex- 
pressions X, so by definition 6.22, DtmrTL & Pe*Q and there exists function 
y : N— D such that i.a. for each name letter S € Ln and each j € N: if S4; € X, 
then y(j) € d(S) and fst, eX, then y(j) £ a (S); due to the fact that P+; € X, 
also y(i) € d(P), while since Mmr F Pe? Q, hence by definition of truth in 
model 6.5 y(i) ¢ d” (Q), since d(P) n d” (Q) = Ø; consequently, by defini- 
tion of model appropriate for the set of expressions 6.22, model MMru is 


appropriate for set of expressions Y = ZU {Pe° Q, Pi, Q}. 

4. Let R = Ro°, then (X,Y) = (Zu {Po°Q}, Zu {Po°Q,P,;, QY), for some Z € 
Temt > P, Qe Ln and i€ N; since Dyra is appropriate for set of expressions X, 
so by definition 6.22, Mri Po® Q and there exists function y : N — D such 
that for each name letter S € Ln and each j € N: if S4; € X, then y(j) € d(S) and if 


s cX, then y(j) ¢ d” (S); however, rule Ro® enriches set X with expressions 
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Pan QS and index i is new, it has not occurred in any expression from set 
X, while since Dtmri & Po®Q, so by definition of truth in model 6.5, in the 
domain there exists certain object x such that x € d(P), but x ¢ d” (Q); we 
define function y’ : N — D such that for any k € N, if k #i, then y’ (k) = y(k) 
and y’(i) = x, consequently, by definition of model appropriate for the set 
of expressions 6.22, model SJtwrx is appropriate for set of expressions Y = 


Zu {Po°Q,Pxi,Q?,}. 


We have four cases for the bridging rules. 


1. Let R= RẸ, then (X,Y) = (Zu {PT;}, ZU{PZ;,P+i}), for some Z c Teri, 
P € Ln and i € N; since model Myr is appropriate for set of expressions X, 
so by definition 6.22, there exists function y : N — D such that y(i) € d” (P); 
furthermore dH (P) € d(P), by definition of model 6.3, so y(i) € d(P); thus, by 
definition of model appropriate for the set of expressions 6.22, model tri 
is appropriate for set of expressions Y = ZU {P{,,P,i}. 

2. Let R= Ry, then (X,Y) = (ZU {Pyi}, ZU {Psi PS}), for some Z € Tewr, 
P € Ln and i € N; since model Myra is appropriate for set of expressions 
X, so by definition 6.22, there exists function y : N — D such that y(i) € 
d(P); furthermore d(P) € dÊ (P), by definition of model 6.3, so y(i) € dÊ (P); 
thus, by definition of model appropriate for the set of expressions 6.22, model 
Mur is appropriate for set of expressions Y = Z u {Pa P]. 

3. Let R=RÊ, then (X,Y) = (Zu {PÊ}, Zu {PÊ,P_;}), for some Z c Terr, P 
e Ln and i€ N; since model Pmr is appropriate for set of expressions X, so 
by definition 6.22, there exists function y : N — D such that y(i) ¢ d (P); 
furthermore d (P) ¢ dÊ (P), by definition of model 6.3, so y(i) ¢ d (P); thus, by 
definition of model appropriate for the set of expressions 6.22, model tri 
is appropriate for set of expressions Y = ZU {PÈP}. 

4. Let R = R-, then (X,Y) = (Zu {P_j}, Zu {P_i,P2;}), for some Z £ Tet, 
P e Ln and i € N; since model Mmr is appropriate for set of expressions 
X, so by definition 6.22, there exists function y : N — D such that y(i) ¢ 
d(P); furthermore dY (P) € d(P), by definition of model 6.3, so y(i) ¢ dH (P); 
thus, by definition of model appropriate for the set of expressions 6.22, model 
Mmr is appropriate for set of expressions Y = Z u {P—;, PY; }. 


From lemma 6.30 and definition 5.59 applied to set of tableau rules Ryty we 
get a conclusion. 
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Corollary 6.31. Set of tableau rules Ryrr is good for set of models for the language 
of MTL. 


Applying both conclusions: 6.29 and 6.31, concepts defined in this chapter and 
general tableau theorem 5.62, from the previous chapter, we get the completeness 
theorem for system of MTL. 


Theorem 6.32 (Completeness theorem for MTL). For any set X c Foryrı and 
any formula A € FOryr the following statements are equivalent: 


e XEA 
e XDA 
o there exists finite set Y € X and closed tableau (Y,A,®) 


Thus, we have shown how — with application of the general tableau concepts 
— we can shorten the proof of completeness theorem to the appropriate definition 
of specific concepts and application of the general theorem. 


6.2.7 Estimation of cardinality of model for MTL 


When applying the tableau methods to TL we received a possibility of estima- 
tion of the limitation of cardinality of models that can be countermodels for the 
considered inference (theorem 3.57). The situation is similar in the case of system 
for MTL. We can get an identical outcome nearly directly from the completeness 
theorem of the tableau system for MTL, carrying out a proof analogous to the one 
for theorem 3.57. 

By existential formula, we mean any formula in form PiQ, PoQ, Pi? Q, Po°Q, 
where P, Q, € Ln and e € {0,0}. 

Next, we define function A’: P(ForrL) —> P(ForrL) with the following con- 
dition: for any set ® € P(Foryy), A’(®) = {x€ ®: x is an existential formula}. So, 
from each set of rules, function A’ “selects” all existential formulas that belong to 
a given set. 

Now, in turn, we shall specify function o: {'¥ «€ P(Forrr) : ¥ is a finite set} — 
N with the following condition: for any finite set Y € P(Forrz), o'(¥) =|A’(Y)|. 
So, function o “counts” the number of existential formulas that are found in any 
finite set of formulas. 

With the use of the defined functions, we can frame the following theorem. 


Theorem 6.33. Let X be a finite set of formulas and let A € Foryry. Then, the below 
statements are equivalent: 


e for any model Myr = (D, d?,d, dÊ), if|D| = 0’ (Xu {0(A)}) and Myr =X, 


then MMT FA 
e XEA. 
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6.3 Tableau systems for modal logics 


In this subchapter, we will investigate the application of the theory of tableau sys- 
tems we covered in Chapter Five to the general case. We will show how to apply 
the general concepts described previously to construct tableau systems for modal 
logics determined by models with possible worlds. 

By using general concepts, we will provide the conditions whose occurrence 
demonstration is sufficient to get a complete tableau system for a given modal 
logic.” 


6.3.1 Language and semantics 


We adopt the set of formulas for modal logic defined in one of the previous 
chapters with definition 4.2 for logic $5. We will denote that set as Formy. 

Next, we adopt the general concept of model with possible worlds Mmu, in 
accordance with definition of model 4.5 for logic $5 — with any relation of 
accessibility. We will denote the set of all such models as M. 

We define the concept of truth (and falsehood) of formula in model, analo- 
gously to definition 4.7. 

According to definition 5.8, each model Wm € M can be identified with inter- 
pretation of formulas as for function f : Form, —> Formr defined with condition 
f(A) = -A, for any A € Form it is the case that A € {B € Formu : Mimu F B} iff 
f(A) £ {B € Form : MML E B}. 

Taking any subset M’ € M, we conventionally define relation of semantic 
consequence =y’. Based on that relation, we semantically define modal logic 
( Formi, Em’ ). 


6.3.2 Tableau expressions 


Now, we will proceed to the issue of expressions representing formulas and other 
properties in the tableau proof. 

First, we define the set of expressions. Next, we will show that it meets the 
general conditions imposed on the set of tableau expressions (definition 5.15). 


Definition 6.34 (Expressions). Set of expressions Ex is a set that is the union of 
the below sets: 


5 The issues described in this subchapter were partially presented in article [8]. However, 
the general tableau theorem 5.62 was not used there. In addition, some concepts were 
defined differently in that paper. 
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e Form xN 

e {irj:ijeN} 

e {~irj:ijeN} 

e {i=j:ijeN} 

e {~i=j:ijeN} 

The elements of set N are called indices. 


Remark 6.35. New types of expressions appeared in the set of expressions, which 
in the proof correspond to the negation of relation occurrence, the identity and 
negation of identity. They are not needed in all constructed systems, but in some 
systems they will be used by the tableau rules. 


We can define the following function g : Formų —> P(Ex), for any A € 
Form. g(A) = {(A,i) : i€ N}. Function g has important properties, for any two 
formulas A, B: A 4 B iff g(A) ng(B) = Ø, and g(A) is a countable subset of set Ex. 

Note, furthermore, that each expression (A,i) can be identified with expres- 
sion A’, which corresponds to function g from general definition of tableau 
expressions 5.15. 


Definition 6.36. Let X c Ex. We shall state that X is tableau inonsistent (for short: 
t-inconsistent) iff for some A € Formr, i,j € N at least one of the below conditions 
is met: 


1. (A, i), (4A, i) €X 

2. irj, ~ inj eX 

3. i=j,~i=jexX. 
We shall state that X is tableau consistent (for short: t-consistent) iffit is not tableau 
inconsistent. 


From definition 6.36 results the following conclusion. 


Corollary 6.37. Let X c Form and Wmr € M. [fut =X, then {xix ceg(A), AE 
X} is a t-consistent set. 


By virtue of definition of expressions 6.34, definition 6.36, existence of func- 
tion g, conclusion 6.37 and general definition of tableau expressions 5.15, we can 
assume that set of expressions EX is a set of tableau expressions. The set will be 
denoted as Tey. 

Now, we will define more auxiliary concepts. 


Definition 6.38 (Function selecting indices). Function » : P(TemL) — P(N) is 
a function selecting indices iff for any A € Form, i,j € N and X £ Temu the below 
conditions are met: 


Tableau systems for modal logics 209 


© *({(A,i)}) = {i} 

e *«({ir}) = {ij} 

e *({~ irj}) = {ij} 

e «({i=j}) = {ij} 

e «({~i=j}) = {bj} 

e if |X|>1, then *(X) =U{*({x}):xeX}. 


For any subset Y of set of expressions Temz function +» selects all indices present 
in Y. 

Now, we will define binary relation = specified on Cartesian product 
P(Tem) x P(Temu), that will correspond to the general definition of similarity 
of sets of expressions (5.23). 


Definition 6.39. Let X, Y c Tem. We define relation = with condition: X = Y 
iff there exists bijection h : +(X) —> »(Y) (where +(X), »(Y) are sets of indices 
present in the expressions from X and from Y) such that for any A € Formr, i,j € N: 


© (A,i) €X iff (A,h(i)) €Y 

© irje X iff h(i)rh(j) eY 

© ~irjeX iff~h(i)rh(j) eY 

© i=jeXiff h(i) =h(j)eY 

e ~i=jeX iff~ h(i) =h(j) €Y. 


From definition 6.39 results the following conclusion. 


Corollary 6.40. Let X, Y € Temu. If X = Y, then: 


e X is t-consistent iff Y is t-consistent 
e sets X and Y have the same cardinality. 


By virtue of conclusion 6.40 and definition of relation = 6.39 we claim that rela- 
tion = meets the conditions of general definition of similarity of sets of expressions 
5.23: 

We will now define the concept that describe the relation between the models 
and sets of expressions. 


Definition 6.41. Let Mmr = (W, Q, V, w) and X € Tem. We shall state that model 
Dm is appropriate for set of expressions X iff there exists such function y : N — 
W, that for any A € Formu, i,j € N the following conditions occur: 


© if (A,i) €X, then (W,QV,y(i)) = A 


e ifirjeX, then y(i)Qy(j) 
e if~irjeX, then it is not the case that y(i)Qy(j) 


210 Examples of applications 


e ifi=j¢X, then y(i) is identical to y(j) 
e if~i=j¢X, then y(i) is different from y(j). 

From definition of tableau inconsistent set of expressions 6.36 and definition 
of model appropriate for set of expressions 6.41 the following conclusion results. 


Corollary 6.42. For any set of expressions X € Temz, if X is t-inconsistent, then 
there exists no model Mmr appropriate for X. 


Note that relation defined by any subset M’ € M meets the conditions of 
relation I- (definition 5.25). Thus, by conclusion 6.42 and definition of appropriate 
model 6.41 we get a fact. 


Proposition 6.43. The notion of model appropriate for set of expressions meets the 
general conditions of interpretation appropriate for set of expressions described in 
definition 5.25. 


Thus, we have demonstrated that the presented concepts for the modal logics, 
determined with the semantics of possible worlds, are special cases of the general 
concepts described in the previous chapter. 


6.3.3 Rules, branches and tableaux for modal logics 


First, we will adopt the concept of tableau rule, originating by the application 
of concept of tableau expression Temu and other presented concepts for modal 
logics to the general concept of rule 5.29 and general concept of tableau rule 5.33. 
Set of tableau rules for a given modal logic will be denoted as Rut. 
Furthermore, we adopt all general definitions from the previous chapter: 


e branch 5.35 

e closed/open branch 5.39 
e maximal branch 5.42 

e tableau 5.48 

e complete tableau 5.50 

e closed/open tableau 5.51 
e branch consequence 5.46 


assuming that these concepts are always dependent on some fixed set of tableau 
rules Ruz for a given modal logic. 
6.3.4 Generating of model 


As we mentioned in the previous chapter, in remark 5.54, it is difficult to establish 
a general method for transition from the maximal and open branch to the gener- 
ated model. For we do not know how the model is constructed and what types of 
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expressions are used in the proof which leads to the maximal and open branch. 
Nonetheless, for a single logic it is possible — we did so in the case of a tableau 
system for MTL. 

We can try to do the same in the case discussed, i.e. in relation to certain class 
of logics which in many respects are similar. The definition provided below is 
quite broad and on its basis we can define many types of models for modal logics 
determined by the semantics of possible worlds. For we have the general concept 
of model and the concept of set of tableau expressions Temr which determines 
the range and elements used to define the model. 


Definition 6.44 (Branch generating model). Let Ry bea set of tableau rules and 
ġ be Ru-branch. Let X = {(A,k): A € Y} € UQ, for some k € N and non-empty 
subset Y c For. We define set AT(¢) as follows: x € AT(¢) iff one of the below 
conditions occurs 


e xeUdn({irj:ijeN}u {i=j:ijeN}) 
e xeUdn(VarxN). 


We shall state that branch ¢ generates model Mmi = (W,Q, V,w) iff 


e W isa maximal subset of set {i:i¢ +(AT(¢)) } such that: 
a. for any ijeN, ifi=j¢ AT(¢), theni¢ W orj W 
b. kew 
e foranyijeN 
a. (i,j) € Qiff irj¢ AT() andi,je W 
b. V(x,i) =1iff (x,i) ¢ AT(¢) andie W 
e w=k. 


Remark 6.45. In definition of branch generating model 6.44, the domain of model 
W was specified i.a. as follows: W is a maximal subset of set {i: i€ »(AT(¢)) } 
such that for any i, j€ N, ifi=j¢ AT(@), theni¢ W orj ¢ W. Model generated by an 
open and maximal branch consists of indices included in the tableau expressions. 
In the event when the branch contains expression i = j, for some i,j € N, we must 
select one of the indices that belong to ({i=j}), since expression i= j is expected 
to state that it is about the same object in the domain. 


Definition 6.44 obviously meets the general conditions of the definition of 


branch generating interpretation, since by virtue of the next conclusion, each 
open and maximal branch can be assigned a model. 


Corollary 6.46. Let Ruz be a set of tableau rules. Let ġ be an open and maximal 
Rmut-branch and let X = {(A,k): A € Y} CU ¢, for some k € N and non-empty subset 
Y c Formz. Then there exists model Mmr such that branch ġ generates Nm. 
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Proof. We get that conclusion from definition of open branch 5.39 applied to the 
modal tableau rules and definition of branch generating model 6.46. 


So, checking for a given set of tableau rules Ryg and given class of models 
M’ € M, if set M’ is good for set of rules Rm, does not require demonstration of 
the existence of model. We only have to — in accordance with definition 5.55 — 
demonstrate that in the generated model true are those formulas whose equiva- 
lents belonged to the branch and were used for the definition of model and that 
this model belongs to set M’. 


6.3.5 Completeness theorem of tableau systems for modal logics 


We will now verbalize a general theorem on completeness of tableau systems for 
modal logics defined with the semantics of possible worlds. 

Applying the general definitions of set of interpretations good for set of rules 
5.55 and set of rules good for set of interpretations 5.59, the concepts defined in 
this chapter and general tableau theorem 5.62 we proved in the previous chapter, 
we obtain a general theorem on completeness for modal logics of defined with 
the semantics of possible worlds. 

In order to frame the theorem, let us assume that for any set of models M’ € M 
and any set of tableau rules Ruy, notation X Fy A means relation + defined by 
set of models M’, whereas notation X >Ry 4 means relation > defined by set of 
tableau rules Rup. Similarly, when writing RmL-tableau (Y,A,®), we mean that 
tableau (Y,A,®) and branches that belong to set of branches ® originated merely 
by the application of rules from set Ruy to the expressions from set Temr. 

Let us proceed to the theorem. 


Theorem 6.47. Let M' € M be a set of models. Let Ru be a set of tableau rules. If: 


e set M’ is good for set of rules Rut 
e set Ru is good for set of models M’, 


then for any set X £ Foryr and any formula A € Formz the following statements 
are equivalent: 


e X Em’ A 
© XPRy, A 
o there exists such finite set Y that Y € X and closed Ryz-tableau (Y,A,®). 


Theorem 6.47 reduces the constitution of complete tableau system for modal 
logic defined by the semantics of possible worlds to the demonstration of two 
facts that form the assumptions of this theorem. So, with the established set of 
models M’ we must define the set of tableau rules so Ry; as to these two facts 
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occur. Analogously, we may start from set of tableau rules Ry and specify subset 
M’ c M ofall models with possible worlds so as to the theorem assumptions occur. 
In both cases we will get a complete tableau system. 


6.4 Tableau system 


In this study, we have often used term tableau system, even though the empha- 
sis was on the concept of tableau and branch consequence. Ultimately, however, 
it is the tableau system that constitutes the tableau recognition of given logic. 
Therefore, we will now try to clarify the concept of tableau system. 

By a tableau system we may mean pair (For, >g), where For is a set of formulas 
of given logic, R set of tableau rules, whereas > isa relation of branch consequence, 
defined based on the set of all maximal R-branches. 

Such approach of the tableau system indirectly contains all concepts we have 
defined when constructing relation >. To define the relation of branch conse- 
quence, it takes i.a. the concept of tableau expressions, t-inconsistent set, concept 
of tableau rules, description of relationship between the formulas and tableau 
expressions as well as the concepts of open/closed and maximal branches. 

The concept of tableau and its various variants (open/closed tableau, com- 
plete/incomplete tableau) can be, in turn, regarded as an apprehension of the 
method for choosing a relatively small subset of set of branches that allows to 
determine the occurrence of relation of branch consequence >. 

The concepts presented here enable the investigation of the relationships be- 
tween different tableau systems defined by the method described, e.g. related to 
the questions about the dependency of sets of tableau rules or to the economics 
of sets system construction in general. For example, using the modification of the 
proof of the general completeness theorem 5.62 (for one set of tableau rules, con- 
sidering the implication (a), and for another, considering the implications (b) and 
(c)), we can frame a theorem on the relationships between the tableau systems. 


Theorem 6.48. Let (For,-m) be a logic semantically defined with set of interpre- 
tations M. Let (For,>R) and (FOr, >g) be tableau systems. If: 


1. set M is good for set of rules R? 
2. set R is good for set of interpretations M 


then for any set of formulas X £ For and any formula A € For, if X >r A, then 
XDpaA. 


Note that sets of tableau rules R and R can be defined on completely different 
sets of tableau expressions, using different auxiliary concepts, so that the rules 
they include can be directly incomparable. But comparing their deductive power 
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can be done by checking the dependencies between the sets of tableau rules and 
the set of interpretations M. 


6.5 Transition from the formalized tableaux to the standard 
tableaux 


The last issue we will be dealing with is the problem of the relationship between 
the concepts presented in the book — the concept of branch and the concept of 
tableau — and the conventionally comprehended tableaux. 

We discuss this problem in the part devoted to the application of the theory of 
tableaux, guided by the belief that standard tableaux are a practical application of 
abstract concepts. 

However, since in most cases tableaux and tableau systems are presented pri- 
marily in graphic form, our goal was to create a formalization, and thus the theory 
of tableaux, independent of the tableaux comprehended in this way. The theory 
described here is precisely an abstract approach to the tableau methods for which 
the standard tableaux can be considered as applications. 

Take any tableau system (For, >r}, where For is a set of formulas, whereas R is 
a set of tableau rules. From general definition of tableau rules 5.33, it follows that 
the set of rules R is associated to a minimal set of tableau expressions Te which 
was used for the definition of rules from set R. 

Consider any branch created by the application of rules from set R. In accor- 
dance with general definition of branch 5.35, that branch is a certain injective 
function ¢: K —> P(Te), where K = N or K = {1,2,3,...,n}, for some n € N, while 
P(Te) is a set of all subsets of the set of tableau expressions. 

We will now define an intuitive branch that will correspond to branch ¢. Let 
M be linearly ordered by relation <m set of points such that there exists bijection 
a: K — M that meets condition a(i) <m a(j), if i < j, for any ije K. 

Now, we define function ¢’ : M — P(Te) from the set of points into the set 
of all subsets of the set of tableau expressions by the following condition for any 
ie M: 

1. ¢'(i) = 0(1), ifa! (i)=1 
2. 6'(i) = 6(n)  6(n-1), if a (i) =n and n>1, for anyne K. 


Function ¢’ specifies a linearly ordered set of points in which each point has a 
certain subset Te assigned. Anyway, point «(1) has assigned entire set (1) from 


6 So we share the remark of Melvin Fitting who wrote in Handbook of Tableau Methods 
that the proof trees (graphs), applied as proofs in the tableau systems, make up an 
application of a more abstract approach to logics (p. 5, [2]). 
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branch ¢ — the literature usually refers to that point as root — while the other 
points have assigned sets of elements that make up the difference between the 
elements of branch ¢ and their immediate predecessors. 

In this way, we can assign to each branch ¢ at least one branch ¢’, with some 
established domain — set of points M linearly ordered by relation <m. 


Example 6.49. Take set of tableau expressions {(p,1), (O(pAq),1), (-7q,1)}. 
Applying rules from Rss in the order described on left hand side, we get the 
following branch which will be defined as y. 


Ro X1 = {Op 1), (OQ ^ a), 1), (77g 1)} 
R, X2= XU lira, (P^ q) 2)} 
R-n X; = ANA 2), (4. 2)} 
X= xs U{(@0)} 


Transition from branch ¢ to function ¢’ will be called a branch translation or 
simply translation. If function ¢’ : M — P(Te) isa translation, then notation py 
indicates domain of ¢’. 

The result of certain translation ¢’ will be presented in the graphs below. Ex- 
ample 6.49 described branch y. Now, if we carry out the translation of branch y, 
then we can get the following graph presenting branch y’. This time — unlike so 
far — we will put the application of the rule on the right hand side and next to 
the points of branch that resulted from the application of given rule. 


1. {Op 1) ee 9)» 1); (474 1)} 
2. {1r2, fa 2)} Ro 
3. {(p, 2) (0 2)} Ra 


4{(q1)} Ro. 


And if we remove the numbering, brackets of sets and brackets from the 
tableau expressions, and in lieu of numbers we will insert points e, then we will 
get a graph of branch y’ corresponding to the graphs usually used to present 
branches. 


Op, 1, Ò(Pp^ q) l, 77q1 
| 

e1r2,(paq), 2 Ro 

| 

ep,2,q,2 Ra 


| 
eg,l Ra. 
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So we can see that we can move from the branch defined in our theory — 
the formalized branch — to the standard branch, and the other way round — 
from the intuitive branch to the formalized branch. However, moving in the other 
direction requires a more precise determination of what a branch is, as well as 
determination of what the tableau rules are. Nonetheless, these issues are clarified 
by the theory that has just been presented — so it is easier to apply the general 
concepts in practice. 

Since we already have a certain method of applying the general concept of 
branch in practice, we can now describe the transition from formalized tableaux 
to standard ones. 

We are still considering an arbitrary tableau system (For, >r) — where For is 
a set of formulas, while R is a set of tableau rules — and set of tableau expressions 
Te on which the tableau rules from set R were defined. 

Consider tableau (X,A,®), where X £ For, A e For, whereas © is a set of 
branches — in accordance with general definition of tableau 5.48. 

Based on set ® we can define sets that only include translations of branches 
from set ® — one for each branch from ©. We impose condition: (+) ¥ is such 
set of translations of branches from © that for each branch ¢ € ®, Y contains 
precisely one translation of ¢. Since for each branch ¢ € ®, ¥ contains precisely 
one translation of ¢, so the translation of branch ¢ in given set Y will be denoted 
as ’. 

Among the sets that meet condition (+) there is at least one such set ©’ that 
the distribution of points and assigned in the translations included in set ©’ sets 
of expressions corresponds to the distribution of differences between the conse- 
quents and antecedents in the relevant branches contained in ® as well as the 
inclusion of sub-branches of some branches in another ones. 

We can carry out the following action on set ©’. Define set (O”, <o}: 


1 =U 
2. (n,X) <ær (k,Y) iff there exists such translation ¢), € ©’ that n,k € M, 
b(n) =X, pulk) = ¥ and n<y k. 


In set ©” there exists an element which is the smallest in terms of relation 
<a” — that element is included in a set that is identical to the first element of 
each branch that belongs to set of branches 9, i.e. the first step in the proof of fact 
that X > A. 

Set (O’’,<@v) is an application of the definition of abstract concept of tableau 
(X,A, ©). In this way, to each tableau (X,A,®) we can assign at least one tableau 
(0”, <o” ). 
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The transition from tableau (X,A,®) to tableau (®”,< qv) will be called 
tableau translation or simply translation. 

Here is an example. Again, consider set of tableau rules Rss described in 
Chapter Four. 


Example 6.50. Consider the following set of expressions {((r v q),1), (=7p,1), 
((pAq),1)}. By the use of rule Ry, and then on left hand side — rules R~~ and 
Ra, and on the right have side — rules R__, we get the following branches. 


Xı = {((r vq), 1), (Op ^q), 1), (p. 1)} 


Tesa ie 1)} X= X,U{(q1)} 
X3= X2 U {(p, 1)} X; = X, U{(p,1)} 
| 
X4 = X3U{Op 1} (@1)} 


In the light of definition of tableau 4.47, the set of these two branches is a 
tableau for pair ({(r vq), (Op ^q)}, =p), although it is not complete tableau. 


And if we remove the brackets of sets and brackets from the tableau expres- 
sions, then we will get a graph of tableau corresponding to the graphs usually used 
to present tableaux. 


(r vq), l, (p^ q), l, =p, 1 
ia 


fell ql 
l | 
pl pl 
l 
OP l, ql 


This will be a result of some translation of set of branches Ọ, i.e. some partially 
ordered set with the smallest element which is the root of the proof tree. We do not 
insert the denotations of points e. Instead of the denotations, there are individual 
lines with expressions. 


Glossary 


CPL 

Le 

Var 

Forcpr 

v 

V 
t-inconsistent 
t-consistent 
RcrL 

Ln 

For TL 

Ci 

Vi 

Lp 


Classical Propositional Logic 
logical constants 
propositional letters 
formulas of CPL 

valuation of propositional letters 
valuation of formulas 
tableau inconsistent set 
tableau consistent set 
tableau rules for CPL 

name letters 

formulas of TL 

individual constants 
individual variables 
predicate letters 
transformation 

tableau expressions for TL 
tableau rules for TL 
formulas $5 

tableau expressions for S5 
tableau rules for $5 

formulas generally 
semantically defined logic 
tableau contradictory set 
tableau expressions 

tableau auxiliary expressions 
branch consequence relation 
tableau 

formulas MTL 

tableau expressions for MTL 
formulas for modal logic 
tableau expressions for modal logic 


Bibliography 


10. 


11. 


12. 


14. 


. D'Agostino M., Gabbay D., Haehnle R., Posegga J. (eds.). Handbook of tableau 


methods. Kluwer, 1999. 


. Fitting M. First-order logic and automated theorem proving, (the second 


edition). Springer-Verlag, 1996. 


. Goré R. Tableau methods for modal and temporal logics. pp. 297-396 in [1]. 
. Indrzejczak A. Hybrydowe systemy dedukcyjne w logikach modalnych, (Hybrid 


deductive systems for modal logic) Wydawnictwo Uniwersytetu Łódzkiego. 
Lodz 2006. 


. Jeffrey R. Formal logic: its scope and limits, (the third edition). McGraw Hill, 


1990 (1967). 


. Jarmuzek T. Construction of tableaux for classical logic: tableaux as combina- 


tions of branches, branches as chains of sets. Logic and Logical Philosophy. 
2007, 1 (16), pp. 85-101. 

Jarmuzek T. Relating semantics as fine-grained semantics for intensional log- 
ics. pp. 13-32. Logic in high definition. Current issues in logical semantics. A. 
Giordani, J. Malinowski (eds.), Springer, 2020. 


. Jarmuzek T. Tableau metatheorem for modal logics. pp. 105-123. Recent trends 


in philosophical logic. R. Ciuni, H. Wansing, C. Willkommen (eds.), Springer, 
2013. 


. Jarmuzek T. Tableau system for logic of categorial propositions and decidability. 


Bulletin of The Section of Logic. 2008, 37 (3/4), pp. 223-231. 

Jarmuzek T., Kaczkowski B. On some logic with a relation imposed on for- 
mulae: tableau system F. Bulletin of The Section of Logic. 2014, 43(1), pp. 
53-72. 

Jarmuzek T., Klonowski M. Some intensional logics defined by relatng seman- 
tics and tableau systems. pp. 33-50. Logic in high definition. Current issues in 
logical semantics. A. Giordani, J. Malinowski (eds.), Springer, 2020. 
Jarmuzek T., Malinowski J., 2019a. Boolean connexive logics. Semantics and 
tableau approach. Logic and Logical Philosophy. 2019, (3)28, pp. 427-448. 


. Jarmuzek T., Malinowski J., 2019b. Modal boolean connexive logics. Seman- 


tics and tableau approach. Bulletin of The Section of Logic. 2020, 48(3), pp. 
213-243. 

Jarmuzek T., Pietruszczak A. Semantics and tableaus for modal syllogistic de 
re. p. 249. 4th World Congress and School on Universal Logic. Handbook. J. Y. 
Beziau, A. Buchsbaum, A. Costa-Leite, A. Altair (eds.), 2013. 


. Jarmuzek T., Pietruszczak A. Decidability methods for modal syllogisms, 


Trends in Logic XIII. A. Indrzejczak, J. Kaczmarek, and M. Zawidzki (eds.), 
Łódź University Press, Lodz, 2014. 


222 


16. 


17. 


18. 


19. 


20. 


21. 


22; 


23. 


24. 
25. 


26. 


27. 


Bibliography 


Johnson F. Models for modal syllogisms. Notre Dame Journal of Formal Logic. 
30, pp. 271-284. 

Kulicki P. Aksjomatyczne systemy rachunku nazw (Axiomatic systems of syllo- 
gistic). Wydawnictwo naukowe KUL, Lublin 2011. 

Kulicki P. On minimal models for pure calculi of names. Logic and Logical 
Philosphy. 2013, 22, pp. 429-443. 

Kulicki P. Ona Minimal system of Aristotle’ syllogistic. Bulletin of The Section 
of Logic. 2011, 3/4, 40, pp. 129-145. 

Pietruszczak A. Cardinalities of models for pure calculi of names. Reports on 
Mathematical Logic. 1994, 28, pp. 87-102. 

Pietruszczak A. Cardinalities of models and the expressive power of monadic 
predicate logic. Reports on Mathematical Logic. 1996, 30, pp. 49-64. 
Pietruszczak, A., Jarmuzek, T. Pure modal logic of names and tableau systems, 
2018. Studia Logica 106. pp. 1261-1289. 

Priest G. An Introduction to non-classical logic. Cambridge University Press, 
2001. 

Smullyan R. First order-logic. Dover Publications, 1995 (1968). 

Suchon W. Sylogistyki klasyczne (Classical syllogistic). Universitas, Krakow 
1999, 

Thomason S. K. Semantic analysis of the modal syllogistic. Journal of Philo- 
sophical Logic. 1993, 22, pp. 111-128. 

Thomason S. K. Relational models for the modal syllogistic. Journal of Philo- 
sophical Logic. 1997, 26, pp. 129-141. 


Index 


R-branch, 127 


addition of branches, 128, 169 
adequacy of tableau system 
CPL, 63 
alphabet 
$5, 100 
CPL, 27 
TL, 66 
MTL, 190 


branch, 168 
CPL, 37 
TL, 79 
S5, 111 
branch consequence, 171 
branch consequence relation 
CPL, 47 
TL, 85 
S5, 118 
branch translation, 215 


cardinality of model, 97 
closed branch, 169 
CPL, 47 
TL, 82 
S5, 113 
closed tableau, 173 
CPL, 58, 59 
TL 
variant two, 92 
variant one, 92 
S5, 121 
closure under tableau rules, 174 
S5, 122 
compactness, 52 
complete tableau, 173 
CPL, 58 
TL 


variant one, 89 
variant two, 91 
S5, 121 
completeness of tableau system, 186 
TL, 96 
S5, 151 
MTL, 206 
completeness theorem, 186 
consistency theorem 
CPL, 51 
contradictory set of formulas, 29 
core of rule, 166 
S5, 116 


estimation of cardinality of model, 97, 
206 


finite branch property, 16, 27 
formula, 153 
S5, 100 
MTL, 191 
CPL, 28 
TL, 66 
function selecting indices, 163 
TL, 75 
S5, 105 
MTL, 195 


generation of appropriate model 
TL, 93 
S5, 125 
MTL, 200 


input set, 31 
interpretation, 159 
interpretation of formulas, 159 


maximal branch, 170 
CPL, 43 


224 


TL, 80 

S5, 117 

S5 variant one, 113 
maximal branch in the set of 

branches, 46 


measure of the branch complexity of 


formula 
CPL, 38 
model 
TL, 67 
S5, 101 
MTL, 191 
model appropriate for the set of 
expressions 
TL, 74 
$5, 106 
MTL, 196 
model generated by branch 
TL, 93 
MTL, 199 
S5, 124 
Monadic Logic of Predicates, 68 


open branch, 169 
CPL, 47 
TL, 82 
$5, 113 
open tableau, 173 
CPL, 58, 59 
TL 
variant two, 92 
variant one, 92 
$5, 121 
output set, 31 


quasi-maximal branch 
$5, 127, 139 


redundant application of rule, 33 
redundant variant of branch, 172 
CPL, 57 
TL, 90 
$5, 120 


Index 


relation 

equivalence, 101 

universal, 101 
rule 

CPL, 31 

TL, 75 

S5, 107 

fractional notation, 32 
rule application, 37 
rules 

CPL, 31 

TL, 76 

S5, 107 

MTL, 199 


semantic consequence, 159 
CPL, 29 
TL, 67 
S5, 103 
semantically defined logic, 159 
set of conclusions, 31 
set of premises, 31 
similar set of expressions, 105, 163 
strong similarity 
S5, 116, 170 
substitution, 130 


tableau, 172 
CPL, 54 
TL 
variant one, 87 
variant two, 87 
S5, 119 
tableau axiomatization, 20 


tableau contradictory set of formulas 


CPL, 29 
tableau expressions, 161 
S5, 104 
MTL, 194 
TL, 72 


tableau inconsistent set of expressions 


TL, 73 


Index 225 


S5, 105 truth in model 
MTL, 195 TL, 67 
tableau rules, 167 MTL, 192 
tableau translation, 217 S5, 102 
theorem on the tableau arbitrariness valuation of formulas of CPL, 28 


CPL, 62 valuation of propositional letters, 28 


Vol. 


Vol. 


Vol. 
Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


Vol. 


15 


16 


17 


18 


19 


20 


Polish Contemporary Philosophy and Philosophical Humanities 
Edited by Jan Hartman 


Roman Murawski: Logos and Mathéma. Studies in the Philosophy of Mathematics and 
History of Logic. 2011. 


Cezary Józef Olbromski: The Notion of lebendige Gegenwart as Compliance with the 
Temporality of the “Now”. The Late Husserl’s Phenomenology of Time. 2011. 


Jan Wolenski: Essays on Logic and its Applications in Philosophy. 2011. 


Wiadystaw Stróżewski: Existence, Sense and Values. Essays in Metaphysics and Phenome- 
nology. Edited by Sebastian Kołodziejczyk. 2013. 


Jan Hartman: Knowledge, Being and the Human. Some of the Major Issues in Philosophy. 
Translated by Ben Koschalka. 2013. 


Roman Ingarden: Controversy over the Existence of the World. Volume I. Translated and 
annotated by Arthur Szylewicz. 2013. 


Jan Hartman: Philosophical Heuristics. Translated by Ben Koschalka. 2015. 


Roman Ingarden: Controversy over the Existence of the World. Volume II. Translated and 
annotated by Arthur Szylewicz. 2016. 


Tomasz Kubalica: Unmöglichkeit der Erkenntnistheorie. Leonard Nelsons Kritik an der 
Erkenntnistheorie unter besonderer Berücksichtigung des Neukantianismus. 2017. 


Renata Zieminska: The History of Skepticism. In Search of Consistency. 2017. 
Jan Wolenski: Logic and Its Philosophy. 2018. 

Wielslaw Gumula: On Property and Ownership Relations. 2018. 

Andrzej Zaporowski: Action, Belief, and Community. 2018. 


Andrzej Bator / Zbigniew Pulka (eds.): A Post-Analytical Approach to Philosophy and Theory 
of Law. 2019. 


Krzysztof Slezinski: Towards Scientific Metaphysics. Volume 1: In the Circle of the Scientific 
Metaphysics of Zygmunt Zawirski. Development and Comments on Zawirski’s Concepts and 
their Philosophical Context. 2019. 


Krzysztof Sleziriski: Towards Scientific Metaphysics. Volume 2: Benedykt Bornstein’s Geo- 
metrical Logic and Modern Philosophy. A Critical Study. 2019. 


Jan Felicjan Terelak: Eustress and Distress: Reactivation. 2019. 


Roman Murawski: Lógos and Mathéma 2. Studies in the Philosophy of Logic and Mathema- 
tics. 2020. 


Andrzej J. Noras: Geschichte des Neukantianismus. Ubersetzt von Tomasz Kubalica. 2020. 


Tomasz Jarmuzek: Tableau Methods for Logic of Propositions and Logic of Names. 
Translated by Stawomir Jaskólski. 2020. 


www.peterlang.com 


